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Foreword

Structural analysis has developed very quickly in recent years. Especially numerical
methods based on finite elements and similar approaches promise very accurate results.
However, checking these results seems to be almost impossible. The re-calculation using
an independent method appears to be the only possibility of verification. Additionally, the
application of numerical methods, especially the non-linear ones, requires the specification
of many parameters, which are used as input data and need not be known with sufficient
accuracy at the structural design stage. At the same time, they are crucial for the accuracy
of the results. Although numerical methods provide a nice illustration of stress and
displacement distribution in structural elements, it is reasonable to apply some transparent,
simpler method for checking results obtained by numerical methods, which would clearly
illustrate the flow of forces in structures. The strut and tie models are exactly that powerful
tool that is suitable as an alternative method of analysis for structures and structural details,
and that is able to serve also as a check of results obtained by numerical simulations. The
strut and tie and stress fields models can provide the designer with a clear view showing
the function of the structure and its reinforcement.

The bulletin you are just keeping in your hands is a comprehensive publication showing
principles, development and application of strut and tie and stress fields models. The
authors did an excellent job and, using a transparent explanation, they provided basic
and also advanced information on how to create, apply and evaluate the strut and tie and
compression fields models so that the designer could clearly understand the performance
of structures, which make it possible for him to check the numerical results and also to
optimize structural systems so that the forces could be more favourably transferred from
loading points to supports. The bulletin shows not only the application of stress fields and
strut and tie models for new structures but also their application for the assessment of
existing structures, where the geometry and reinforcement are already fixed.

The concept of levels of approximation that is typical for the Model Code 2010 will also
be applied in the Model Code 2020 and is also used in this bulletin. This concept allows for
simple modelling in early design stages with lower effort up to refined models for specific
structural elements subjected to complex loading situations. The refined models are then
applicable for the evaluation of both ultimate and serviceability limit states.

A series of examples supplements a very valuable explanation of stress fields and strut
and tie models. They illustrate the application of the methods on existing structures as well
as on new structures. Different levels of approximation are used. Finally, also 3D models
are briefly discussed and compared with 2D models.

The team of WG 2.2.4 produced an excellent work that will hopefully be appreciated
by practitioners and will contribute to a wider application of the described models in the
design of new structures and in the assessment of existing structures. It is a great pleasure
for me to acknowledge this contribution of the team of WP 2.2.4. to the activities of fib.

Jan Vitek

Chair of Commission 2 Analysis & Design
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Scope

Following the long-standing tradition of fib in promoting the use of consistent design
methods, strut-and-tie models were formally incorporated in Model Code 1990 to serve as
the design basis for discontinuity regions. This choice was largely acknowledged as a sound
approach for design and was thereafter followed in many national standards. For Model Code
2010, some update and revision of the previous provisions was performed, but the scope of
the method was particularly broadened by introducing its complementary use with the stress
field method. Since Model Code 2010, significant new knowledge has been generated in this
topic. Particularly, the use of software implementing the theoretical ground of the stress field
method is becoming increasingly popular and efficient, allowing for design, optimisation and
assessment of structures in a simple, transparent and accessible manner.

In this Bulletin, the current state-of-the-art of the strut-and-tie models (STM) and the
stress field models (SFM) is presented. Reference is not only made to classical rigid-plastic
solutions, but also to solutions considering compatibility of deformations, such as elastic-
plastic approaches or models allowing investigation of serviceability behaviour and
deformation capacity of concrete structures. It is shown in the Bulletin that all models
share the same ground and fundamental hypotheses. Their results are presented in a
unitary and consistent manner by means of compression fields in the concrete and stresses
in the reinforcement. The consistency amongst these approaches and their potential use
in practice is also explored by means of the Levels-of-Approximation (LoA) approach as
described in Model Code 2010.

Another effort in this Bulletin has been devoted to provide comparisons of the solutions
according to strut-and-tie and stress fields to tests, in order to discuss on their pertinence
and limitations. This perspective is also completed with practical examples presented of
structures actually designed with this technique and where the potential of these methods
can be appreciated in a clear manner. Finally, a number of special topics are also covered
in the Bulletin, related to numerical optimisation, verifications at serviceability states,
minimum reinforcement or the applicability of the methods under cyclic or reversal actions.

This Bulletin not only aims to give state-of-the-art rules and methods to design
according to these techniques, but also to provide an outlook of how these methods
could be implemented in future standards. This material also serves as the background
document for the revision of the current provisions of Model Code 2010 in the new
Model Code 2020.

fib Bulletin 100: Design and assessment with strut-and-tie models and stress fields 1



This document is the intellectual property of the fib — International Federation for Structural Concrete. All rights reserved.
This PDF of fib Bulletin 100 is intended for use and/or distribution solely within fib National Member Groups.

1. Introduction

1.1 Past, Present and Future of strut-and-tie and stress field models

Strut-and-tie models and stress fields have been widely used for decades in structural
engineering for designing new structures and for assessing the structural capacity of
existing ones. Traditionally, they have been considered as tools mostly addressed to regions
where beam design theory does not apply, as for instance deep beams or discontinuities
in geometry and loading. This scope was however widened when limit analysis design
methods were introduced and generalised for beams with transverse reinforcement. This
is for instance the case of the variable-angle truss model, where compression is carried
by an inclined compression stress field developing in concrete and tension is only carried
by the reinforcing steel (with no contribution to tension by concrete). Such an approach
allows for a consistent design for structural concrete members, without any distinction
between member type or regions. This approach is shown in Fig. 1-1, by presenting a beam
subjected to four-point bending and a possible stress field as well as the corresponding
strut-and-tie in equilibrium with the actions (which leads to a variable inclination of the
struts in the fan regions and constant-angle compression fields). It can be noted that the
same model can be consistently used for design of the flexural reinforcement in regions
at a certain distance from the loads or right at their location, as well as for the design of
the shear reinforcement (accounting for its inclination and properties) and verification of
the concrete stresses.
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Fig. 1-1 Design for a linear member based on stress fields and strut-and-tie models: (a) actions and stress
field; (b,c) corresponding forces in the flexural and shear reinforcement, respectively; and (d) corresponding
strut-and-tie model

Also, in Fig. 1-1, it is interesting to note that such approach can be applied both with
the development of a stress field (Fig. 1-1a), or the corresponding strut-and-tie model

https://doi.org/10.35789/fib.BULL.0100.ChO1
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(Fig. 1-1d), referring the latter to the resultants (forces) of the compression fields (in the
concrete) or tension fields (forces carried by the reinforcement). In fact, the use of both
stress fields and strut-and-tie models is complementary and depends many times on the
check or design to be performed (stresses in the compression field, tension in distributed
reinforcement or tension in the chords).

Although, as previously explained, stress fields and strut-and-tie models are currently
seen as consistent and alternative means to calculate the same physical model, their original
development and application were however historically different.

With respect to strut-and-tie models, their origin can be traced to the truss models,
originally developed on the basis of intuitions derived from the observation of beams. The
first ideas were proposed by W. Ritter"", refer to Fig. 1-2, where the main elements of the
truss (strut and ties) were present (yet, there was no top compression chord drawn in the
original figure and the vertical ties over the support were not statically necessary). These
ideas were later developed more in detail by E. M6rsch!™!. Truss models allowed at that time
calculating the internal forces of an idealised truss developing within a concrete structure and
equilibrating the external actions. Compression forces were assumed to be carried by concrete
and tension by reinforcement. In addition, the idealised truss was considered as an actual
structure (normally statically-determinate). However, truss models were not widely used in
the actual dimensioning of reinforced concrete structures until they were later developed in
detail in Stuttgart" "4 11 by inspiring the internal trusses on the elastic-uncracked response
of concrete. Further evolutions actually showed that there was no actual need for the load-
carrying model to be a truss, but that any model in equilibrium with the actions was suitable.
Such equilibrium models were named as strut-and-tie models and largely generalised as a
consistent tool for design of structural concrete!!. Later works also showed that this approach
was in fact consistent with the lower-bound theorem of limit analysis"=" and that it could be
safely used for design of new structures. Eventually, automatic procedures were proposed for
developing strut-and-tie models, providing guidelines to designer to suitably address strength
and serviceability criteria.

e

fl .- . . I S T 1 R & S | S | A
v /,f’////f
,,.5// //

f’f/:

Fig. 1-2 Original truss model according to W. Ritter!"".,

The origin of the stress field method is yet different to that of the strut-and-tie models.
It was developed as application of the theory of plasticity to reinforced concrete design,
with the aim of providing equilibrium-based solutions which were licit (respecting the yield
criteria of the materials). The first comprehensive formulation of the theory of plasticity can
be traced to Gvozdev in 1938""* (published in English by R.M. Haythornthwaite in 1960""-"")
who defined the concepts of the yield surface, upper- and lower-bound and exact solution.
Similarly to the ideas developed by Wagner in 1929"% for steel structures (named as the

fib Bulletin 100: Design and assessment with strut-and-tie models and stress fieldls 3
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tension field concept) and with the aid of the theory of plasticity, Drucker!' developed
the first rigid-plastic stress fields for a reinforced concrete member (with the development
of the compression field concept). The first application by Drucker consisted of a stress field
for a simply supported beam under a point load and a distributed load (Fig. 1-3). Drucker
showed that such solutions respected equilibrium conditions and the stresses could be
set below a plastic threshold (the influence of cracking on the strength of concrete was
however neglected at that time) constituting thus lower-bound solutions to the strength. In
addition, such stress fields could lead to kinematically admissible mechanisms and thus
could yield to exact solutions according to the theory of plasticity. The stress field method
was later intensively developed in Denmark!'% and in Switzerland"-"" "-121 1131 and their
application was extended to different types of structural members.

(a) NP
e L >

(b) B
__“___\“N—  w—— ‘_L
________ - — & 145
e ——— T ’—"________—’--'f _T

—~—Ii Ad/L“'ll"‘
(c) Nw

Fig. 1-3 First stress fields proposed for concrete structures according to Drucker!™: (a) stress field under
point load; (b) compatible mechanism; and (c)stress field for a beam subjected to uniform loading.

Based on the stress field method, special cases of stress fields were also developed
based on a combination of panels (used in shear) and stringers at their boundaries (used
to carry tension or compression forces). This approach has been termed as the stringer-
panel method (SPM)!-101 [1-131,

Currently, both stress fields and strut-and-ties are used taking advantage of their generality
and consistency. Their scope has been enlarged with respect to the classical developments
on rigid-plastic limit analysis!'=>- 1101 1-121 1131 by accounting for compatibility conditions
in the development of suitable stress fields!-" -1 171 or with numerical optimisation of
yield conditions!'-'8!,

4 Introduction
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With respect to the introduction of compatibility conditions, this allows:

- investigating and optimising the behaviour for serviceability limit state, particularly
with respect to cracking!'-7} (119

- providing solutions where the resulting stress field is kinematically admissible at
failure, thus yielding exact solutions according to limit analysis!'-"!

- calculating the strain state, thus allowing for a refined calculation of the concrete
strength reduction factors and considering the potential increase of the force in
the prestressing tendon. These aspects allow thus obtaining more refined estimates
of member resistance

- automating the calculation and optimising the amount and location of the
reinforcement!-1>) [1-21]

- accounting for the influence of tensile strength on members stiffness (i.e.,
tension stiffening) in order to cover load-deformation and deformation capacity
aspects[1—17]/ [1-19]

With respect to the numerical optimisation of the yield conditions, it is aimed at the
optimisation of the reinforcement layout with respect to the amount of reinforcement or
the resistance of the member, yielding very fast computational techniques.

These advances have opened a wide range of new possibilities to the application of the
stress field and strut-and-tie models and have allowed for the use of new tools. However,
the correct use of these new techniques still requires a sound knowledge of the basic
theoretical principles of limit analysis and of its limits of applicability. This will be shown
within this document, as well as the possibilities offered by the combination of new and
classical tools in the search for optimal solutions for design of new structures and for the
assessment of existing ones.

1.2 Application of stress fields and strut-and-tie models

1.2.1 Design and assessment of structures

Currently, stress fields and strut-and-tie models are applied both for design of new
structures as well as for the assessment of existing ones. It should be noted, however, that
the approach followed for the two applications should in general be different as the scope
of the tasks to be performed is also quite different:

- For new structures, the task of the engineer is to produce a safe design which
respects economic criteria (dimensions, arrangement of reinforcement), is simple
to build and has a satisfactory behaviour at serviceability limit state

- For assessment of existing structures, the task of the designer is rather to check if
the strength is sufficient to carry the current actions. The engineer should not produce
a reinforcement layout, but verify the strength of the existing one. Serviceability
issues are not usually to be checked by analysis as this can be done in situ (unless
a change in the actions is expected).

Due to the differences in the scope, the approach followed is thus different. For new
structures, simple and safe load-carrying models are to be used. To that aim, the use of

fib Bulletin 100: Design and assessment with strut-and-tie models and stress fieldls 5
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strut-and-tie models with some local refinements by rigid-plastic stress fields is normally
sufficient. This provides a lower-bound of the actual strength and yields sufficient freedom
to the designer to decide on the location on the main reinforcement so as to allow for ease
of construction. Only when repetitive or complex elements are to be designed, very refined
analyses are justified (for instance by accounting for kinematic compatibility).

For the assessment of existing structures, simple models (lower-bound solutions) can
be used at first to identify non-critical regions (where the strength is satisfied even for the
simple load-carrying models). In the critical regions, where simple lower-bound solutions
do not provide sufficient strength, the use of refined models is normally justified in order to
avoid or to minimise strengthening (the savings in strengthening largely compensate for the
cost of additional studies). Refined assessment models can be developed by accounting, for
instance, for kinematic considerations. This allows fulfilling both the static theorem (lower-
bound solution), as well as the kinematic theorem of the theory of plasticity (upper-bound
solution), thus yielding the exact solution according to the theory of plasticity (highest lower-
bound estimate of the strength). It should nevertheless be noted that the deformation capacity
of the structure is to be verified so that plastic stress redistribution can effectively occur.

In this section, some strategies are discussed in order to approach the design and the
assessment of a structure by means of strut-and-tie models or stress fields, highlighting
their analogies but also their conceptual differences. In addition, some considerations
regarding the application of strut-and-tie models and stress fields for the analysis and
design of retrofitting interventions are also given.

1.2.2 Design for new structures

As previously stated, for the design of a new structure, the reinforcement layout should
be determined in a simple and economic way. Working with lower-bound solutions, as
strut-and-tie models or rigid-plastic stress fields, is thus an excellent methodology, as
the designer can decide on the location and arrangement of the reinforcement. Detailed
knowledge of the serviceability behaviour is, however, not explicit and some additional
considerations, for instance deformation capacity, have to be taken into account. In this
process, a number of approaches can be followed and will be presented hereafter.

1.2.2.1 Arrangement of the reinforcement based on the linear-elastic stress
field of the member

A commonly followed approach to design new structures consists of the strut-and-tie
model used for design on the elastic (uncracked) response of the member, refer to Fig. 1-4.
This method was introduced early as a suitable way to identify the location of the struts and
ties and was formulated in a consistent manner by Schlaich et al.!>!.

This method has a number of advantages. It provides a clear methodology to
produce the strut-and-tie model and leads to a reinforcement layout which in principle
provides a satisfactory behaviour at serviceability limit states (as reinforcement is
arranged in the regions where tensile stresses are expected). However, it also shows
some drawbacks""*! as less freedom for the designer to choose the location of the
reinforcement, the potential presence of TTT nodes (nodes where only tension ties
are concurrent), the overestimation of the reinforcement for imposed strains and the
underestimation of lever arms.

6 Introduction
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Fig. 1-4 Design inspired by the elastic uncracked stress field: (a) investigated case; and (b) elastic uncracked
stress field (left) and assumed strut-and-tie model (right)

1.2.2.2 Arrangement of the reinforcement based on equilibrium
considerations

- Generally, one can start on the basis of the resultants of forces to check the ideal
location of the struts and ties and to resolve the conflicts of compression and
tension resultants with respect to the geometry. For instance, one can see that the
resultant in Fig. 1-5a is in conflict at the location of the opening

- As a second step, the struts and ties can be deviated to accommodate the load-
carrying action to the actual geometry of the structure. This can be done by different
means, usually adapting solutions valid from other cases"2. For instance, in
Fig. 1-5b one solution is shown. A detailed analysis of this solution shows however
that the required thickness of the inclined struts is still in conflict with the opening
and an indirect support condition is required. These enhancements in the model
can be easily introduced by means of a strut-and-tie model (Fig. 1-5¢) and its
corresponding stress field (Fig. 1-5d).
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Fig. 1-5 Design based on equilibrium considerations: (a) resultant of forces; (b) possible equilibrium-based
strut-and-tie model; (c) other alternative; and (d) combined model

Alternative strut-and-tie models can also be investigated. For instance, the one shown in
Fig. 1-6a (frame-corner action). When different load-carrying actions can be combined (as
for Fig. 1-6b, considerations of the cracking state!’"*! are normally useful, for instance by
identifying the regions where cracking is prone to develop and arranging at least the minimum
reinforcement. The resulting forces can then be used for designing the reinforcement layout
(Fig. 1-6¢, main reinforcement superimposed to the minimum amount).
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Fig. 1-6 Design based on equilibrium considerations: (a) resultant of forces; (b) combination of previous
models; (c) reinforcement layout

It should be noted that following the formulation of the strut-and-tie model, its validity
has to be confirmed and some local adjustments may be required (refer to Muttoni et
al. 129 For instance, it should be ensured that no TTT nodes are present, that the angle
between the struts and the ties is not lower than a minimum value (usually adopted as
30°, refer to the detail in Fig. 1-5¢-d) and that load spreading and zones in tension behind
anchorages are suitably covered!-!.

This method overcomes the difficulties related to the strut-and-tie models developed
on the basis of elastic (uncracked) stress fields, mostly by providing complete freedom to
the designer on the choice and arrangement of the reinforcement. Nevertheless, in some
cases a certain level of experience is required as well as accounting (as previously stated)
for potentially critical regions in terms of cracking.

1.2.2.3 Automated procedures

In some special cases, normally corresponding to structurally relevant members or for
members that will be repeated (as for precasting), optimisation of the layout and the amount
of reinforcement might be advisable. To that end, a number of automated procedures exist
consistent with the strut-and-tie and stress field methods.

For instance, elastic-plastic stress fields can be used, as explained in (Fernandez Ruiz et
al."¥I. Accordingly, concrete can be assumed to be cracked, whereas the reinforcement is
assumed to remain elastic. Starting from a basic mesh of reinforcement (minimum amount of
reinforcement or higher homogeneous mesh), the area required in each tie can be adapted
to satisfy the condition:

o _.
A =A —=>A 1-1

S+l S,i f s,min
y

where A__ | refers to the required amount of reinforcement to be considered in the next
iteration, A_. to the amount of reinforcement in the present iteration, o, to the calculated
stress and fy'd to the design yield strength of the reinforcement. The aim of this procedure is
to adapt the reinforcement in each iteration, in order to ensure that the yield strength is

fib Bulletin 100: Design and assessment with strut-and-tie models and stress fieldls 9
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respected. Compared to the previous approaches for design, it can be noted that this yields
lower amounts of reinforcement, as the minimum reinforcement is taken into consideration
in the calculation of the failure load. For the case of Fig. 1-4a-b, for instance, the optimisation
procedure yields significantly lower concentrated reinforcement (compare Fig. 1-7a to
Fig. 1-6¢. On the other hand, this procedure can potentially lead to a large number of different
reinforcement diameters and may require some adjustments to enhance constructability.

(a) (b)

le =1000 kN

2016
} As,opt
20912

@8 s=150mm
(both directions and both sides)

AL EID R

Fig. 1-7 Automated reinforcement optimisation by accounting for the presence of minimum reinforcement:
(a) resulting reinforcement; and (b) elastic-plastic stress field at failure (design load)

1.2.3 Assessment of existing structures

For the assessment of existing structures, the geometry and reinforcement layout of the
member is given and the engineer has to check whether the structural safety can be ensured
with respect to the pertinent actions. In many cases, this is a complex task as many load-
carrying mechanisms are possible. As previously stated, if simple lower-bound solutions
do not yield sufficient strength, it is advisable to proceed to an optimisation of the lower-
bounds in order to maximise the failure load. This allows avoiding, or at least minimising,
the strengthening to be performed in the structure.

It can be noted, thus, that for the assessment of an existing structure, the engineer tries
to find the exact solution according to the theory of plasticity, as this provides the lower-
bound with largest resistance. Analytical and numerical approaches to this aim are discussed
elsewhere!2%. In general, two approaches are possible:

- To consider an upper-bound and to check whether a lower-bound solution
can be admissible for it. If this were not the case, the upper-bound solution has
to be modified or adapted (a detailed discussion can be found in Muttoni et
al.l=2%_ Two instances of this approach for the previous example are shown in
Fig. 1-8a-b. Other mechanisms, such as the shear failure shown in Fig. 1-8c imply
in addition dissipation of the concrete along the yield line!""". The failure load can
be obtained by equilibrium of the free-bodies, allowing derivation of the
corresponding forces in the ties and struts"=%. If the strength of one element is not
satisfied, the mechanism has to be modified in order to satisfy the yield criteria of
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all elements. This approach has the advantage that it allows understanding which
are the critical elements of the structure during the optimisation process. In addition,
the exact solution (mechanism respecting the yield criterion of the struts and the
ties) can be rapidly determined.

Alternatively, numerical approaches are also possible to optimise upper-bound
solutions. This can be done for instance by means of non-linear optimisation
techniques on the yield conditions.

- To optimise lower-bound solutions. This approach (complementary to the previous
one) can be performed in a general way through numerical procedures that allow
accounting for equilibrium, compatibility and yield conditions of the material.
For instance, by using compatibility-based stress fields (see Section 5.2) such as the
elastic-plastic stress field approach!'?, see Fig. 1-8d. Optimisation by hand is also
possible, yet it requires incorporating kinematic assumptions during the search of
the optimal lower-bound (check of resulting mechanism), as per Muttoni et al.!"-3!.

When assessing structures with limited ductility or very large amounts of plastic
redistribution, stress fields can also be used to verify if the deformation capacity is sufficient
(i.e. the materials do not fail before reaching the calculated plastic solution). This requires
considering kinematic compatibility and assigning appropriate stiffness and failure criteria
to the materials, refer to Kaufmann et al.l''7!.

(a) (b)

() (d)

Fig. 1-8 Analysis of potential failure mechanisms: (a-b) rigid-plastic flexural mechanisms; (c) rigid-plastic
shear mechanism; and (d) elastic-plastic stress field (Fig. 1-7) displacement field

It can be noted from the previous discussion that the stress field method is a suitable
approach both for design and assessment of existing structures. This is due to the duality
of the method of being both a tool for analysis and for design. For the design of new
structures, it allows dimensioning of the required reinforcement and concrete areas by
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checking the equilibrium and yield conditions for an assumed load-carrying mechanism.
However, for the assessment of a given structure, the stress field and corresponding load-
carrying mechanism may be adapted (as a nonlinear analysis tool) to maximise the failure
load while respecting the deformation capacity of the materials.

1.2.4 Considerations for retrofitting

In some cases, following a refined assessment of the structural capacity, the need for
strengthening of an existing structure is identified. This can be due to existing structural
damage, or to the need for upgrading the load-carrying capacity. Strength, stiffness,
deformation capacity and combinations thereof are the main structural characteristics
modified through strengthening. Any structural property modification may be performed
through an appreciable number of techniques (as for instance concrete jacketing,
carbon/glass/basalt/aramid fibre-reinforced polymer jackets/strips, near-surface mounted
reinforcement, steel jacketing, addition of diagonal bracing, bay infilling via reinforced
concrete to form shear-walls) and their combinations. The application of strut-and-tie and
stress field models is potentially a valuable tool to design consistently such intervention.
The approach for so doing depends, however, on the ductility of the strengthened member.
When a ductile behaviour can be expected (allowing for significant stress redistributions),
strut-and-tie models or stress fields with rigid-perfectly plastic material behaviour can
be applied with limited modifications. However, when the deformation capacity of the
strengthened member is limited, then the required stress redistributions to fully activate
the strengthening may not be possible. In this latter case, specific considerations of the
strain field and of the development of cracking should be accounted for in the design of the
strengthened member.

There is a handful of examples which regard assessment and the design of strengthening
of existing structures by means of strut-and-tie models and stress fields. Among the early
works was that by Chai et al."??!: a strut-and-tie simple model was used to uncover the
reasons of failure of a bridge pier footing specimen and to design a new configuration.
The model was later modified for designing the retrofitting of existing bridge footings23!.

An extensive study using stress field models for designing the strengthening of existing
foundations was performed by Fernandes!'*¥: strengthening involved use of micropiles,
application of prestressing or footing enlargement, as well as combinations of the
above (footing enlargement and prestressing, footing enlargement and micropiles), for
both concentric and eccentric loading. Works in this field have also been performed by
Menduina et al.l-2%..

Another example of design of retrofitting employing strut-and-tie modelling is given by
Voumard"=¢. The case regarded the addition of corbels to existing columns to accommodate
horizontal movement of beams supported on them. Simple models that were developed for
two retrofitting approaches (precast-prestressed corbels or reinforced concrete ones) were
sufficient to prove that transfer of forces across the column-new corbel interface could only
be facilitated by one of the proposed solutions.

With respect to nonlinear cyclic truss models for reinforced concrete walls, Panagiotou
et al.l"?”! developed first approaches successively updated by Lu et al."28! and Lu et
al. "9, The model is of intermediate complexity and can successfully predict the post-
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cracking cyclic response in global force-displacement terms as well as regarding concrete
softening or crushing. Within this field, nonlinear truss modelling was also developed
by Qazi et al.'3% to assess the capacity of a reinforced concrete wall strengthened with
carbon fibre-reinforced polymers and subjected to lateral deformation.

Recent developments in the field of strengthening of deep beams include a strut-and-
tie model by Dhahir"=", reinforced in shear via FRP sheets or strips. This approach has
been successfully compared to 46 deep beams with different amounts of FRP. Suitable
approaches in this field have been also proposed by Mihaylov et al.l"-*2I.

Far from being exhaustive, the above aims to demonstrate that strut-and-tie and stress
field models can be extended to cover the assessment of existing structures and, if proved
necessary, the design of the appropriate in each case retrofitting intervention in each
case. Nevertheless, more research is necessary before being satisfactorily introduced
in modern codes and application guidelines are developed to attract the attention of
engineering practice.

fib Bulletin 100: Design and assessment with strut-and-tie models and stress fieldls 13
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2. General considerations on stress fields and strut-
and-tie models

2.1 Stress fields as a lower-bound solution of limit analysis

Limit analysis (theory of plasticity) is a powerful tool to estimate the failure load of a structure
considering a perfect plastic behaviour of materials. In particular, limit analysis has shown
to be a suitable tool for design and assessment of reinforced concrete (an extensive review
of this theory can be consulted in Chen and Han®"). Stress field models are based on the
lower-bound theorem (or static principle) of limit analysis, defined by Drucker®? (previous
contributions to this theorem by Gvozdev can be consulted in Nielsen and Hoang'**):

If an equilibrium distribution of stress can be found in the concrete and the steel which is

nowhere tensile in the concrete and is everywhere at or below vyield, the structure will not
collapse or will just be at the point of collapse.

Strut-and-tie or stress field models consider concrete and reinforcement as different
elements, whose internal forces equilibrate the external actions and shall fulfil the yield
conditions of the materials (the definition of the yield conditions is made for each material
individually and not for reinforced concrete, as heterogeneous material).

For the design of a new structure, selecting a suitable lower-bound is sufficient. For
assessment of existing members where the geometry and reinforcement are given, the best
lower-bound to be selected is that corresponding to the exact solution, both fulfilling the
conditions of lower-bound theorem (an equilibrated distribution of stresses that respects the
yield condition) and of upper-bound theorem, or kinematic principle (a valid mechanism
that respects the flow rule of yield surface).

2.2 Application of limit analysis to structural concrete

Limit analysis assumes that materials behave in a rigid-perfectly plastic manner (i.e., the
materials require sufficient deformation capacity to develop the plastic stress redistributions
required in the element). However, it shall be noted that the deformation capacity of concrete
is limited and this can also be the case for the reinforcement (due to material response or
slip at laps and anchorages). This may consequently compromise the applicability of limit
analysis to structural concrete. This topic was initially researched by M.P. Nielsen in Denmark
and B. Thirlimann in Switzerland, followed by extensive investigations on the deformation
capacity of structural concrete by other researchers!?=! (-4 (25, (-6}, 12-7), 18] The results of these
and similar investigations are reflected in the following provisions of current design codes:

- The enhanced brittleness (strain softening) of concrete in compression for high
material resistances is accounted for by reducing the equivalent plastic strength
by a brittleness factor. This is considered as a material effect.

- Concrete cracking (considered as a structural effect) reduces the capacity of concrete
to transfer compression forces. This is accounted for by means of a strength reduction
factor considering the state of transversal strains (or crack widths).

https://doi.org/10.35789/fib.BULL.0100.Ch02
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- The tensile strength of concrete is neglected for equilibrium. Its effect is only
considered with respect to its influence on member stiffness and deformation
capacity (tension-stiffening effect of embedded reinforcement).

- Minimum reinforcement should be provided to avoid brittle failures (crack
localisation) and to provide the required deformation capacity of the elements.

- Rules addressed to ensure that the deformation capacity is not exceeded. These
rules depend on the modelling technique, but might include limits to the following
values: inclination of the compression field; rotation of the compression field
with respect to the uncracked state; amount of moment redistribution in redundant
girders; and compression zone depth.

- Detailing rules shall be considered consistently (e.g. location of anchorage regions
and reinforcement arrangement, minimum and maximum rebar spacing and
confining reinforcement).

The specific provisions highly depend on the structural element and may vary depending
on the design code or recommendations (partly justified by the different ductility properties of
the reinforcement among countries®). For the particular case of stress fields and strut-and-
tie models, concrete tensile strength is also neglected for equilibrium, while the effect of
transversal strains and the increasing brittleness of higher strength concretes should be taken
into account using a reduced effective compressive strength. Moreover, for rigid-plastic design,
it is a standard practice to choose a solution not differing excessively from the uncracked
stress state> 0 11 2121 with @ minimum inclination of the compression field with respect to
the ties; this ensures that the deformation capacity demand of the proposed solution is not
excessive. When following these rules, as well as when using minimum reinforcement
and suitable effective compressive strength values, stress fields and strut-and-tie models can
be applied without significant restrictions. Further information on the limits of applicability of
strut-and-tie models and stress fields will be provided in Section 2.5.

2.3 ldealization of material response

2.3.1 Concrete

In strut-and-tie and stress field models, the concrete carries compression stresses (no
tensile capacity due to its brittle response). Yet, even in compression, the actual uniaxial
response of concrete is not perfectly plastic and thus an equivalent plastic strength needs
to be defined, see Fig. 2-1.

Tensile strength
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Fig. 2-1 Uniaxial concrete stress-strain relationship and assumed plastic concrete resistances
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The main factors considered for defining the equivalent plastic strength derive from:

- Material effects, to account the properties of the material. The most important is
the brittleness factor, due to strain softening after peak strength n,;

- Structural effects, to account the response of the structure under biaxial loading
and its effects on the material response. This is typically the influence of transverse
cracking considered by the factor 1.

2.3.1.1 Uniaxial compression

When idealised as a uniform compression field, concrete strength shall be reduced with
respect to its uniaxial peak stress value. This is justified by the strain softening response of
concrete, see Fig. 2-2. For plastic redistributions to develop, it is assumed that the material
develops strain levels above that corresponding to the peak strength. Thus, to keep the
deformation energy unaltered, the plastic strength shall be diminished. A strength reduction
factor is typically used, which is usually refered to as the brittleness factor (n,*'). The
brittleness factor depends on the uniaxial compressive material strength (increased brlttleness
for higher concrete strengths) and is usually considered by the following factor that covers

most typical redistribution levels in structural concrete:
1

3
0, = _ 30 | 2-1

- \f[mPa]) -

Fig. 2-2 Concrete stress-strain relationship for different compression strength

Consequently, the plastic strength of concrete, f_, results:

f :nfclf 2-2

cp c

For those cases in which stress fields and strut-and-tie models are formulated ensuring
kinematic compatibility, an alternative in considering the concrete brittleness is to limit
maximum concrete deformation, as typically done in design based on cross-sectional
analysis. The decrease of concrete strain limit provided by standards allows accounting
for the enhanced brittleness for high material resistances. This approach allows a direct
verification of the deformation capacity and will be discussed in Section 2.4.
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Other material phenomena may also modify compression strength and/or maximum
deformation and can be included, if pertinent and relevant, for example!>'¥:

- Confinement
- Sustained loading

- Low-cycle fatigue

2.3.1.2 Biaxial loading

Although the application of stress fields and strut-and-tie models can be performed in
a general manner following a 3D approach®'! (see Chapter 7.2), these tools are in many
cases applied assuming plane stress conditions (e.g. walls and shells).

Several authors have evaluated the concrete strength based on the results of experimental
tests with panels subjected to different stress states. Their studies conclude that the yield
criterion for plain concrete can be represented in a simplified manner, as shown in Fig. 2-3,
for plane strain and plane stress.
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Fig. 2-3 Yield conditions of plain concrete for plane strain (upper left) and for plane stress (lower right)

compared with experimental results®®”

The presented yield conditions (thick lines in Fig. 2-3) are based on a Mohr-Coulomb
law with a cut-off for tensile strength, see Fig. 2-4. The corresponding parameters, cohesion
and friction angle are related to the compressive strength>#..

fcp

J2

Fig. 2-4 Mohr-Coulomb criteria applied to uncracked concrete®!
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It should be noted that the presence of confinement under plane strain conditions allows
increasing the compressive strength above the uniaxial concrete compressive strength. A
plane stress field with compression along the two principal directions does not increase
concrete resistance above the uniaxial compressive strength, because the third principal
stress is null.

The behaviour of cracked concrete differs from that of uncracked concrete since existing
cracks disturb the transmission of the compression field, soften the response and reduce the
capacity. To ensure the ability of the compression field to cross existing cracks, a minimum
smeared reinforcement allowing for internal redistributions after cracking should always
be provided. Most existing models predicting the behaviour of cracked concrete rely on a
reduction of the plastic uniaxial concrete compressive strength to account for the structural
effect of cracking (factor n), as will be discussed in the following. The resulting concrete
yield criteria for cracked concrete under plane stress conditions can be regarded as
a modification of the uncracked behaviour, where the maximum strength reduces for the
case of a principal compression stress field together with a positive transverse strain, see
Fig. 2-5. Such modification could alternatively be seen as a shrinkage of the yield surface
(keeping its squared shape), in order to respect the convexity condition (refer to dotted red
line in Fig. 2-5). This does not modify any governing condition as the only possible stress
state when cracking develops implies 6_, = 0.

Oc,3
Oc,3 § Oc,1 ]\ Oc,1

nefcp

fcp

Fig. 2-5 2D vyield condition for plain cracked concrete

As experimentally observed, the presence of reinforcement®'® and particularly when
itis in tension leading to cracking in a compression field % 171 reduces its compressive
strength. This effect, known as compression softening, is considered in Fig. 2-5 by the
strength reduction factor 1, that accounts for the influence of existing cracking generally
relying on the transverse strain, €,.

Several proposals for this compression softening factor can be found in the literature
(Vecchio, Kaufmann, Sigrist...), which were empirically derived in the context of
compression field approaches and cover different physical mechanisms. A mechanical
approach to the contribution of these different mechanisms has also been developed and
can be consulted elsewhere®'®. One important observation is that all relationships found
in the literature have not been directly developed from experimental measurements,
but using calculated data based on certain hypotheses. Hence, compression softening
relationships are highly dependent on the specific assumptions considered in the models
from which they were derived, and using these relationships for models with different
assumptions may lead to significant inconsistencies??!. Some compression softening
relationships derived on the basis of fictitious rotating cracks, as stress fields assume, are
presented in the following (see Fig. 2-8d).
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Vecchio and Collins*'” proposed the first expression usable in this manner. The formula
for compression softening was derived on the basis of the results of thirty plane stress panels
with different reinforcement ratios and compressive strength and subjected to shear forces:

1
N=—————#1

0.8+0.34-°1
—&

C

2-3

The value of € _is the compressive strain value at peak strength (negative quantity). This
formula was derived formulating the equilibrium on average stresses (i.e. considering an
average tensile strength) and assuming interlock resistance at the cracks. The model assumes
a softer strength, but not softening of the peak strain. The constitutive relationship used for
concrete was a simple parabola (Hognestad parabola®®'”). Vecchio and Collins?2% proposed
the following coefficient that was derived with softened strength and peak strain, from a
database of 116 panel and shell element tests (the Popovics??" constitutive relationship
was used to model concrete):

1
0.80 }1
—£ 2-4
1+ 0.35(1 - 0.28)

n.=

€,

Zhang*2?, based on fifty-five full size concrete panels subjected to various types of
membrane stress, proposed the following factor derived from a softening strength and
softening strain in concrete response:

1
n,=—— 2-5
J1+400£1

Kaufmann®”! proposed a compression softening relationship, which depends on concrete
compressive strength in order to cover the brittleness material effect as well. This relationship,
derived from a database of more than 200 panel tests, after eliminating those specimens in
which both reinforcements yielded at the ultimate, reads, for the case of 27 MPa compressive
strength, reads as:

1

T12+90¢, 26

n,

This relationship is derived based on a model establishing equilibrium at the cracks,

considering tension stiffening by means of the Tension Chord Model®”® and using a parabolic

constitutive relationship for concrete. Sigrist?2*! modified this relationship in the context of a
stress field approach for beams including compatibility, as follows:

1

T12+55¢ 7

n,

which was adopted (with an upper-bound value of 0.65) for the shear verifications in
fib Model Code 2010%2* (LoA Il §7.3.3.3). Another expression is proposed in this code
(§7.3.9.1) to be used in the design of the reinforcement in 3D solid elements:

1.18

n,=0.6«
1.14+3.40 max(e,,£,

)}1 2-8

fib Bulletin 100: Design and assessment with strut-and-tie models and stress fieldls 19



This document is the intellectual property of the fib — International Federation for Structural Concrete. All rights reserved.
This PDF of fib Bulletin 100 is intended for use and/or distribution solely within fib National Member Groups.

The latter formulation also requires the rotation of compression field between uncracked
and cracked states to be below 15°.

The different proposals are shown in Fig. 2-6, where reduced differences can be observed,
for small principal tensile strains. In fact, most formulations coincide in the point n = 0.55,
which is typically considered in hand-calculations for the case of tension oblique to the
direction of compression (see Fig. 2-7c). Therefore, analysis of stress fields shows in general
little sensitivity to the compression softening formula used for the case of principal tensile
strains below 10%.. Extensive validations by using the original formulation from Vecchio
and Collins can be consulted elsewhere (using 150 experimental results with good results
in the prediction of ultimate load capacity®'?).

Vecchio & Collins (1986)

1.00 = = Vecchio (1993): &,=2%o 4
----- Zhang (1995)
Kaufmann (1998): £.=30 MPa
0.75 — — Sigrist (2011)
= 0.50
025k 0 S~ —m==g
0.00 L L
0 10 20 30

& [%o]

Fig. 2-6 Comparison of strain-based compression softening formulations

In hand-made analysis based on rigid-plastic models, designers typically define this
softening factor for each region of the member based on the expected potential cracking state
and angle of the compression field. Fig. 2-7 depicts the relevant provisions of fib Model Code
2010224, Other provisions (e.g. ACl 318-14 %) propose a more complex classification for
evaluating the level of softening including the amount of transverse reinforcement. Application
of these code provisions to complex structures is time-consuming and even challenging, as
some regions do not clearly fit the existing classifications.
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11111
I
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T

Fig. 2-7 Softening factor for different conditions (MC2010)

2.3.2 2D Reinforced concrete

Whenever stress fields are formulated ensuring kinematic compatibility, a refined method
to determine softening due to concrete cracking can be used. This approach was originally
proposed by Fernandez Ruiz and Muttoni??* and consists of determining the effective concrete
compressive strength from the principal strain, €, perpendicular to the principal compression
direction, similar as in compression field analyses accounting for compression softening.
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A licit stress field for concrete can be derived in a simple and consistent manner as
shown in Fig. 2-82%"1 by adopting plane stress conditions. At each point (Fig. 2-8a), the
strain tensor is determined from the displacement field (Fig. 2-8b). A rotating crack model
(ensuring a stress-free state at the cracks, with cracks perpendicular to the principal strain
direction) with parallel principal directions of strains and stresses tensors (Fig. 2-8c,d),
is then assumed. The corresponding stress tensor is represented in Fig. 2-8c. The yield
criterion is shown in Fig. 2-8 e with the respective equations reading:

lf 8c,3 S gc,1 < O = _fcp S O-c,3 S O-c,1 < 0 2-9
lfecj<OS£C,1:>—n£-prS0'C,3<Oand o.,=0 2.10
|f0SgC,3SECJ:>6C,3:GC/1:O 2-11

Ox,0y

b R

Try

¢) Stress tensor in Mohr circle

nefcp

fcp

d) Stress free crack -Rotating crack model e) 2D yield condition for cracked concrete

Fig. 2-8 Concrete response
2.4 Constitutive relations

The stress-strain laws to be used for stress field analyses can be tailored depending on
the degree of refinement of the analysis, ranging from simple hand-made calculations
based only on equilibrium, to refined analyses accounting for compatibility conditions.
In general, it is possible to define three levels of refinement:

- Rigid-perfectly plastic
- Linear elastic-perfectly plastic
- Nonlinear elastic-perfectly plastic
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2.4.1 Concrete

Strain limits might be considered whenever an estimate of the deformation capacity is
required (see section 2.5).

0c,3 0c¢,3 0c,3
€e¢,3 I €c,3 Ep T €e¢,3
E. |
nsfcp nsfcp == nsfcp
a) Rigid-perfectly plastic b) Linear elastic- ¢) Nonlinear elastic
perfectly plastic -perfectly plastic

Fig. 2-9 Different concrete stress-strain functions

The nonlinear constitutive function can be expressed, for instance, by using the formulation
presented in the fib Model Code®* §5.1.8.1:

2

k 863 8(‘3
€ £
O5=1, cp ’8P£653SO 2-12
T+ k=2 <
€
p
Gc3 3 Tle .fcp’ 8(53 < gp 2-13

where the strain peak value, £ , depends whether the model for n_factor is associated to
a type | curve (strength and strain softening), or to a type Il function (strength softening
only), see Fig. 2-10. For the first case, €, = n,€_should be used; otherwise ¢ = €. The
constant parameters, depending on the concrete grade, are presented in Table 2-1.

Fig. 2-10 Stress-strain functions for concrete, with strain softening (I) and without strain softening (II)

Table 2-1 Plastic concrete strength, tangent modulus of elasticity, peak strain and plasticity
number

Concrete Grade C20 C30 C40 C50 C60 C70 C80 C90 C100

fcp [MPa] 20.0 30.0 36.3 42.2 47.6 52.8 57.7 62.4 66.9
E_[GPa] 26.2 29.7 33.0 36.0 38.9 41.7 44.4 46.0 47.5
€_[%o] -2.1 -2.3 -2.4 -2.5 -2.6 -2.7 -2.8 -2.9 -3.0
k 2.28 2.04 1.82 1.66 1.55 1.47 1.41 1.36 1.32
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For other cases, it may be necessary to refine the stress-strain relationship. For instance,
for proper evaluation of SLS — Service Limit state, as cracking or deformation, a model

that accounts for the long-term effects should be used.

2.4.2 Reinforcement

Steel behaves initially as a linear elastic material. The response of hot rolled, quenched
and self-tempered reinforcement (see Fig. 2-11) shows a distinct plastic plateau after this
linear elastic phase (which defines the yield strength, f), followed by a strain-hardening
range. Hot rolled and stretched reinforcement shows a smooth transition from the initial
elastic phase to the strain-hardening branch, without a distinct yield plateau (as during
stretching the material already reaches the strain-hardening range). In this case, the yield
strength of the material is often defined as the stress at which a permanent strain of 0.2%

remains after unloading (see Fig. 2-11).

Hot rolled and stretched

O .
It reinforcement
fp0.2 1~ - :
" il 1 1
fy | I Hot rolled
f | |
] ! iquenched and
] | |
] I self-tempered
1 | |
] | |
1 | |
1 | |
] ! !
I I I Es
/ | |
0.2% Esu Boll

Fig. 2-11 Stress-strain characteristics of reinforcement in uniaxial tension.

In strut-and-tie and stress field models, reinforcing bars are essentially used to carry
the tensile forces. However, they can also be used as compression reinforcement, if the
reinforcing bars are properly braced (avoiding buckling). The yield criteria in limit analysis
is defined simply as |o,| < { . The stress-strain laws reproduced in Fig. 2-12 are the most
common idealizations of the material response. More refined idealizations!?28 2-29, 12-30]
might be used for assessment purposes, if the actual stress-strain characteristics of the

reinforcement are known.

For the case of prestressing tendons, its behaviour can be assumed as rigid-perfectly
plastic. Its effect can be modelled either by an equivalent load or by an initial strain.
Using the second alternative is necessary to account the initial strains to assess stresses

correctly in the tendons.
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Fig. 2-12 Reinforcement stress-strain idealizations

2.4.3 Tension stiffening

The structural response of the reinforcing steel embedded in concrete differs from the
material response of the bare reinforcement previously described. Even though concrete
tensile strength is neglected in stress fields in terms of equilibrium (i.e. formulating
equilibrium at stress free cracks), the concrete tensile stresses between cracks are not null.
These stresses reduce the reinforcement deformations between cracks, leading to a stiffer
average response of the reinforcement, as seen in Fig. 2-13. The deformation capacity of the
member is also reduced, particularly for low amounts of reinforcement. This effect, known
as tension stiffening, influences the load-deformation behaviour of the analysed structure;
therefore, it should be considered when assessing the serviceability behaviour (namely
deformations and cracking) and/or the deformation capacity.

L NIAg .

(b) |
| ) i
fi

tension chord

(em)

iz

bare steel (g4y,4,)
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@ Crack formation phase

@ Stabilized cracking phase
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@ Elastic-plastic/plastic phases
@ Increased stiffness

@ Reduced deformation capacity
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Fig. 2-13 General behaviour of a reinforced concrete element under tension, considering non-homogeneous
concrete tensile strength (adapted from Alvarez>3").

Tension stiffening is a structural effect as its magnitude depends on the (effective)
reinforcement ratio. A straightforward and effective technique to account for this phenomenon
within stress field modelling consists of modelling the reinforcement in terms of average

24 General considerations on stress fields and strut-and-tie models



This document is the intellectual property of the fib — International Federation for Structural Concrete. All rights reserved.
This PDF of fib Bulletin 100 is intended for use and/or distribution solely within fib National Member Groups.

strains rather than maximum strains at the cracks (Fig. 2-13). In this way, the stiffness of each
reinforcement can be increased to consider the effect of the surrounding concrete (depending
on the reinforcement ratio). This is, for instance, the approach followed by Marti et al.*8! in the
Tension Chord Model, in which simplified bond shear stress-slip relationships (t, = 7,, =2 f
for o, < fy;rb =1, =f, for o, > ) were assumed (Fig. 2-14a). The maximum spacing between
cracks (s ) results from the condition that the tensile stresses in the concrete cannot exceed the
concrete tensile strength fct. It should be noted that the minimum theoretical crack spacing
is half the maximum crack spacing, because at the limit, a new crack may form when f_ is
attained at the centre between two cracks. Hence, the crack spacing can only be determined
by an upper and a lower bound, thatis, s = As  with 0.5 <A<1.0. Designers should assume a
certain value of A to consider tension stiffening. Considering maximum crack spacing (A= 1.0)
might lead to the worst ultimate behaviour, but to a better serviceability response. Therefore,
it is generally recommended to assume an average crack spacing (A = 0.67) when computing
tension stiffening for stress fields and strut-and-tie models. While experiments might show an
uncracked initial behaviour, for design purposes it is more practical to assume that structural
elements might be pre-cracked (e.g. cracked due to previous loading or because of existence
of non-mechanical cracks). An extension of the Tension Chord Model for considering initial

cracking can be found elsewhere>32!.

The resulting behaviour provided by the Tension Chord Model is highly dependent on
the reinforcement ratio (Fig. 2-14c-d). Hence, assigning an appropriate concrete area acting
in tension between the cracks to each reinforcing bar is crucial. Provisions to assign this
effective concrete area depending on the concrete cover and spacing between bars are given
in design codes for specific cases. To solve the lack of generality of these provisions, Mata-
Falcon et al.?% proposed a numerical procedure to calculate this effective reinforcement
ratio for any configuration of reinforcement.
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W G.\'f‘ 6/ \A/G\I f o
“ o1 P=cr o
Ac, N 7o
¢ [8‘ Es
shf, =X - ==t -le, |
€ G,\‘r
R e,
v c ~— Bare steel
ST — Considered
g, t—leag(c, =) —+ i . Actual behav.
---- Actual behaviour ---- Actual behaviour 0 . I(uncra?ked)
— Tension Chord Model — Pull-Out Model 0NfJE. g, &y

Fig. 2-14 Modelling of tension stiffening: (a) Tension Chord Model**®' for stabilised cracking with distribution
of bond shear, steel and concrete stresses, and steel strains between cracks; (b) pull-out assumption?-!
for non-stabilised cracking with distribution of bond shear and steel stresses and strains around the crack;
(c) resulting tension stiffening behaviour in terms of reinforcement stresses at the cracks and average strains for
European B500B steel and A=0.67; (d) detail of the initial branches of the tension chord response.
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It should be noted that the Tension Chord Model is not applicable for reinforcement
ratios lower than p_, i.e., the minimum reinforcement ratio for which the reinforcement is
able to carry the cracking load without yielding. The value of this minimum reinforcement
is obtained as follows:

f

— ct -
pcr f;/_(n_—l)f 2 14

ct

where n = £/ E_= modular ratio. For conventional concrete and reinforcing steel, p_
amounts to approximately 0.6%.

Application of the Tension Chord Model for p<p_ might underestimate crack spacing and
the tension stiffening effect, resulting in significant overestimation of the deformation capacity.
A consistent quantification of crack spacing in these low reinforced regions (generally
corresponding to stirrups) is challenging, as cracks are generated by either non-mechanical
actions (e.g. shrinkage) or the progression of cracks controlled by other reinforcement. In
such situations, Mata-Falcon et al.>*% proposed considering the simplified bond shear stress-
slip relationships of the Tension Chord Model, but assuming a crack spacing equal to the
distance between points with zero slip when the reinforcing bar reaches its tensile strength
(f) at the crack (ls,av in Fig. 2-14b). In this way, the behaviour of the bonded reinforcement
is independent from the effective reinforcement ratio and the exact concrete tensile stresses
remain unknown. In spite of its simplicity, this pull-out assumption provides good strength
predictions for failures due to insufficient ductility of the reinforcement!?=3l 12341 2351 " Fyrther
research is still required to validate the best approach to model low reinforced regions and
to determine whether other effects (such as aggregate interlock or size effect) could play a
significant role in such cases.

Approaches other than those in which tension-stiffening effects are implicitly accounted
for by means of a modified reinforcement behaviour may also be followed, considering
numerical models for the reinforcement in tension and its interaction with the surrounding
concrete. Such approaches are computationally more demanding, but have a series of
advantages, such as the possibility to account for variable crack spacing according to the
stress profile in the reinforcement?-3¢.

2.4.4 Anchorage of reinforcement

The transfer of forces between steel and concrete is performed by bond, inside or outside
of the nodal regions. This is done for simplification purposes, as stress fields considering the
interaction of bond in the compression fields is possible®?2¢. In simple cases, as anchorage
of tie occurs outside of the nodal region, this verification only influences the detailing of
the reinforcement, by extending the reinforcement length or evaluating the maximum force
that reinforcement can support in case of assessment. To calculate the anchorage length,
a simple rigid-plastic bond model can be used (as that used by the Tension Chord Model).
Alternatively, more refined bond models can be used. The transverse pressure influences
the anchorage capacity and can be used to reduce the anchorage length or to increment
the bond strength. It should be noted that the design values of bond imply a much higher
degree of conservatism than other failure modes. This conservatism should be kept when
modelling bond in stress fields or strut-and-tie models.

In the case of compatibility-based stress fields (as elastic-plastic stress fields), the
usual formulation is to consider a perfect bond between the two materials. The resultant
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anchorage/lap capacities are checked as an a posteriori procedure. In case of violation of
the yield condition a simple procedure to satisfy the yield conditions of bond is to reduce
the area of the reinforcement for limiting the axial force below the maximum force that is
possible to transfer due to bond. An explicit model for bond stress-slip can alternatively
be used to evaluate correctly the stiffness and the load-carrying capacity of a structure.
The transverse pressure also influences the response and can be explicitly incorporated
with a finite element (0D) with 3 nodes, two for surrounding concrete and one for steel,
in case of using FE models*7..

2.5 Limits of applicability

2.5.1 General considerations

The use of limit analysis requires a certain level of deformation capacity in the response
of the materials. In general, reinforced concrete members fulfilling the conditions discussed
in Section 2.2 present sufficiently large deformation capacities to allow for the use of limit
analysis®*”.. However, these conditions (implemented in codes of practice) might not be
respected in some cases (as for instance structures built following older design codes or
for some cases of strengthening or retrofitting, see section 1.2.4). This section discusses
the circumstances under which stress fields and strut-and-tie models are still applicable,
despite not fulfilling all the provisions presented in Section 2.2.

For the case of plain concrete members or members with less than minimum reinforcement,
stress fields and strut-and-tie models are not applicable and a theory accounting for crack
localisation must be used. A specific formulation must also be used in the case of failure due
to concrete crushing occurring before yielding of reinforcement (see Nielsen and Hoang®?,
elements usually called “over-reinforced”).

For special cases, where concerns exist over the conditions ensuring sufficient deformation
capacity (for example low ductility of the reinforcement, very low available amount of
transverse reinforcement, very large amounts of plastic redistribution...), stress fields and
strut-and-tie models still remain applicable provided that: (i) the deformation capacity is
explicitly verified (as shown in Section 2.5.4) or, (ii) there is sufficient experimental validation
proving the applicability of the methodology for the specific structural case under analysis.

2.5.2 Minimum reinforcement

As previously introduced, stress field analysis requires in general the provision of a
minimum amount of reinforcement, to:

- avoid brittle failure after cracking, and,
- ensure sufficiently deformation capacity with distributed reinforcement.

This reinforcement may also be used for other purposes, although not related to stress
field design, such as:

- To satisfy serviceability requirements (crack control)
- To ensure robustness or integrity

- To avoid explicit checks of undesirable failure modes
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With respect to the amount of minimum reinforcement required to ensure the necessary
deformation capacity of a member, there is still no general consensus about it and current
recommendations are mostly based on experience and empirical observations. In the
absence of more refined recommendations, the value provided by fib Model Code 2010%2
for shear reinforcement should be considered as the minimum amount of transverse
reinforcement for stress fields and strut-and-tie models. This value p_._ :% ,
leads to an amount of transverse reinforcement of 0.09% for conventional concrete and
reinforcement (f = 500 MPa; f, = 30 MPa). A refinement of this value will attract research
efforts in the future by clarifying the role of bond, material ductility>* >34 size effect and

energy balance at the moment of cracking.

2.5.3 Minimum inclination of the compression field

The use of a refined calculation for the effective compressive strength accounting for
concrete softening allows formulation of stress fields with inclinations of the compression
field flatter than the minimum inclinations provided by design codes (derived for the case
of manually calculated compression softening, as in Fig. 2-7).

2.5.4 Deformation capacity

Compatibility-based stress fields account for strain compatibility and can be used to
explicitly check material strain limits. For other cases, the prescribed rules defined in
codes or in literature should be used.

Concrete failure in compression might be defined by the ultimate strain limit for cross
section analysis (g_ ). This can provide, in certain cases, a better estimation of the deformation
capacity than when a rigid-perfectly plastic behaviour is considered. However, the resulting
strains when using e.g. a finite element based method, might be locally unrealistic and
mesh size dependent (unless the softening behaviour of concrete is modelled, which is
out of the scope of stress field and strut-and-tie modelling). To avoid issues of local mesh
size dependency, the strain limit in compression should be imposed to the strain averaged
over a certain length. A good estimate of the averaging length is the characteristic crushing
band length (/) of concrete in compression. While there is no consensus on the value of
|, for any situation, twice the thickness of the structure at the compression zone might be
a reasonable estimate.

Consideration of a yield plateau and neglecting the reinforcement hardening, o, <,
do not provide any strain limitation. Therefore, neither the rigid-perfectly plastic idealization,
nor the linear elastic-perfectly plastic idealization of the reinforcement (Fig. 2-12) are suited
to verify the deformation capacity. When an explicit verification of the deformation capacity
is required, a bilinear idealization (linear elastic with hardening) that considers the tensile
strength of the material (maximum allowable stress) and the elongation at maximum force
(maximum allowable strain) should be considered. Moreover, the tension stiffening effect
should also be included (Section 2.4.3), as it has a significant impact on the deformation
capacity even for large reinforcement amounts (e.g. the deformation capacity for bonded
reinforcement with p = 2% is approximately 25% of that of the bare reinforcing steel,
see Fig. 2-14c¢).

This topic should not govern the load bearing capacity of the structures when the minimum
amount of transverse reinforcement is provided, but may be relevant for reinforcements
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with low ductility or for amounts of transverse reinforcement lower than the minimum
defined by Model Code 2010 which can be found in some existing structures. Recent
studies'>3°! state that, in particular cases, brittle failures due to insufficient ductility of
the transverse reinforcement might also occur even when typical minimum amount of
transverse reinforcement is provided.

2.5.5 SLS response

Other than for verifying the Ultimate Limit State, stress fields can be used to assess
the serviceability response of structures. This topic requires accounting for compatibility
conditions, tension-stiffening and long-term effects. Crack widths (w) can be generally
calculated as outlined in Fig. 2-15 based on crack spacing (s ), average reinforcement
strain (¢ ) and relative angle between the crack (6, as defined by the principal directions
of stresses and strains) and the reinforcement direction (6,):

w € s

W:cos(0r+;b—7r/2): cos(@rfebr—ﬂ/2) 2-15

Fig. 2-15 Crack width calculation from reinforcement average strains.

The calculation of crack widths in non-stabilised crack patterns is, for the particular
case of dapped-ended beams, addressed in Section 6.5. Other examples discussing the
serviceability behaviour can be found in Sections 3.7.5, 4.3 and 5.2 of this document.

2.6 Safety factor format

2.6.1 Partial safety factor

The MC 2010 §7.11.3.4 proposes different approaches for the combination of safety
factors of the loads and the materials. The simplest one is to assume the partial coefficient
factors. In this approach, the material strength is reduced by partial safety factors accounting
for material uncertainties, geometrical uncertainties and model uncertainties. In typical
design of concrete structures, the design strength (f, = f,/y) is obtained by considering the
following partial safety factors?-2*!:

Concrete v.=1.5
Steel 7. =1.15
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The partial safety factor method can be used in a simple manner in hand-made
calculations and rigid-plastic stress fields or strut-and-tie models, by modifying the
material strengths. Also, it can be consistently used for compatibility-based stress fields
(as elastic-plastic stress fields) by reducing only the plastic plateau of the materials. The
consistency and reliability of this approach has been investigated and verified elsewhere 12331,

2.6.2 Use of other safety formats

Alternative approaches to the partial safety factor can also be used. They can be based
on performing a high number of simulations varying the geometric and material values
according to their scatter and also considering the epistemic error of the method (as
performing Monte Carlo analyses). Also, approaches based on a global safety factor or
the Estimation of Coefficient of Variation are also possible.
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3. Use of the Levels-of-Approximation approach to
design with stress-fields and strut-and-tie models

3.1 Introduction

Strut-and-tie and stress field models are acknowledged as powerful tools for design of
structural concrete members. They allow a rational understanding of the structural behaviour
by relying on the idea of following the internal flow of forces. Despite its advantages, the
method has also found some difficulties for its use in practice. Some aspects frequently
mentioned are: the non-uniqueness of the solution (which yields to discussion on the
suitability of the models, mainly concerning ductility and serviceability behaviour); the need
for engineering judgment to develop a suitable model; and the calculation process (which
may, sometimes, be time-consuming, especially for complex geometry and load state).

The main goal of this chapter is to provide guidelines to develop suitable strut-and-tie
and stress fields models following the Levels-of-Approximation (LoA) approach, i.e. the
level of accuracy of strength and / or behaviour prediction, is progressively refined by
successively increasing the model refinement. This is normally accompanied by an increase
on the expected failure load when more refined analyses are performed (but may not hold
true for cases not complying with the hypotheses to derive lower-level LoAs). The selection
of the LoA must be adequately defined and may depend on several aspects: design phases
of the project (preliminary design, detailed design...), complexity of the region or structure,
regions that can influence global structural behaviour, assessment or design of a structure,
etc. The suitable design strategy and the adequate LoA for a specific case should be defined
employing the necessary accuracy and the time devoted to the analysis.

The LoA approach for the application of stress fields and strut-and-tie models may be
very useful in practical applications, since it is very common that the designer decides
the time to be dedicated to the analysis, according to the complexity of the case and
required accuracy of the prediction. In fact, most designers use the LoA concept in
several design processes in a natural manner. However, unlike other applications of the
LoA concept (such as in shear or punching), the strut-and-tie model does not have one
complete equation involving all the relevant parameters, and the lower LoA are obtained
by neglecting or simplifying some aspects.

The application of the LoA concept in stress fields and strut-and-tie models must be
applied by progressively refining the design model. To that aim, it is advised to start with
simple load-carrying models, but general enough to incorporate thereafter any relevant
parameter, such as material behaviour, secondary load actions, etc. Thereafter, the
model is refined as needed. The objective for higher-order LoA is to have a more precise
simulation of the actual structural behaviour of the element. The designer must be clearly
aware of the simplifications in the model for the lower-order LoA and must be sure that
those assumptions lead to a safe-side estimate of the actual failure load.

https://doi.org/10.35789/fib.BULL.0100.Ch03
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3.2 Level-of-Approximation |

In general, this level of approximation may be used for the conception or the design of a new
structure (the fib Model Code for Concrete Structures 20108").

It is the simplest and least time-consuming LoA, and presumably the one yielding the
safest estimation of the ultimate load. Thus, this level must rely on a simple (safe-sided)
design model, that essentially follows a simple load-carrying action. A simple strut-and-
tie model shall be established and calculated accounting only for equilibrium conditions.
Compatibility conditions may be indirectly considered by means of design rules to provide
suitable behaviour (no explicit calculation required).

Typically, the design model should follow the main load path to calculate the main
reinforcement, avoiding less important or alternative load-carrying actions that may increase
the complexity of the model. Other reinforcement required may be calculated by local
refinements and other calculations, avoiding again this procedure in the simple initial model.

The check of relevant nodes, struts and bars anchorage length, should be performed
according to the initial simple model (i.e. the design process should be consistent with the
initial model) and using simplified rules for compression softening.

In general, the following steps may be implemented to apply the LoA | to strut-and-tie
models:

Step 1: Develop a basic strut-and-tie model and use it to calculate the location and area of
the main reinforcement. The designer must include suitable assumptions to ensure
that the simplified model provides a safe solution.

Step 2: Refine the model (with more detailed models for specific regions) whenever
necessary and follow code provisions or specific bibliography to calculate the
remaining required reinforcement. There is no need to include the refinements
within the simple initial model if these refinements do not contradict or significantly
modify the global initial model.

Step 3: Check the nodes, struts (or compression fields) as well as anchorage lengths that may
be critical.

Step 4: Besides the main reinforcement, provide minimum reinforcement for the region
to provide for robustness, ductility and suitable serviceability behaviour.

3.3 Level-of-Approximation I

This level of approximation is appropriate for the design of a new structure as well as for a general
or brief assessment of an existing member (the fib Model Code for Concrete Structures 20105").

For the LoA Il, an equilibrium-based model should also be developed such as in LoA I.
However, most of the local refinements and alternative load-carrying models, must be
explicitly included within the design model. The model should include not only the resultants
but also the stress field model, showing the widths of the main struts and the distribution
widths of the reinforcement, whenever it is necessary.

In general, the following steps may be followed to apply the LoA II:
Step 1: Define a full strut-and-tie model that takes into consideration the main load-
carrying model and the appropriate local refinements. If necessary or relevant for
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the analysis, include alternative load-carrying actions within the design model.
Calculate the width of the critical struts and develop a full stress field model, or
only partially at the relevant regions.

Step 2: Check the nodes and any compression strength within the model that may be critical
using simplified rules for compression softening. Follow the geometry and forces
calculated for the initial model (i.e. be consistent along all the calculation process).

Step 3: Provide main reinforcement, minimum reinforcement and a proper detailing for
the region to ensure robustness, ductility and suitable serviceability behaviour.

3.4 Level-of-Approximation Il

A level 11l (or higher) approximation may be used for the design of a member in a complex
loading state or a more elaborate assessment of a structure (the fib Model Code for Concrete
Structures 20108-1),

For the LoA lll, equilibrium, compatibility and constitutive relationships must be properly
computed, and a non-linear analysis based on strain compatibility should be performed.
The designer may use a nonlinear finite element method or any other nonlinear technique
providing a licit stress field (nonlinear optimisation techniques are also possible). It is very
important to apply proper simplifications and assumptions, consistent with the theoretical
bases of the stress field method, so that the interpretation of results may be clear and lead
to appropriate conclusions on the structural behaviour.

The main goal of the analysis is predicting the behaviour at ultimate load. Hence,
simplified elastic-plastic constitutive relationships may be implemented for concrete
and reinforcement (refer to Section 2.4 for details). The compression softening effect
on the compressive strength should be automatically quantified based on the state of
transversal strain computed in the analysis. SLS may not be explicitly calculated, but
adequate provisions must be provided to ensure adequate service behaviour.

In general, the following steps may be followed to apply the LoA IlI:

Step 1: For this kind of analysis, region detailing (i.e. reinforcement) must have been
previously defined. This may be performed by applying the lower LoA.

Step 2: Develop a nonlinear analysis and check the steel stresses and concrete compression
stresses at all load levels and validate the previously defined reinforcement layout.
Serviceability behaviour and ductility aspects may be analysed in a simplified manner
whenever tension stiffening effects are not relevant for calculation of reinforcement
forces (see detailed considerations in Section 6.5). Secondary reinforcement may
also be considered if it enhances the structural behaviour (such as: clear increase of
strength, enhanced ductility or better serviceability behaviour).

This LoA may be time-consuming and requires knowledge of some additional parameters.
Its need should thus be carefully analysed and may be reserved for special cases or developed
by more experienced designers using specialised software.

3.5 Level-of-Approximation IV

For the LoA IV, the same principles as for LoA Il are applied. The main improvement is
that the analysis must provide output for service behaviour and deformation capacity. This
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means that a proper constitutive relationship for the materials should be considered (refer
to Section 2.4). While the concrete tensile strength should be neglected in terms of strength
(as in the other LoA), its influence on the member stiffness (i.e., tension-stiffening) should
be considered. Unless there is certainty that the structural elements are not pre-cracked due
to previous load stages or non-mechanical actions, the initial uncracked stiffness should be
neglected (i.e. assuming fully cracked behaviour). Bond laws for anchorage verifications may
be included in the analysis.

3.6 Summary

The applicability of the levels-of-approximation for strut-and-tie and stress field models
is summarized in the following table.

Table 3-1 Appilcability of the levels-of-approximation for strut-and-tie and stress
field models

LoA | LoA 11 LoA 11l LoA IV
i . Assessment (ULS)
Main use Design Design (ULS) Assessment (ULS) .
(ULS) Design (SLS)
y — I Equilibrium + Equilibrium +
Conditions Equilibrium | Equilibrium N o
Compatibility Compatibility
Rigid-plastic | Rigid-plastic Elastic-plastic Nonlinear with
tension stiffening
N a
Constitutive e e S m
relationships .
Simple Stress field
resultant model including
model. alternative
Refinements | load-carrying _
and mechanisms (if
definition of | relevant)®.
strut widths o
whenever C.ompatlblllt.y—base.d stress
necessary field model |nclud|.ng all
Vodel (e.g. at ' relevant.load-carrymg. .
ode nodes). T & = mechanlsms and predlct!ng
‘ ! internal stress redistribution.
| y '
_%1 y
FEM with reinforcement
modelled with 1D elements.
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LoA | LoA 1l LoA 111 LoA IV
Design Design (ULS) Assessment (ULS) Assessment (ULS)
Main use (ULS) Design (SLS)
Strut and tie | Concrete Concrete stresses in stress Concrete and
forces (ULS) | stresses in stress | fields; tie stresses (ULS)? reinforcement
Output fields; tie forces stresses and strains
(ULS) (ULS+SLS)
Relevant nodes and Anchorage length. If not direct
struts. Service behaviour. output:
Ties. Ultimate strain for concrete Anchorage length.
Additional Anchorage length. and for reinforcement. Ultimate strain for
verifications Service behaviour. concrete and for

reinforcement.

Minimum reinforcement

Detailing rules (e.g. maximum rebar spacing and confining reinforcement)

Rules to limit stress
redistributions to ensure
adequate service behaviour and
Requirements | ductility.

Rules to
account for
alternative
load-carrying
mechanisms.

(1) The load distribution between statically indeterminate or redundant models may be estimated in
the LoA Il based on specific prescribed rules for the structural element or linear-elastic analysis.

(2)  SLS and ductility aspects may be analysed in a simplified manner whenever tension stiffening ef-
fects are not relevant for calculation of reinforcement forces

3.7 Example: Simply Supported Beam with Two Point Loads

3.7.1 Geometry, Loads and Bending Reinforcement

Consider the simply supported beam with point loads shown in Fig. 3-1 to be designed
for a shear force V= 1'000 kN using a concrete grade C35 (f, = 35 MPa) and ordinary
reinforcing steel S500 (f, = 500 MPa). The objective is to illustrate the application of the
LoA’s | and Il to strut-and-tie and stress field models, for the design of a new structure.
A very simple example is presented to clarify the application of the methodology. All
checks and calculations will be based on fib’s Model Code for Concrete Structures 2010
(MC2010)5Y provisions.
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Fig. 3-1 Beam loads and geometry

Define the inner lever arm z, the bottom tension and the top compression at the mid span
by applying the usual sectional method (to that aim, the concrete strength of the adjacent
CCC node can be used to calculate the thickness of the compression chord). Calculate
the longitudinal bottom reinforcement for the beam, provide minimum longitudinal web
reinforcement and skin reinforcement (see Fig. 3-2).

0c=(30/f 4 )" fea=

=22.2MPa 2020
— 11202
= —
) N ‘E ™ o
i ’ M=1000 kN.m - T
. : 1202 d :
2025 + 6020
Fig. 3-2 Sectional method and calculation of the bending reinforcement
I'=1202 MN= A g = 2'763 mm’ = 2025+ 6L20; A, prov = 2'866 mm’ 3-1

3.7.2 Level of Approximation |

Step 1: Define a simple and safe-side strut-and-tie model. In this case a simple model
consisting of a diagonal strut, from the point load to the support, is enough to
calculate the main reinforcement and to check the nodal region. If necessary, a
simple stress field model can be drafted to check any compression strength within
the region. In most cases, however, the definition of the widths at the nodal region
is sufficient to check compression and anchorage length (see Fig. 3-3).
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Fig. 3-3 a) Simple strut-and-tie model; b) Simple stress-field-model

Step 2: Since the point load is at a distance of the support 0.5<a/z<2.0, part of the load
must be transferred by stirrups to ensure an adequate service behaviour!3-2! 331 341,
Stirrups’ force may be calculated per F, =—£-(2-2--1) and should be distributed
over a width of approximately 0.75(a-0.3) = 0.5m.

Foffpa 210000, 10 41 4eg kN 3-2
w377 3 (70832

f =936 kN/m:>(A5/s) =2'152 mm?/m = Stirrups @12/ /0.10;

req 3-3
A =2'262 :
( S/s)pmv mm?/m
Step 3: Check diagonal compression field. The diagonal strut develops in a region with
vertical tension strains due to force at the stirrups. It is thus relevant to check
the compression field with the reduced concrete compression strength for the
considered concrete grade C35 (see Fig. 3-3, cracked concrete conditions). In
the middle of the strut, it results: Eq. 3-4. Also check node stresses and anchorage
length of the bars. Be consistent with the simple initial design model.
1

3
o =12.1 MPa<aQRd=0.55(i—oj f, =122 MPa 3-4

ck
In the simple model in Fig. 3-3 the bottom tension must be extended up to
the support, thus the force to be anchored at nodal region shall be calculated
accordingly. For the CCC node, the maximum compression is equal to the

maximum allowable one (see Fig. 3-4b).
1

3
0.=222MPa<o_,, = (13[—0] f =222 MPa 3-5

ck

For the CCT node, the bars are partially anchored over the support and the remaining
force develops by bond behind the support. The design bond stresses (f,, ) in
the support region may be increased due to the favourable effect of transverse
pressure and outside support region bond stresses are given by £, . Furthermore, the
contribution of the bends and hooks were considered by dividing the bond strength
for straight bars by 0.7. According to MC2010: 1, , = 3.94 MPa for the length over the

plate and f, , = 2.76 MPa for the outside length, providing the following bond forces.
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Fbm =n, w1, ‘fbd,p =2-7-25-300-3.94-107° =186 kN
F?¥=n, @l -f =2-7-25-150-2.76-107 =65 kN
R =n, @1, f, =6-7-20-300-3.94-107 = 446 kN

3-6
; -
F?*=n, n @l ,-f =6-m-20-150-2.76-107 =156 kN
Fl! =%:1'219 kN<T =435.2'866-10" =1'246 kN>1202 kN
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-
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0.150 a,=0.300
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Fig. 3-4 a) CCT node; b) CCC node

Step 4: Full detailing for the beam, following the simple model, of transverse reinforcement
and check of the nodal region. Note, that the calculated stirrups must be extended
beyond the supports to provide confinement and to equilibrate the out-of-plane
tension at node region. In the remaining region shear is zero and minimum shear
reinforcement is provided.

$12/70.10 $8/70.20 2020
NN — 2020
$12//0.10
/ or
~ W.  98//020
B 18
: : 3
/ 2025 + 6020
2025+6020

Fig. 3-5 Beam Detailing

3.7.3 Level of Approximation Il

Step 1:

38

Define the strut-and-tie model and include the necessary and relevant refinements
within the model. In this case, include the required stirrups in the design model
(see two possible models in Fig. 3-6a and Fig. 3-6b). Note that in this case, the
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required force to be anchored at the support is less than in LoA 1 (920 kN vs
1202 kN). For assessment of existing structures, one can also refine the model
considering the horizontal reinforcement (see Fig. 3-6¢ or Fig. 3-6d), which
leads to a further reduction of the bottom tension to be anchored at the support.
Following these strut-and-tie models, the force to be anchored at the support is
less than in LoA |, leading to a less critical situation than previously. A partial or
full stress field model (see Fig. 3-7a or Fig. 3-7b) can be developed and all the
necessary checks be performed. The diagonal compression stresses, the width of
the distribution of stirrup and nodal widths and stresses, are clearly defined in the
design model and all calculations and checks should be developed according to

the design model.

- a) . b)
= X
g 2
= E
\ 1202 1202
7 7 202
A
o4
At
/ /e / <
VA Vi
v 920 1202 : 1202 1202
z
(=1
S
g 0
5 )
(=3
S
S
ﬁ? 1202 1202 1202
o
7 Y N
292 & 292 I3
/ ), 3 /L @
(574 & @ =]
§ ' L2 I
7 J
V. 774 1202 1202 I/ 774 1202 1202
E' z
S 5]
= =

Fig. 3-6 a) Strut-and-tie model including load path carried by stirrups; b) Alternative strut-and-tie model;
¢) Strut-and-tie model including vertical and horizontal reinforcement; d) Alternative strut-and-tie model

Step 2: Check all compression strength within the model that may be critical (spreading
of the strut leading to lower concrete stresses than LoA I). Follow the geometry
and forces calculated for the stress field model. Check the bars anchorage length

following the same procedure, as in LoA 1.
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a)
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Fig. 3-7 a) Stress field model; b) Alternative stress field model

Diagonal strut stresses:
f = 468/0.54 =867 kN/m = (As/s) =1'992 mm’/m = Stirrups &12//0.10;

req

(As/s)prov =2'262 mm*/m

853

total __

b

1

3
o =10 MPa<0'C,Rd :0.55[?—0) fcd =12.2 MPa

ck

1

3
ﬂ] f, =22.2 MPa

CCC node: o,.=222 MPa=0'C/Rd = {f

ck

3
CCT node: c.=97 MPa<0'C(Rd = 0.75[:;—0] fcd =16.6 MPa

ck

Step 3: Full detailing for the beam following the design model.
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Fig. 3-8 Beam detailing
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It should be noted that, despite the fact that the reinforcement layout remains the same
as LoA |, the understanding of the member and its detailing is more consistent and refined
(forces to be anchored over support, load spreading).

3.7.4 Level of Approximation IlI

Step 1:

Step 2:

Apply a lower LoA to provide a first estimate of reinforcement. In this case the
reinforcement layout presented in Fig. 3-8 will be analysed.

A nonlinear finite element is developed. A simple triangle finite element for the
concrete in considered without resistance in tension and a simplified elastic-
plastic stress-strain law for compression. The reinforcement is simulated by a 1D
element only with axial force and an elastic-plastic strain-stress law for tension
and compression, neglecting any tension stiffening.

The output from the analysis is presented in Fig. 3-9a, with the average stress in the
stirrups in the clear shear span depicted in Fig. 3-9b.

1133 kN

Fig. 3-9 Nonlinear finite element analysis results at ultimate load; a) compression stress fields; b) forces in
the reinforcement

Stirrups stresses
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Fig. 3-10 Stresses in stirrups o, /f , vs applied force F under design force F,.
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With the non-linear analysis, it is possible to check the ultimate load and also some
ductility aspects. The concrete compression softening due to the presence of transverse
tensile strains is also considered to check any premature rupture and steel strains at peak
load are lower than the ultimate steel strains. This shows that the semi-empirical Eq. 3-2
is conservative for this case, since in the LoA 11l analysis the stirrups steel stresses are
approximately 300MPa for the design load.

Since no tension stiffening effect is considered it is not possible to draw any conclusion
concerning the behaviour at service conditions.
3.7.5 Level of Approximation IV

For LoA IV an appropriate tension stiffening law for the steel was considered. The steel
stresses at several load steps are presented in Fig. 3-11, with results for crack widths (w)
at different locations and load steps presented in Fig. 3-12.

Stirrups stresses
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Fig. 3-11 Stresses in stirrups o, /f ; vs applied force F under design force £,

a
@) 0.5 ®
~Web (A) -=F=600 kN (SLS) &
04 | -=Bottom (B) s | ~-F=1000 kN (ULS)
=03 t 0.6 |
=2 02 ¢ = 04 L
A
01 | 02 | M . 1a .
SLS x % o B
0.0 L L L 0.0 L L L L —t
0 200 400 600 800 1000 00 01 02 03 04 05
F (kN)  (mm)

Fig. 3-12 Results of crack widths for LoA IV: (a) evolution for several load steps and two locations;
(b) variation through the web for two load steps.
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With this analysis, it is possible to check the resistance and the serviceability behaviour
as well as ductility. Concerning serviceability behaviour, the crack widths at the bottom of
the beam at service loads (from F=500 kN to 700 kN) are around 0.15 mm. However, wider
crack widths are obtained in the web (see Fig. 3-12b). This is due to the high dependency of
the crack spacing on the local amount of reinforcement. While the strains are larger in bottom
reinforcement than in web reinforcement, the predicted crack spacing is much larger in the
web than at the bottom, resulting in a larger crack width in the web. The maximum crack
widths in the web at service loads (from F=500 kN to 700 kN) are acceptable, ranging from
0.20 to 0.30 mm. This direct verification of crack widths is more reliable than the indirect
estimations based on the stresses shown for lower levels of approximations. Concerning the
ultimate resistance, the concrete compression stresses are always lower than its effective
strength, which depends on transverse tension strains induced by the stirrups. Failure is
eventually due to bending, i.e. by yielding of the bottom reinforcement and crushing of the
compression zone. Stirrup stresses at ultimate load were about 300 MPa, which leads to
the conclusion that stirrups are not critical in this case. Note that in LoA | and Il the stirrups
were obtained by a semi-empirical equation (which is slightly conservative) and the steel
area was designed to yield at ultimate load.

3.7.6 Final considerations

Concerning the simple example presented some comments should be mentioned:

- LoA lis the safest and least time-consuming approach. The design model showed
that the diagonal compression stresses and the anchorage length at the support
are the critical issues. For the LoA Il these topics were showed to be less critical.

- In LoA I the width in which the stirrups are distributed must follow the rules for
this basic model. In the LoA II, the width may be obtained directly from the stress
field model.

- The model refinement, developed for LoA Il, provides valuable information, namely
that the bottom tie force in the support is lower than in the LoA I. On the other
hand, it also allowed the explicit calculation and check of the main compression
stresses.

- The check of the CCT and CCC nodes is based in the simplified model (LoA I).
In fact, the model considered in LoA Il clearly showed that compression stresses
in nodal region and the anchorage length are not as critical as determined in LoA I.

- Since LoA Il is a redundant strut-and-tie model and compatibility is not explicitly
computed in equilibrium models (such as LoA | and 1), the stirrups force must be
calculated following specific rules presented in technical bibliography. In the
LoA IlI or higher, compatibility is explicitly considered and thus the force in the
stirrups is obtained directly from the analysis.

- In LoA lll, the obtained compression stresses and stirrup stresses at ultimate load
are lower than the lowest LoA. No valuable information for service loads is provided
in this level, so service behaviour must be checked indirectly as at the lowest levels.

- Inthe LoA IV, the most complex and, eventually, time-consuming analysis, is able to
provide an explicit check of serviceability behaviour, as well as of deformation
capacity.
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4. Equilibrium-based models

4.1 Introduction

The main scope of this chapter is to provide further guidance for the development of
suitable strut-and-tie and stress field models following the previously referred Level-of-
Approximation approach, particularly for the application of the LoA | and II. The objective
is not to repeat all the already known rules and principles to develop a STM/SFM (such
as load path method, model follows elastic trajectories, minimum and maximum angles
between struts and ties, etc.) thoroughly described in several technical documents and
papers, but to provide understanding for the selection and validation of a chosen design
model and, simultaneously, to provide adequate and safe rules for “hand modelling”.

In fact, frequently, when using STM/SFM for the design, different engineers may propose
different models for the same situation which, sometimes, may lead to quite different
reinforcement requirements. This aspect can lead to doubts concerning the suitability of the
chosen model, namely ductility and service behaviour.

Several authors*" 2 proposed that, in general, adequate service and ductility behaviour
are indirectly accounted for if the strut-and-tie model follows the stress trajectories of a
linear elastic analysis. Other technical documentation, such as FIP Recommendations™~!
and EN1992-1-144, refer to similar procedures, stating: “Possible means for developing
suitable strut-and-tie models include the adoption of stress trajectories and distributions
from linear-elastic theory or the load path method” and “Verifications in SLS may also be
carried out using strut-and-tie models, e.g. verification of steel stresses and crack width
control, if approximate compatibility for strut-and-tie models is ensured (in particular the
position and direction of important struts should be oriented according to linear elasticity
theory)”. As pointed out in the fib Bulletin 61 Design examples for strut-and-tie models**~',
following this principle, limited ductility is needed, as the redistribution of the inner force
flow from the uncracked state to the ultimate load level will be small.

This simple and practical rule has several advantages and may be applied in many
situations, especially for regions where little or no experimental evidence is found and no
specific rules are provided. It should be considered as a first approach for the development
of a suitable design model. The drawback is that it requires a linear elastic analysis in
advance with an adequate processing of the output, often with informed decisions to
clearly define the compression and tension resultants of the model, since the common
reinforcement layout does not match elastic stress trajectories.

Taking as example the beam shown in Fig. 4-1, it is not easy, even for a simple region,
to derive an adequate reinforcement layout following the elastic trajectories. It is also not
straightforward to reach the stress field model by the interpretation of the main elastic
stress trajectories.

https://doi.org/10.35789/fib.BULL.0100.Ch04
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Fig. 4-1 Elastic stress trajectories and stress field model of a dapped beam

These aspects may lead to misunderstanding and potential distrust in using the STM/
SFM which, however, should be seen as a pedagogic doubt and a tool for the designer
to develop a better insight of the structural behaviour of the region and thus provide an
improved design.

It should also be noted that in most cases the STM/SFM may be freely developed,
following just some simple and practical rules that are presented in the literature. In
fact, concerning ductility aspects for ultimate loads, the assumption that the structure can
adapt itself to the chosen design model has been proven by several studies in different
discontinuity regions. The deformation capacity of the materials after yielding allows
significant stress redistributions leading to a successive formation of new static systems.
For this, strut-and-tie models should, in general, be used together with a well distributed
minimum reinforcement where no main reinforcement is required, preventing unexpected
brittle failures and ensuring that the design load can be reached (special attention should
be given to regions where a compression stress field crosses important transversal tensile
strains leading to a significant reduction of the effective compression strength of concrete).
Concerning service behaviour, the minimum reinforcement must also be adequate to
equilibrate a significant proportion of concrete tensile strength after cracking.

Despite the aforementioned aspects regarding the application of STM/SFM for the design
of a structural concrete region, there are two main topics that must be clearly addressed:
ductility (deformation capacity) and service behaviour. The strut-and-tie method complies
with the theory of plasticity and does not explicitly check ductility, namely compression
strength softening or excessive reinforcement strains, that may lead to a premature rupture,
or serviceability, namely steel stresses and crack widths for service loads.

Following the LoA concept, the highest level may provide valuable output for assessing
ductility and serviceability, since the non-linear analysis will provide an adequate prediction
of the behaviour at service and ultimate load level. The main objective is, for common basic
models that are considered to be representative of most practical situations, to use higher
level analysis to establish guidance for the lower level modelling.
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4.2 Complex strut-and-tie models as a combination of simple models

In practice, it is very common to develop tailored STM / SFM for certain regions as
a combination of two or more simple (basic) models. This approach is convenient as it
takes advantage of the experience of the designer in the use of basic models but allows
applying them, by combination, to solve complex cases. Some practical strut-and-tie
models for design of complex discontinuity regions are presented in this section. The
examples will show how these models can be split into simpler models whose detailed
analysis will be presented in the next section.

As a first case, Fig. 4-2a shows the global design model for vertical loads of a column
from a viaduct (further details for this case will be given in the chapter of practical examples
of this Bulletin). The vertical load at the top of the column represents the vertical load
from the deck. The load path defined by the model M1 is identical to that of a common
deep beam model and it is easy to observe the similarity also of model M2 for a deep
beam with suspended loads.

Another example is shown in Fig. 4-2b for the design model for a corbel of a pier from
another viaduct. It represents a case where the load is carried by a combination of actions:
a fraction of the load is carried by a direct strut to the support while the rest is carried by
indirect support (requiring the presence of stirrups). Also, due to the inclined bottom face
of the corbel, a fraction of the vertical load is carried by the bottom compression chord,
leading to a reduction of the resultant force in stirrups.

A more complex case is represented by the abutment shear wall shown in Fig. 4-3.
The dead load from the viaduct is transferred by pot bearings and the inertial deck forces,
due to seismic action, are transferred through damping devices located on the top of the
shear wall. Fig. 4-3a) shows the model when the damping device is pushing against the
abutment, requiring to modify the strut-and-tie model for a dapped-end beam.
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Fig. 4-2 Strut-and-tie models for the design of discontinuity regions. a) Pile of a viaduct; b) Corbel
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Fig. 4-3 Strut-and-tie model for a fixed abutment of a viaduct. a) seismic action “pushing” the abutment;
b) seismic action “pulling” the abutment

Even in rather complex models such as the deep beam of a building shown in Fig. 4-4,
it is possible to account for similarities with continuous deep beam models. It can be noted
that that it is useful in these cases to develop a realistic load path and, usually, the vertical
reactions in the columns are influenced by the selected strut-and-tie model. The locations
of the horizontal ties were set in this case at floor levels in order to obtain a simpler and
clearer model.

=1 =t 0y 0 0
- = - B E E - I .
IR Lo Koo e g T
[ I | N | | |
I @2 SN I I I
I i all ATEEAN | | |
! I | | \ | | |
I -46 1974 W | | |
1% F W T G §\ é\ é\
D\o/ N AN ‘9\\ :ﬂ‘ § 8‘
(=1 =3
Slgt £ % g T S S
iy R k- - N I I
| !1’3 7 2886 86| 2886 2 _ o181 1 oag 2181
v == NN / \,
Y z g NN o \o o/
_ . «
) q e R g N o
\ i I A5 3 S N S
N "\ V4 ] N /
I 1 | .o\ 027 | 1027 5 St027 N 1004 4

B ETT

Fig. 4-4 Strut-and-tie model of a deep beam within a building

1053

Following the aforementioned possibilities of combining basic strut-and-tie models to
achieve a global design model, the use of adaptive stress field models presented in the
following section is also a suitable tool to determine convenient strut-and-tie models for
the design of discontinuity regions.
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4.3 Basic strut-and-tie and stress field models

4.3.1 Introduction

An engineer with some experience in strut-and-tie and stress field modelling, can easily
realise that some basic models reoccur in different practical cases and, more importantly,
global and complex design models in real situations are usually built up from different
basic models.

Studying and assessing these typical basic models will provide guidance for the development
of STM. The objective of this chapter is to assess typical basic models, by different possible
STM demanding different degrees of stress redistribution and thus different reinforcement
layout and checking ultimate load and service behaviour by using a higher-level analysis.

The following basic models are addressed:

- Deep beam with uniform loading

- Deep beam models with uniform suspended loads
- Deep beam / corbels with suspended point loads
- Continuous deep beam models

- Dapped end beam / re-entrant corners

- Spreading of point loads / bottle effect

- Point load near support

4.3.2 Deep beam with uniform loading

The deep beam basic model is a well-known model and some typical stress field models
are presented by Muttoni et al.** in Fig. 4-5. Such models occur in many practical situations
e.g. at walls openings (Fig. 4-6a), in prestressed regions (Fig. 4-6b) and in several real design
situations (Fig. 4-6¢) as shown by Schlaich et al.*".
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Fig. 4-5 Stress field model for deep beams**!
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Fig. 4-6 a) Wall with an opening; b) Eccentric prestress; c) Plan STM in a deck of a stay-cable bridge!*"!

The deep beam models are basically defined by point loads spreading into a distributed
load and establishing a very simple strut-and-tie model with smooth deviation of the
compression stresses, that leads to a horizontal tension. The reference solution was
established long time ago, by Leonhardt and Walther*”" and was based on linear elastic
analysis and an extensive survey of deep beam tests. The elastic stresses (Fig. 4-7) show a
horizontal compression distributed over a large height and tension stresses at the bottom
of the deep beam, leading to an inner lever arm z of about 70% of the span L.
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Fig. 4-7 Simply supported deep beam elastic stress trajectories and reference strut-and-tie model

This basic model appears very often in practice and a small variation of angle 6 may
double or halve the main reinforcement. For this reason, the designer needs to know how
close to the reference solution the STM needs to be in order to ensure adequate structural
behaviour, at ultimate and service loads.
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The simple and practical rule stated by Schlaich et al."", based on energetic principles:
“a criterion for optimising a model may be the minimisation of complementary energy of
the system, which can be performed in many cases by reducing the number and length
of ties”, is useful in this case. In fact, increasing the inner lever arm or the angle of the
diagonal compression, will always decrease the steel area of the main reinforcement.

Following the aforementioned procedure, several possible design models were developed
simulating different alternative stress redistributions (see Fig. 4-8). The Model R is the reference
model based on the uncracked distribution of stresses. The remaining models foresee larger
degrees of stress redistribution which result in smaller reinforcement demands. Based on a
design inner lever arm (z/L) = 0.92, 1.37 and 1.83, steel areas of 75%, 50% and 37.5% of the
reference model with (z/L), = 0.69 are obtained. As usual, besides the main reinforcement,
the additional minimum web reinforcement of approximately p = 0.2% was adopted and
the concrete strength was defined in order to avoid concrete crushing at the supports and the
ultimate load be governed by steel yielding.
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Fig. 4-8 Deep beam with loads on top strut-and-tie model simulating different alternative stress redistribution
and corresponding reinforcement layout.

50 Equilibrium-based models



This document is the intellectual property of the fib — International Federation for Structural Concrete. All rights reserved.
This PDF of fib Bulletin 100 is intended for use and/or distribution solely within fib National Member Groups.

Following the different reinforcement layouts obtained by a lower LoA model, several
higher LoA analysis were developed for each reinforcement layout to investigate the
serviceability response and deformation capacity at ultimate load. Also different
reinforcement ratios, for the reference solution, were analysed: reference model with low
reinforcement ratio (A, =25 As/mm) and reference model with high reinforcement ratio
(A, . =80A_ ).

s,ref s,min

Knowing that higher steel stresses are related to higher crack widths and that stresses
between 200-300 MPa will lead to crack widths between 0.2-0.3 mm, it is possible to
conclude that some cases provide poor service behaviour. In fact, implementing 50% of
steel area required by the elastic based solution, which represents a variation of 50% of the
inner lever arm, and a variation of just 14% of the angle of the diagonal strut, will lead to
large crack widths and inappropriate service behaviour, especially for deep beams with low
reinforcement ratio (see Fig. 4-9 and Fig. 4-10).

Although the results for the deep beam with higher reinforcement ratios suggest a higher
modelling freedom, it is recommended to carry out a more refined analysis when the
variation of the inner level arm z produces less than 70% of the reinforcement area. Note
that, this practical recommendation is associated with a quite small variation, less than
10%, of the angle of the diagonal strut.

The design load considered for design was reached for all models meaning that the structure
had sufficient ductility to reach the ultimate load without any brittle and unexpected rupture.
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Fig. 4-9 Deep beam with low reinforcement ratio: steel stresses (6/f ) “vs” applied load (g/q,)
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deep beam with high reinforcement ratios - steel stresses (c,/f,,) "vs" applied load (q/q,)
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Fig. 4-10 Deep beam with high reinforcement ratio. Steel stresses (o/f ) “vs” applied load (g/q,)

4.3.3 Deep Beam with uniform suspended loading

Deep beams with suspended loads is a basic model that occurs in several practical
situations, such as deep beam models mentioned before. Fig. 4-11 shows a simple application
for a deep beam with an opening.
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Fig. 4-11 Deep beam with indirect loading a) basic model; b) STM of a wall with opening!*!

Similarly to deep beams with loads on top, the main doubt may, as in previous example,
be: “what is the suitable inner level arm that provides good service behaviour and resistance
for the ultimate load?”. For this case the elastic analysis provides an inner level arm of
z=0.65L as shown in Fig. 4-12.
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Fig. 4-12 Deep beam with indirect loading, elastic stress trajectories and reference strut and tie model.
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As in the previous deep beam example, several design models can be developed
simulating different stress redistribution. Model R is the reference model, based on the
elastic distribution of stresses. The remaining models assume large stress redistribution
and thus quite smaller reinforcement layouts are obtained, 75%, 50% and 37.5% of the
reference model (see Fig. 4-13). The additional minimum horizontal web reinforcement
of approximately p = 0.2% was adopted.
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Fig. 4-13 Deep beam with indirect loading strut-and-tie model simulating different alternative stress redistribution
and corresponding reinforcement layout.
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Following the reinforcement layouts, as obtained on the basis of the different design
models, a higher LoA analysis was developed, for each case and for different reinforcement
ratios in the bottom tie and service behaviour was specifically checked by evaluating steel
stresses on the main tie (see Fig. 4-14 and Fig. 4-15).
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Fig. 4-14 Deep beam with low reinforcement ratio. Steel stresses (O's/fyd) “vs” applied load (q/q,)
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Fig. 4-15 Deep beam with high reinforcement ratio. Steel stresses (6/f ) “vs” applied load (g/q,)

54 Equilibrium-based models



This document is the intellectual property of the fib — International Federation for Structural Concrete. All rights reserved.
This PDF of fib Bulletin 100 is intended for use and/or distribution solely within fib National Member Groups.

According to the results presented, inadequate service behaviour may occur for steel
quantity less than 50% of the reference, thus leading to the conclusion that it is prudent
to avoid large stress redistribution and that a higher LoA analysis case is developed, if
similar or larger redistributions are imposed in the design model.

4.3.4 Deep beam / corbels with suspended point loads

A deep beam or corbel with suspended point loads is also very common and may
occur in parts of global and more complex models. Fig. 4-16 shows a simple example of
the application of this basic model.
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Fig. 4-16 Deep beam with suspended point loading basic model in a bridge deck!*"

The elastic stress trajectories are not as clear as desired, since they provide a curved
tension path which is not in line with a practical reinforcement layout (Fig. 4-17a) and
Fig. 4-17b). To define buildable solutions, the designer must be ingenious and provide a
proper reinforcement layout that assures, at least, safety for the ultimate limit state. However,
some questions may arise: Is the force suspended by vertical stirrups, inclined reinforcement
or by a combination of both (Fig. 4-17c)? What is the amount of load to be transferred by
each load path, that provides good service behaviour?

The elastic solution may suggest that half of the load should be carried by each load
path and thus the reference model is based on that principle. Model 1 and Model 2 assume
significant redistributions and steel stresses at service loads were evaluated (Fig. 4-18).

z/L =0.65

—
——
X
Q

Fig. 4-17 a) Deep beam with suspended point loading elastic stress trajectories; b) Similarity with the elastic
stress trajectories of a corbel with suspended point loading; c) Stress field model considering vertical and
inclined reinforcement leading to different load paths.
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Fig. 4-18 Deep beam with suspended point loading strut-and-tie model simulating different alternative
stress redistribution and corresponding reinforcement layout.
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Fig. 4-20 Deep beam with suspended point loading. Steel stresses at inclined reinforcement (o /f ) “vs”
applied load (g/q,)

It is easy to observe in Fig. 4-19 and Fig. 4-20 that any other redistribution within
the range 0.1Q/0.9Q to 0.9Q/0.1Q will provide intermediate steel stresses that may be
obtained by linear interpolation. Following this, the results show that redistribution values
of 0.30Q/0.7Q to 0.7Q/0.3Q do not influence service behaviour and may be the base for
the application of the equilibrium models of the lowest LoA.

4.3.5 Continuous Deep Beam models

Continuous deep beams basic models, as illustrated by the stress field in Fig. 4-21c¢),
also occurs in several practical situations as shown in Fig. 4-21a) and Fig. 4-21b).

a)

a) b) c)

Fig. 4-21 a) Continuous deep beam basic model (Schlaich et al. 1987); b) Continuous deep beam basic
model for prestressed anchorage!*'’; ¢) Continuous deep beam stress field model!+

The elastic stress trajectories are shown in Fig. 4-22 and suggest an inner level arm of
z = 0.35L at the inner support and z = 0.7L at midspan. The elastic reactions are 1.2q-L
for the intermediate support and 0.4q-L for the outer supports. With this information it is
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possible to solve the strut-and-tie model, leading to a tension force of 0.2q-/ for the tie
over the intermediate support and 0.12q-L for the bottom midspan tension.
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Fig. 4-22 Continuous deep beam elastic stress trajectories and reference strut-and-tie model.

Following the elastic-based strut-and-tie model several different design models are
tested in order to simulate different stress redistributions (Fig. 4-23):

- Model R is the reference model, based in the theory of elasticity

- Model R" is a solution where support tension is placed at the same level as the
adjacent compression at z = 0.7L. The calculation simplicity of this strut-and-tie model
makes it particularly useful for design purposes.

- Models A and B were based on the same inner level arm as the elastic solution.
The support steel reinforcement areas were set to approximately 30% and 150%
of the reference solution, respectively.

- For Model 1 and 2, continuous deep beam full effective height is just as a continuous
slender beam. Model 1 was established to provide some reinforcement over the
support and near to concrete top boundary and Model 2 assumed the continuous
deep beam behaviour as two independent simply supported deep beams and no
reinforcement is required for the support region.

Equilibrium-based models
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Fig. 4-23 Continuous deep beam strut-and-tie model simulating different alternative stress redistribution
and corresponding reinforcement layout.

Following the different design strut-and-tie models, different reinforcement layouts were
defined, and different nonlinear analysis were developed, for each case, to evaluate service
behaviour and ductility. The service behaviour was, in particular, analysed by assessment of
the reinforcement stresses (Fig. 4-24 to Fig. 4-27).
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Fig. 4-24 Continuous deep beam steel stresses at bottom reinforcement (o/f ) “vs” applied load (g/q,).
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Fig. 4-25 Continuous deep beam steel stresses at top reinforcement (o/f ) “vs” applied load (g/q,).
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Fig. 4-26 Continuous deep beam steel stresses at the reinforcement over the support at a higher height
(cs/fyd) “vs" applied load (g/q,).
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Fig. 4-27 Continuous deep beam steel stresses at the reinforcement over the support at a lower height
(Gs/fyd) “vs” applied load (g/q ).

All deep beams reach the predicted design load, which means that the structure has
sufficient ductility to adapt itself to the chosen model. After concrete cracking occurs
at the bottom / mid-span tie, stresses are redistributed and the tensile stresses in the tie
over the support increase, keeping the mid span steel stresses approximately constant.
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Increasing loads leads to cracking at the support region and mid span steel stresses grow
with similar slope in all deep beams. For deep beams with low reinforcement ratios
over the support - Models A, 1 and 2 - steel stresses can lead to moderate crack widths;
indeed for a service load of g = 0.6 g, steel stresses of approximately 0.7/ , are obtained
(see Fig. 4-26 and Fig. 4-27) which may lead to high crack widths and consequently
poor service behaviour. On the other hand, increasing the inner level arm higher than
50% led to steel stresses at service loads that can be considered improper for certain
circumstances, as shown for models 1 and 2.

Note that usually, the adopted model for continuous deep beams is influenced by
the external support reactions, thus it is worth understanding that the adopted internal
redistribution led to variations with respect to the reference model, up to 20% of the
external reactions distribution.

The remaining models depict appreciable steel stresses at service loads for all reinforcement
levels, showing that there is some arbitrariness for the chosen design model for continuous
deep beams and the assumed redistribution is considerably higher than that allowed for
slender beams. Nevertheless, in order to prevent inferior service behaviour, extreme stress
redistribution should be avoided.

4.3.6 Dapped-end beam / re-entrant corners

The dapped beam models are very common in structural concrete regions. Probably
the most common application is in shear walls with openings, as shown in Fig. 4-28.

]
t-bottle
R 3
fB Subsysteme 1,2, 3 und 4
a) b)

Fig. 4-28 a) Re-entrant corners basic model in a deep beam with an opening'*'’; b) Re-entrant corners
basic model at an opening!**

The elastic solution (see Fig. 4-29) suggests the superposition of the two models, assuming
25% of applied load for the model defined by orthogonal reinforcement and the remaining
75% for the model corresponding to the inclined reinforcement.

Despite some difficulties from the construction point of view, the designer provides
some diagonal reinforcement, especially for moderate and high loads, even if not
explicitly calculated.
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Fig. 4-29 Dapped end beam elastic stress trajectories and reference strut-and-tie model.

For the evaluation of the local behaviour under different reinforcement layouts, three
design models were developed (Fig. 4-30): Model R — based on the elastic solution; Model 1
— assuming that 50% of the load is equilibrated by orthogonal reinforcement and the
remaining 50% by inclined reinforcement; and, finally, Model 2 — in which only 10% of
the load is carried by inclined reinforcement. Combinations of models are performed in
many cases as inclined reinforcement is very efficient in terms of structural performance,
but difficult to place and anchor.

Asw=f(0.25-Q)
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Fig. 4-30 Dapped end beam strut-and-tie model simulating alternative stress redistribution and corresponding
reinforcement layout.
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For these cases, the steel stresses were analysed for different load steps as shown in
Fig. 4-31 to Fig. 4-33.
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Fig. 4-31 Dapped end beam steel stresses at the horizontal reinforcement (6,/f, ) “vs” applied load (g/q,).
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Fig. 4-32 Dapped end beam steel stresses at the inclined reinforcement (5,/f, ) “vs” applied load (g/q,).
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Fig. 4-33 Dapped end beam steel stresses at the vertical reinforcement (6,/f ) “vs” applied load (g/q,).

The results show that assuming the reference solution (75% of the load equilibrated by
inclined reinforcement) a good service behaviour is achieved. However, assuming only 10%
for the inclined reinforcement load path leads to high steel stresses that suggests unfavourable
service behaviour. Finally, assuming up to 50% for each load path was shown to be an
adequate solution with regards to service behaviour.

4.3.7 Spreading of point loads / bottle effect

Spreading of point loads within a concrete region, known as bottle effect, is usually
defined by the model shown in Fig. 4-34 mainly based on elastic stresses.

Fig. 4-34 Spreading of point loads stress trajectories and reference strut-and-tie model.
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The tensile force T may be given by a simple equation, obtained through elastic analysis:

ng(I—ij
4 b

Following the elastic solution, several possible design models were detailed and steel
stresses at different load increments were evaluated. For the reference model (Model R), the
steel area was obtained by applying directly the equation derived by the elastic solution, while
the remaining models simulate different possible stress redistribution and, in particular, 70%,
50% and 35% of the reference steel area was considered (Fig. 4-35). Also, different ratios b/a
were analysed, with b denoting the concrete width and a the width of the point load.
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Fig. 4-35 Spreading of point loads strut-and-tie model simulating different alternative stress redistribution and

corresponding reinforcement layout.

The steel stresses at each load increment are presented in Fig. 4-36 to Fig. 4-38 and it
is possible to show that redistribution up to 70% does not compromise service behaviour.
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Fig. 4-36 Spreading of point loads, with b/a = 6, steel stresses at the reinforcement (6/f ) “vs” applied load (g/q,).
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Fig. 4-37 Spreading of point loads, with b/a = 4, steel stresses at the reinforcement (6/f ) “vs” applied load (g/q,).
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Fig. 4-38 Spreading of point loads, with b/a = 2, steel stresses at the reinforcement (o/f ) “vs” applied load (g/q,).

In practice, the widths of the point load a and the concrete spreading width b, are not
commonly known in every situation; however, a simple and conservative rule may be
applied according to the following procedure:

IfT=A -1 and Q=a-t-f (A - steel area, f —yielding steel stress, f_— concrete
Compre55|on strength t — wall thlckness) then:

a-t-f

a b-tA f  a-t a
A f — - <:>__5.l:_ ‘l__
hET b] 2 A f 40 b
A f f
Knowing that @, :A—S-fi:psfi(ps — reinforcement ratio)
o-1af, a
° 2b b
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Fig. 4-39 Spreading of point loads: mechanical reinforcement ratio variation with a/b.

This simple equation provides the reference reinforcement to equilibrate the tension
developing by the spreading of point loads with the maximum occurring for a/ b = 0.5
leading to @, = 0.125 (Fig. 4-39). As showed before, redistribution of about 70% with
respect to the reference solution provides acceptable service behaviour; thus, for practical
purposes and for avoiding further calculations, the adoption of a “minimum” distributed
reinforcement established by @, = 0.08 (p, = 0.4%) will equilibrate the tensile stresses resulting
from every compression stress field spreading within the region and ensure a good service
behaviour. This means that the designer, for the lower LoA, may avoid explicitly considering
the spreading of point loading in the design model, if this “minimum” reinforcement is
provided for the region.

4.3.8 Point load near support

The point load near support is mainly based on a model in which part of the applied
load is carried by stirrups (F ) while the remaining load is transferred directly to the
support (see Fig. 4-40b) with two possible stress field models). This solution is also based
on the elastic stress trajectories presented in Fig. 4-40a) and several test results, defining
the value of the load to be transferred by stirrups as:

F s9[23—1j
Y3\ z
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‘

Fig. 4-40 Point load near support stress trajectories and reference stress field models.

To evaluate service behaviour for different levels of stress redistribution, models for
different ratios a/h were analysed, with a being the distance of the point load to the
support and h the height of the beam. The solution considered as reference was the one
based on the previous discussion, resulting in an area for stirrups of A__; several cases
with other areas of stirrups A_ were analysed. Fig. 4-41 shows the variation of the stirrups
stresses with the applied load Q, where Q, was the design load. It can be observed that
a reduction of up to 25% (A = 0.75 A, o) with respect to the reference solution does not
influence the service behaviour appreciably. However, larger deviations may, in some

cases, lead to unfavourable service behaviour and possible large cracks at service loads.
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Fig. 4-41 Point load near support steel stresses (o/f ) vs. applied load (g/g,) for different distances to the support
and reinforcement layout.

4.3.9 Final Remarks — Practical Rules

The assessment of a model for the design of a structural concrete region is mainly

influenced by two aspects: ductility and service behaviour.
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The factors that may affect the ductility of discontinuity regions are essentially the
deformation capacity of reinforcing steel after yielding and a brittle concrete rupture.
Rupture of reinforcement can be the reason of a premature failure, if the available ductility
of the steel prevents the formation of alternative load paths. However, in discontinuity
regions, large redistributions usually occur after cracking, provided that, after yielding,
moderate steel strains are obtained. The second aspect, an unpredicted concrete failure, is
mainly caused by the reduction of the compressive concrete strength due to the presence
of large transversal strains. Usually this phenomenon is perceivable for large crack widths,
owing to yielding of the reinforcement. However, in most practical cases this effect is
not relevant, given that moderate concrete stresses are imposed by the nodal checking
and smaller stresses inside the region are obtained. On the other hand, the adoption of
minimum distribution reinforcement prevents the formation of large cracks that could
cause a brittle failure. These aspects were adequately considered in the above nonlinear
analyses and it was found that for the reinforcement layouts analysed, the design ultimate
steel strain was not achieved. Simultaneously, transverse tensile strains were adequately
considered in the concrete compression constitutive relationship. As a result, it was in all
cases verified that this effect was not governing the behaviour.

/"

Concerning service behaviour, the common practical rule: “...if the struts and ties
follow the main compression and tension elastic stress trajectories, the ultimate limit
state model can be used to check service behaviour...”, has been shown to be particularly
appropriate. Note that the model orientation on the basis of the elastic solution should
not be interpreted as a perfect mapping of the elastic trajectories. An important issue
when developing suitable strut-and-tie models is to follow the practical reinforcement
layout, provided that the main direction of compression and tension stresses are close
to principal stress trajectories. This does not imply that the engineer needs to develop an
elastic analysis in every practical situation. The common models presented in technical
documentation!*" 421 1431 48] cover most common cases.

In general, the engineer has plenty of freedom for choosing the model for the design of
discontinuity regions and judgement and previous knowledge should not be disregarded.
The common rules for the development of a suitable strut-and-tie model should be respected,
preventing extreme redistributions that can influence service behaviour or even cause a
premature failure.

The main objective of this chapter is to provide practical rules for the designers when
developing strut-and-tie models for the lowest LoA. If the design model follows these
simple instructions, service behaviour is automatically checked, and no further calculation
is necessary. Higher redistributions may be allowed, but a higher LoA analysis should then
be carried out to check service behaviour and ductility.

In the following all basic strut-and-tie models are presented and corresponding limits of
redistribution that prevent the need for further checks, are presented in Fig. 4-42 to Fig. 44-46.
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Fig. 4-44 Redistribution limits for re-entrant corners basic models
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5. Principles of computer modelling

5.1 Introduction

In spite of being recognised as powerful tools, strut-and-tie models and stress fields
are essentially used as hand calculation tools and designers are more and more inclined
to using other models (e.g. linear elastic finite element calculations) for dimensioning
and detailing of structural concrete. Therefore, the use of strut-and-tie models and stress
fields might be limited to education and early stage conceptual design, unless they are
implemented in user-friendly computational environments to make their application more
efficient. The use of computer modelling might overcome the drawbacks of strut-and-tie
models and stress fields (i.e. tedious hand application, serviceability and deformation
capacity cannot be verified), yet without impairing their advantages of transparency and
control over the design.

This chapter introduces several computer modelling strategies to implement the basic
ideas of strut-and-tie and stress field models, namely:

- Use of the Finite-Element Method based on the calculation of the displacement
field and respecting equilibrium and compatibility conditions,

- Use of the Finite-Element Method based on the optimisation of equilibrium and
yield conditions but without explicit calculation of the associated displacement field,

- Adaptive analysis based on strut-and-tie models with the potential to perform
optimisation procedures and accounting for a realistic response in reinforcing
ties, and

- Implementation of tailored methods (such as the Stringer-Panel-Method) by means
of numerical procedures

The choice of the most suitable approach for a given case depends largely on the
conditions and outputs required. Some approaches are more suitable for fast and efficient
calculations but have some level of simplification (no explicit check of displacement field,
simplified assumption on the modelling) while others are more general but generally
more time-consuming. In the following, the assumptions and detailed implementation of
each approach are discussed, as well as their strengths and potential limitations.

5.2 Compatibility-based Stress field — Finite element method

5.2.1 Introduction

The use of the finite element method (FEM) to determine the stress state in a continuum
is a powerful tool for analysing reinforced or prestressed concrete structures. Linear
elastic finite element concrete programs are widely used by designers as they allow the
analysis of even complex structures in relatively short time, including in many cases user-
friendly post-processing modules for automated dimensioning or checking of reinforcement

https://doi.org/10.35789/fib.BULL.0100.Ch05
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and concrete dimensions. Linear elastic calculations do not reflect the real behaviour of
concrete structures, as they neglect the non-symmetric strength of concrete and the non-
isotropic behaviour of reinforced concrete in the calculation of internal forces, and only
account for these effects in the post-processing, i.e. when dimensioning the reinforcement
and checking concrete dimensions, typically carried out using yield conditions based on
plasticity theory. While these calculations usually yield safe designs for regions without
static/kinematic discontinuities, often unpractical and inefficient reinforcement layouts are
obtained®", particularly when the internal force distribution depends on the stiffness of the
members or when imposed displacements may occur.

While existing general nonlinear FE programs overcome the aforementioned
oversimplifications of linear elastic analysis and allow capturing the real structural behaviour,
these methods are not suitable for design purposes. The complexity of the implemented
mechanical methods requires high level expertise as well as modelling and interpretation
time, while the results might be very sensitive to the choice of material parameters unknown
in the design phase. In consequence, non-linear FE-analyses are useful only for research and
assessment purposes.

In the method presented next, continuous stress fields fulfilling kinematic compatibility are
formulated, which corresponds to a simplified, nonlinear finite element analysis. Contrary to
general nonlinear FE-calculations, however, only standard material parameters known at the
design stage are required as input and concrete tensile strength is neglected for equilibrium
(as discussed in Chapter 2), similarly as in standard structural concrete design. The effective
concrete compressive strength is automatically computed from the transverse strains as
specified by modern design codes, similar as in compression field analyses accounting for
compression softening®®?" 531 The obtained stress state is in equilibrium with the applied
loads and respects the yield conditions of the materials, hence the derived stress fields are
lower bound solutions according to Limit Analysis. Ferndndez Ruiz and Muttoni®* originally
proposed and implemented this approach in the method known as Elastic-Plastic Stress
Field considering elastic-plastic constitutive relationships, which yields excellent failure load
predictions”?!. To extend this approach for serviceability as well as deformation capacity
verifications Mata-Falcon et al.”®! have addressed the consideration of tension stiffening in
the approach known as Compatible Stress Field Method®”!. While this section focuses on the
plane stresses case, the extension to the three-dimensional case is discussed in Section 7.2.

Compatibility-based Stress Fields for plane stress problems use 2D elements to model
the concrete and 1D elements to simulate reinforcing or prestressing steel. The use of a
discrete representation of the reinforcement allows obtaining the stresses directly in the
two materials and yields thus a simpler interpretation of the results. In the following,
details about the finite elements, mesh topology dependency, and interpretation of results
are given. To conclude, the example introduced in Chapter 1 (see Fig. 1-4) is solved by
means of Compatibility-based Stress Fields with different constitutive relationships. The
reader is referred to Chapter 2 for details about the mechanical models and constitutive
relationships used.

It should be noted that the various stress field approaches based on the classical
displacement based finite element method assume coaxiality between the total strain
tensor and the stress tensor. This assumption is in fact in agreement with the considerations
of Nadai®® and Hencky®“. However, the assumption has been shown not to satisfy
the continuity conditions between elastic and plastic regimes® ' and also present
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inconsistencies for unloading. These issues can be solved by considering the coaxiality
principle of Saint-Venant®>'"! (later extended by Levy>'?) between the increment of plastic
strains and the stress tensor. In any case, as stated by Prager®'¥, both cases (coaxial
and non-coaxial rigid perfectly plastic materials) yield identical results for proportional
loading. A comprehensive review of this aspect can be consulted elsewhere!>'4.

The fact that both coaxial and non-coaxial materials lead to identical results is easy to
demonstrate provided that the loading is proportional, and the materials exhibit sufficient
plastic deformation capacity without softening behaviour. Despite the relaxation of the
condition of coaxiality, the stress fields obtained with the displacement based finite element
formulation are in any case lower-bounds of the strength according to limit analysis.
This holds true as the stress field is in equilibrium with the actions and fulfils the yield
conditions of the materials. With respect to the upper-bound theorem, when the plastic
deformations are sufficiently large and non-reversal proportional loading is considered,
the elastic deformations can be neglected and the solution obtained for a non-coaxial
material converges towards an upper-bound solution (licit mechanism where the stress and
increment of plastic strain tensors are coaxial). This also holds true for some cases with no
rotation of the strain field during the transition from the elastic to the plastic state or during
the plastic phase (as compression chords). The advantage of the procedure for calculating
a stress field based on the displacement field is however very significant, as the complete
information on the total strain field allows for an estimate of the crack openings and thus of
the efficiency factors of concrete, which is not possible (or might be complex) based only
on a velocity field. It can also be noted that the same conditions on coaxiality between the
stress field and the total strains have been successfully adopted in similar structural models,
as for instance in the tension field approach of Wagner for thin steel webs>'!.

5.2.2 Finite elements

Elements with quadratic interpolation of the displacement field (i.e. 8 node quadrilateral
elements or 6 node triangular elements for the 2D case here discussed) are generally
recommended avoiding shear locking problems®'. However, implementations of
Compatibility-based Stress Fields using finite elements with lower interpolations of the
displacement field (i.e. 4 node quadrilateral elements or 3 node triangular elements, known
as constant-strain triangles) have shown very good results even for problems with non-uniform
distributions of shear, provided an appropriate meshing is used®#>7I. The recommendations
for meshing will be later discussed in Section 5.2.3.

The basic steps of the finite element method for 2D elements will be illustrated in the
following for the simplest finite element, the Constant-Strain Triangle (CST), which has
6 degrees-of-freedom defining the displacement field and a single integration point. Each
of its 3 nodes is characterised by 2 displacements (in the horizontal and vertical direction,
see Fig. 2-15). The strain state is thus constant and is the result of differential operator L to
the matrix of the approximation functions N(x,y). Usually the resulting matrix B = L-N is
more useful and relates the strains with nodal displacements directly.
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Fig. 5-1 CST Finite element: a) Degrees of freedom; b) Strain state; c) Stress state, d) Equivalent nodal forces to
stress state
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Based on the strain tensor, the principal strains and their orientation can be determined.
On this basis, and by applying the constitutive relationships presented in Chapter 2.4,
the stress state can be determined (the stresses are constant in the whole element for this
particular case, but would be evaluated at each integration point for finite elements with
more degrees-of-freedom) and the equivalent internal forces at nodes can be calculated:

o

XX

m:tJABT-O'-dA:t-A-BT o, 5.4

o,

According to Hendriks et al.>'®, the reinforcement should be modelled with the same
order of interpolation as for the concrete elements. When using linear interpolations of the
displacement field, as in current implementations of Compatibility-based Stress Fields, the
reinforcement should be modelled with axial linear element with constant strain and stress.
In the general case of inclined bars, the finite element used has two nodes with four degrees
of freedom, as represented in Fig. 5-2. This element corresponds thus to a link (resisting
only axial forces, without shear or bending strength).
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Fig. 5-2 1D Axial finite element: a) Degrees of freedom of displacement field; b) Strain; c) Stress state; d)
Equivalent nodal forces to stress state
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The use of independent meshes for concrete and reinforcement has the benefit of leading
to regular meshes with a finite element size independent of the spacing between bars. In this
case, concrete and reinforcement finite elements do not share nodes and either an embedded
discretization, or multi-point constraint (MPC) elements should be introduced to connect both
meshes, as shown in Fig. 5-3. It should be noted that only the displacement in the direction of
the reinforcement should be constrained by the MPC elements (no dowel effect considered).

Reinforcement node

;7

S

Concrete

/ node

MPC
elements —< A

Fig. 5-3 Reinforcing bar FE mapped to concrete FE mesh using multi-point constraint (MPC) elements.

The bond between concrete and steel allows a composite response of the two materials,
and the forces can be transfer between them. These bond stresses have a limit, usually
denoted as fbd, that is used to evaluate the anchorage length, for instance. If this length is
not available, slippage between reinforcement and concrete occurs that may govern the
response. In regions such as column-beam joints, the global deformation is influenced by
slippage occurring inside these regions®>'7\.

An explicit bond stress-slip modelling can be introduced into the model, using spring-
like elements to connect the concrete elements to the reinforcement. More specifically, to
examine the favourable effect of transverse compression a 3-node, zero-length finite element
can be used. This element has two nodes connected to the concrete FE and the third to
reinforcement FE. A team®'® tested this approach to evaluate an experimental program. The
multi-point constraint elements can be used in conjunction with bond elements.
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The problems to be solved in compatibility-based stress fields are intrinsically nonlinear,
so an iterative scheme is necessary to solve the system. The usual approach consists of a
Newton-Raphson method or similar approaches, like the Modified and Quasi Newton-
Raphson method that can lead to algorithms that are less time-consuming. The formulation
is based on an expansion to Taylor’s series:

f(X)zf(Xo)+%(X—XO)%K(i)-AX(M)=f—f(i) 5-6

int
X

To obtain information about the deformation capacity of the elements, methods that
allow the simulation to continue beyond a local or global maximum in the load-deflection
response should be used (e.g. the arc-length procedure).

A convergence criterion has to be used for determining equilibrium on the iterative
procedure. The criterion is often a norm of the residual force vector, the incremental
displacement vector or a norm based on energy. The choice depends on the problem and
the software, but norms based on displacements only should be avoided®'®. The actual
value of the criteria should be defined based on preliminary tests.

5.2.3 Mesh topology considerations

The finite element model (FEM) has an associated mesh topology which can affect the
results. When using the CST finite elements is important to correctly choose its orientation
to avoid numerical errors. For the case of a shear failure dominated reinforced concrete
beam modelled with constant strain triangles Muttoni et al.®*! reported a variation up to
17% on the ultimate load depending on the FE orientation. Based on this analysis, a zig-
zag FE distribution, as shown in Fig. 5-4 was recommended.

0| !

Fig. 5-4 Recommended finite element orientation for concrete triangular elements

Reinforcing bars located at the same level from beam soffit are transformed into a
single element with the same area, since plane modelling is employed, see Fig. 5-5. Yet,
for bond stress evaluation, it is necessary to account the correct perimeter of the single
element, based on the actual diameters and number of bars.

M

I
O
DX XX

b, 208

Fig. 5-5 Discretization of reinforcing bars (adapted from Muttoni et al.>)).
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When the bars are arranged in layers and then share nodes with the concrete elements,
bar discretization must be adapted depending on the mesh size unless concrete and
reinforcement are meshed independently. For a coarse mesh size, a reasonable simplification
would be to group the bars into a single element. For a fine mesh size, the distribution
should respect the position of each layer, with concrete elements between them. The use of
independent meshes for concrete and reinforcement allows respecting the real position of
the reinforcement regardless of the mesh size, see Fig. 5-3.

In the method presented, redirection of concrete stresses is either performed by the
reinforcement or by acting loads. To obtain a good simulation in the former case, the spacing
between reinforcing bars is instrumental and might be used to define the reference length
for the finite elements. As a general recommendation, the mesh size should not be larger
than the spacing of the transversal reinforcement. However, capturing some failure modes
might require the use of a smaller mesh size. Therefore, the mesh size sensitivity of every
model should be always evaluated, as indicated e.g. in fib Model Code 20102, in which
it is prescribed that the values obtained from a sound model should not vary significantly
from those evaluated from two other mesh sizes.

A parametric study on mesh size sensitivity carried out by Muttoni et al.**'showed that the
results are independent of the mesh size in the cases of: (i) uniaxial compression, (ii) uniaxial
tension and, (iii) uniform shear. Yet, in the case of | beams with thin webs developing non-
uniform shear, some dependency on the mesh size is observed. This dependency is larger
for sections with thin webs and large amounts of transverse reinforcement, which fail due to
concrete crushing. The smaller the mesh the more pronounced this strain localization effect
is. Using the tension stiffening the mesh size sensitivity is reduced®”!. In this case, the failure
owing to insufficient ductility of the reinforcement is consistently captured without relying
on concrete compression softening. Nevertheless, for practical cases and regularly spaced
reinforcement matching the mesh size it can be concluded that, generally, the results show
an acceptable mesh size sensitivity.

Another aspect related to mesh size is the stress concentration produced in concrete
elements smaller than the distance between reinforcing bars. The deviation of the compressive
stresses by the reinforcement requires these stresses to converge where the bars are actually
located. This implies mesh-dependent stress concentration, which is limited, in any case,
by the yield condition. Three models with different degrees of refinement are presented in
Fig. 5-6 to show this effect, where a panel subjected to pure shear is modelled with different
mesh sizes. Note the concentration of stresses for the nodes where the reinforcements are
in the refined models. These cases may be relevant when the spacing between stirrups is
large. Spreading the reinforcement to match the concrete mesh can avoid mesh-dependent
stress concentration.
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Fig. 5-6 Stress concentration dependent of mesh size

The aspect ratio of finite elements for concrete (i.e. the ratio between the largest to the
smallest characteristic dimension of an element) can potentially influence the results as
well. In general, the maximum recommended ratio in the literature on the finite element
method, is limited to 1:35-20 5211 However, Muttoni et al.”*" observed very reduced
variations in the ultimate load (below 2%) when using different meshes with aspect ratios
from 1:1 to 1:5 in a simply supported I-beam with two-point loads.

5.2.4 Additional considerations

Concrete finite elements located at the cover of the members cannot deviate the
compression field as concrete tensile strength is always neglected in equilibrium in the
Compatibility-based Stress Field method. To avoid local numerical instability in the cover,
a modelling strategy is to neglect the cover region.

The previous approach might be excessively conservative, particularly when the cover
thickness is not limited with respect to the overall depth of the member. A practical
approach suitable to regions outside zones presenting strong discontinuities, is to extend
the reinforcement to the free surface allowing to deviate the concrete stresses. A post-

processing verification is necessary to check that the equivalent concrete tensile stress is in
an acceptable range.

The previous approach should be avoided whenever spalling is expected in this region,
as in beam-column joints or dapped-end beams (see Fig. 5-7) as in such cases failure may
be governed by the stresses on the cover and by its spalling. Suitable modelling in these
cases can be performed by introducing axial elements (perpendicular to the free edge),
with a strength defined based on the tensile strength and fracture energy of concrete.
In this respect, adopting for the cover a fictitious tensile strength of approximately 20%
of the actual one is normally sufficient to avoid issues associated with spalling and to
provide a realistic estimate of the strength!>-22/ 51,
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(a) (b)
Spalling crack

Fig. 5-7 Spalling cracks and link FE to simulate spalling strength; (a) crack pattern from tests; (b) Model
geometry with spalling bar finite element (figure adapted from Muttoni et al.>}).

An alternative approach to automatically check the anchorage region without explicitly
introducing bond elements is by reducing the reinforcing bar diameter to limit its stress and
thus to fulfil the bond strength (f,), see Fig. 5-8.
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Fig. 5-8 Equivalent cross-section area to limit the bond stress at the end of the reinforcing bar. (a) near
the reinforcement end (linear reduction) (b) Continuous reinforcement (no reduction); (c) reinforcement
overlapped (adding reduced areas)

In cases where high bond stress occurs and governs the structural capacity, it is necessary
to use explicit bond elements between the reinforcement and the concrete to evaluate the
bond stresses and eventually the slip displacement between materials (see Section 5.2.2).
These elements add a new degree-of-freedom for each reinforcement node. As discussed
in Chapter 2, a simple elastic-plastic relationship for the slip-bond shear stresses using a
high elastic stiffness (virtually rigid-plastic behaviour) allows for automatically verifying the
anchorage of reinforcement according to code requirements.

Loads and reactions can be applied either directly on the corresponding nodes, or through
a plate (with finite dimensions, width and thickness, as well as material properties). While
the first approach is straightforward, it might lead to excessive pressures for concentrated
forces when they are applied to a single node. This might be overcome by distributing the
force into several nodes (according to the dimensions of the distribution plate), assuming
a uniform stress distribution or even taking into account the stiffness of the plate (see e.g.
Meléndez">*¥). This approach allows meshing the concrete region independently of the
dimensions of the plate.

When introducing a plate in the model, it should be realised that a very thick plate leads
to high compression stresses near the edges of the plate, while a more flexible one presents
a more uniform distribution. Hence, on a refined model, the correct dimensions, width
and thickness must be used to get a more accurate solution. In case of modelling the plate
with finite elements sharing nodes with the concrete elements, stresses perpendicular to
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the direction to the load appear. To reduce this effect, it is possible to use a soft interface
material, between the concrete and the plate to minimise the contribution of the plate in
the concrete compression, see Fig. 5-9. A more refined version of this approach is to model
the plate and use link elements between the plate and concrete to avoid friction effects.

E=200GPa

E=0.2GPa
v=0

Fig. 5-9 Local modelling for concentrated load - Steel plate with a soft material

As a conclusion, it can be noted that the approach based on finite elements described
in this section can be validated and be used with confidence for practical applications.

5.2.5 Interpretation of results

A critical evaluation of the results is fundamental for a correct analysis. Since the analysis
shall comply with the requirements of limit analysis, it is necessary to check the structural
ductility. This is generally ensured if the structural capacity is governed by reinforcement
yielding (with a sufficiently ductile reinforcement). In these cases, the overall force-
displacement curve of the structure should present a clear yield plateau. Otherwise, either
reinforcement failure due to insufficient ductility occurs, or the response of concrete in
compression is influencing the maximum load carried by the structure (particularly at the
areas where the presence of positive transverse strains reduces the effective compression
strength). These cases are, in general, mesh dependent and therefore it is advisable to
evaluate the problem with different mesh sizes.

The analysis of the results should include checking of:
1. the global equilibrium, considering the distribution of loads and support reactions;
2. stresses in main reinforcement;

3. concrete compression stresses, with incidence on the zones next to the point
loads and high transverse strains; and

4. the local equilibrium through the resultant forces at a section cut.

5.2.6 Example

The wall with an opening presented in Chapter 1, with the distribution of reinforcement
presented in Fig. 1-7 (distributed reinforcement of 8 @ 0.15 in each direction and face;
principal horizontal reinforcement of 2 ¢ 16 and 2 ¢ 12 over and under the opening,
respectively) was analysed again and some results are shown next. The modelling options
and data used is also discussed.
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A level-of-Approximation 3 is used, using the elasto-plastic relationships for the
material response.

Materials:
Concrete C40
Strength f =40 MPa
Modulus of elasticity E.=36.3 GPa (From Model Code 2010)""
Partial security factor 7.=1.5 :
Equivalent plastic strength f,= % (%)3 —24.9 MPa
Concrete thickness t=20cm
Steel S500B
Strength f,=500 MPa
Modulus of elasticity E, =200 GPa
Partial security factor 7, =1.15
Plastic strength (?) f,=435MPa
Loads
Point load Q, =667 kN
Partial load factor 7, =15
Applied load Q, = 1'000 kN
Width b=30cm
Mesh size

The reference case for the mesh size is reinforcement spacing, i.e. 15 cm, in this case.
All relevant geometry coordinates must be included in the grid that defines the mesh.

- Xgrid =1[0; 0.7m; 1,95m; 2,65m] — from boundaries

- X grid = [0.05m; 0.65m; 2.0m; 2.60m] — from cover definition (distance from
edge to reinforcing bar = 5cm)

- X grid = [0,20m; 0.35m; 0.50m; 0.80m; 0.95m; 1.10m; 1.25m; 1.40m; 1.55m;
1.70m; 1.85m; 2.00m; 2.15m; 2.30m; 2.45m] — from reinforcement position

- Y grid = [0; 2.20m; 2.85m; 3.55m] — from boundaries;
- Y grid = [0.05m; 2.15m; 2.90m; 3.50m] — from cover definition;

- Y grid = [0.20m; 0.35m; ...; 2.00m; 2.30m; 2.45m; 2.60m; 2.75m; 3.05m;
3.20m; 3.35m] — from reinforcement position

The load is applied directly to the nodes.
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Fig. 5-10 Results for wall model: a) Principal stress in concrete. The size of the lines is proportional to the
stress level and its orientation reflects the angle of the principal directions; b) Effect of transverse strains
on concrete strength; c) Axial forces on the reinforcements

Comments:

- Due to symmetry, the load is divided in half and develops two diagonal struts
near the top corners of the opening. The horizontal reinforcement, that yields,
governs the variation of the angle. At the bottom of the opening, the distributed
reinforcement allows for the deviation of the struts and they are concentrated
near the lateral boundaries.

- A secondary load path, with tensile forces near the external edge of the corners
is not significant due to the small amount of the reinforcement present

- The strut-and-tie model that can be derived from the results is shown in Fig. 5-11.
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Fig. 5-11 Strut-and-tie model for Ultimate Limit State, derived from a LoA [l modelling
To evaluate the influence of some options in modelling, a parametric investigation was
performed as presented in Fig. 5-12:
- w/o cover — Model without cover.

- w/ cover + w/o plate — Model with cover and extended reinforcement. Load applied
with point loads;

- w/ plate — Model with load applied in a plate with 3cm of thickness;

- w/ plate + soft - Model with load applied in a plate with 3cm of thickness and a
soft material with 2cm;

- w/ Tension stiffening + Hardening — Model with load applied with point loads.
The steel was modelled with Tension stiffening;

- w/ Tension stiffening — Model with load applied with point loads. The steel was
modelled with Tension stiffening but without Hardening;
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Fig. 5-12 Load-vertical displacement for different modelling options

In terms of strength, which is the basic outcome of Elastic-Plastic Stress Fields (EPSF), all
models provide fairly comparable estimates (except when strain hardening is considered,
yielding to a higher strength). Depending on the modelling approach, some differences yet
appear in the deformation capacity of the elements. The responses with increased ductility
correspond to cases where the tension-stiffening is neglected, while the deformation
capacity reduces (increasing the strength) when this phenomenon is considered.

A Level of Approximation IV can also be used to check the Service Limit State as, for
instance, crack opening and deformation. In Fig. 5-13, the stresses on the first two layers
of reinforcement over the opening (¢16) and (¢8 Horizontal) and on the most stressed
stirrup (@8 Vertical) are presented (the values depend on the creep coefficient). From the
analyses, it can be observed that cracking at the middle section occurs for a load equal to
30% of peak load; The service behaviour cannot be modelled with bare bars due to the
difference on stiffness. The influence of creep and shrinkage is more pronounced in main
reinforcement, at the top of the opening.

Materials:

Concrete C40
(Average) strength f =48 MPa
Modulus of elasticity E.=36.3 GPa (From Model Code 2010)
Creep Q=
Equivalent modulus E ,=18.15GPa
Partial security factor 7.=1.0 1
Equivalent plastic strength f,= 81%Pa (%) = 41.0 MPa
Concrete thickness t=20cm
Shrinkage € =-0.23 mm/m

Steel S500B
Strength f,=500 MPa
Modulus of elasticity E. =200 GPa
Partial security factor 7, =1.0
Plastic strength f,, =500 MPa
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Properties for defining Tension stiffening

Concrete Tensile strength
Effective concrete area {8
Effective concrete area ¢12

Effective concrete area ¢16

fd: 3.5 MPa
AC/S = 130mm?
A =20cm-(2 -5cm) =200 cm?

c,12

AC/16 =20cm - (2 -5 cm) =200 cm?

Loads
Point load Q, =667 kN
k
Partial safety factor for load 7,=1.0
Applied load Q, =667 kN
Width b=30cm
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b) Stress on horizontal reinforcing bar (¢8)
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c) Stress on vertical reinforcing bar (¢8)

5-13 Stresses on reinforcing bars; results for: (i) Bare steel without creep and shrinkage;(ii) Steel with
tension stiffening effect without creep and shrinkage; (iii) Steel with tension stiffening effect with creep
and without shrinkage, and (iv) Steel with tension stiffening effect with creep and shrinkage

5.3 Finite Element Limit Analysis of Reinforced Concrete Structures

5.3.1 Introduction

This section gives a brief introduction to the concept of Finite Element Limit Analysis
(FELA), which provides a general framework for numerical stress field modelling. The
concept combines a stress-based variant of the finite element method, convex optimisation
algorithms and the theory of plasticity to determine the load-carrying capacity of reinforced
concrete structures. The applicability of the method will be demonstrated by means of
some examples and the advantages and challenges related to application of the concept
are discussed. It is possible to establish upper- as well as lower bound FELA formulations.
Only the lower bound concept is discussed in this section.

A general formulation of the theory of rigid plastic structures was established in the 1930s
by Gvozdev®2*, who already at that time demonstrated examples of application to reinforced
concrete members in bending. The work of Gvozdev, however, remained unknown to the
Western world until an English translation was published in 1960. Meanwhile, in the
1950s, similar theories were formulated independently in the West, mainly by Pragert>2°]
and Drucker>2¢. Braestrup®*”! has recently published a detailed historical review of the
development of limit analysis and plastic theory. The work by Gvozdev and by Prager &
Drucker includes the formulation of the important extremum principles. These are the upper
bound theorem, the lower bound theorem and the uniqueness theorem. Based on these
theorems, researchers and engineers have over the years developed practical methods for
determination of the load carrying capacity of structures with plastic material behaviours.
Most well-known are perhaps the yield line method®2% and the strip method for analysis
of slabs®29. The yield line method is consistent with the upper bound theorem while the
strip method is based on the lower bound theorem. These methods, along with the lower
bound strut-and-tie models and the stringer-panel models, are widely used by structural
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engineers. The methods are extremely useful because practical problems can be solved
approximately in this way by simple hand calculations. This is possible mainly because
solutions based on the upper bound methods do not require engineers to solve the
equilibrium equations, while solutions based on lower bound methods need not fulfil
compatibility requirements.

The upper- and lower-bound methods mentioned above were originally developed as
hand-calculation methods by which a given structural problem can be formulated as an
optimisation problem, either by minimising an upper-bound solution or, by maximising a
lower-bound solution. However, the quality of the solutions obtained by hand calculations
depends in many cases on the experience and engineering intuition of the structural
engineers. And often there are too many optimisation parameters to be handled by manual
calculations. Hence, hand-calculated solutions might be too conservative if a lower-
bound method is used, while upper bound solutions might on the other hand be unsafe.
As improvements, many computer-based procedures have therefore been developed to
assist the engineers in obtaining the most optimal solutions. These improvements, however,
have their limitations, primarily because they adopt the assumptions of the particular hand
calculation methods as a basis for numerical automated analysis. For instance, the optimal
solution according to the strip method would in many cases still be a lower-bound solution
as the method does not account for torsional moments. Likewise, when using software-
based methods to determine the most critical yield line patterns in slabs, the engineer
obtains the most critical load parameter. However, being an upper-bound method, the
engineer would not be able to determine the internal forces (moments and transverse shear
forces), nor the distribution of reactions.

In the end, it seems obvious that a general numerical tool to model stress fields and the
load-carrying capacity of various types of reinforced concrete structures must somehow
adopt the finite element method as a fundamental basis. However, to have practical
relevance, such a design tool must be able to handle large-scale problems with reasonable
computational time. The framework of such a tool will be described in the following.

5.3.2 Lower bound optimisation problem

The task of determining the load-carrying capacity of a rigid-plastic structure can
be formulated as an optimisation problem. Based on the lower bound theorem, the
optimisation task would be to look for the stress field (among all possible stress fields that
satisfy the equilibrium and the static boundary conditions) that provides the highest load
factor A without violating the yield conditions. Obviously, the size of the problem and the
number of stress fields that can be investigated in practice would be very limited, unless
computer-based methods are adopted. That is, the problem has to be solved numerically.
The method described in the following uses a mesh discretisation known from the finite
element method in order to translate the continuum mechanical problem into a numerical
format. The method is therefore called Finite Element Limit Analysis (FELA). However,
except from the similar mesh discretisation procedures, the analysis strategy required
in FELA is distinctly different than what is normally used in the classical finite element
method. In FELA there is no unique relationship between stresses and strains since the
concept is based on the assumption of rigid-plastic material. This eventually means that
in a lower bound formulation of FELA, the response of each finite element (and in the
end the response of the entire structure) cannot, as done in classical FEM, be based on
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an approximation of the displacement field (the shape functions). Instead, equilibrium
elements are used (the term lower-bound elements is also used). In simple terms, this
means that instead of having a stiffness matrix, equilibrium elements are formulated
by directly establishing the equilibrium equations that relate the forces acting on the
element to the stress field assumed within the element. The stress field of each element is
described by a number of stress variables at the “nodes” of the element and can, similar
to the shape functions of classical finite elements, be more or less sophisticated (e.g.
linear stress variation versus quadratic stress variation).

The fact that the lower bound formulation of FELA only involves equilibrium and yield
conditions has the consequence that the number of stress variables to be determined will,
in general, exceed the number of equations that are available. So, unlike a linear elastic
problem where only one solution exists, there can in principle be an unlimited number
of admissible stress fields (solutions) for a problem formulated in FELA. For illustration,
the reader may think of a continuous beam over two spans subjected to a uniform load.
Here, the moment diagram of course varies parabolic, but if only equilibrium conditions
are considered, then the hogging moment at the intermediate support (the redundant)
has no unique solution unless compatibility conditions as well as yield conditions are
imposed. Of course, according to the lower-bound theorem, the admissible stress field
to be selected is the one that maximises the load factor. This turns in fact the problem
into an optimisation problem where the optimisation conditions consist of equations of
equilibrium and the yield conditions in the form of inequalities. The general lower bound
FELA problem can therefore be stated as follows:

maximize A
subjectedto HfB =RA+ R, 5.7
fB)<0, i=1,2,..,m

where vector R is the constant part of the load acting on the model (e.g. dead load) and R-A
is the scalable part of the load with R representing e.g. the live load. The constraints of the
optimisation problem consist of a set of linear equalities (which ensure equilibrium) and a
set of inequalities (ensuring that the stress field does not violate the yield criteria or yield
function, f(Bi)). In Equation 5-7, H is the global equilibrium matrix, 3 is the stress vector and
m the number of check points for the yield function. It is a fundamental presumption of
plastic theory that yield criteria are convex®3%. Thus (5-7) represents a convex optimisation
problem. The first framework for FELA as well as lower bound finite elements to model solids,
plates and slabs were presented in the beginning of the 1970s" 32 These pioneer works
adopted linear programming to optimise the load carrying capacity. To do so, the convex and
non-linear yield conditions had to be linearised resulting in a multiple of linear constraints.
Since then, much more advanced optimisation techniques, such as second-order cone
programming and semidefinite programming, have been developed. These techniques have
shown to be extremely suitable and efficient to the type of constraints, i.e. the yield conditions,
often encountered in structural concrete mechanics!331 5-341, [5-351 15361, 5381 The plane-stress
problems presented herein will be formulated as second-order cone optimisation problems.
More details can be found in the following.

While the solution to problem (5-7) does not produce the displacement field directly,
one can in fact obtain a collapse mode, i.e. a velocity field, from the problem known as dual
optimisation problem. The dual problem is linked to the primal problem (5-7) via the
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complementarity condition, which states that plastic strains can only occur when the
stress state is on the yield surface®®2°\. From this, the plastic strain rates and corresponding
velocities can be determined under the assumption of associated flow (i.e. the normality
condition, which is a requirement for both the upper and lower bound theorem). Solving
a lower bound problem will therefore not only give a safe and statically admissible stress
field, but also the velocity field associated with the determined stress field.

5.3.3 Equilibrium finite elements for analysis of plane stress problems

Equilibrium elements to analyse various types of structural problems have been
developed since the 19707s1>-39 [5-401 15-411. 5-421_More recently, tailor-made elements to model
reinforced concrete structures and precast reinforced concrete structures have also been
formulated®-3¢l. 15381 15-431. 5441 "'Here, only a brief description of the finite elements required to
model reinforced concrete structures in plane stress conditions will be given. This includes:

- Aplane, triangular element to model the concrete, which may contain an orthogonal
mesh of reinforcement

- A linear element to model discrete reinforcing bars/stringers

To model plane stress fields, the favoured element is a triangular element with a linear
stress variation (LST element). Poulsen & Damkilde®®**" have proposed such an element.
The linear stress field means that it is sufficient to check the yield function in the corners
of the element to ensure a safe stress field. Using higher order stress variations would lose
this property, hence making it difficult to ensure a strict lower bound solution. The stress
field within an LST element, see Fig. 5-14, can be fully described by linear combinations
of the stress vectors at the vertices of the element. The stress variables of an element are
given in global coordinates and appear as follows:

o, O

Xi 5.8
o ,=|o,|,ando.=|0
el 2 i yi
0-3 Txyi

where o, is the stress state in the i, corner node. The stress variables are shown in Fig. 5-14
together with the tractions g, given in local coordinates of the element boundary, which
must be in equilibrium with adjacent elements (i.e. condition of traction continuity).
Due to the linear variation of the stress field, traction continuity must be enforced at both
ends of each of the three element boundaries. As usual, the traction q, can be expressed
by linear combinations of the stresses o, by means of coordinate transformations, see
e.g. Poulsen & Damkilde®** and Herfelt®3¥ for details. In addition to the conditions of
traction continuity, internal equilibrium between the stress field and the external load must
also be ensured. The element is subjected to surface load y, and v, acting uniformly on
the entire surface area A of the element. The applied load is equivalent to the two nodal
forces g, and g acting in the centre of the element as shown in Fig. 5-14. That is:

q, 7,

qe: =A 5-9
el
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The conditions of internal equilibrium as well as traction continuity altogether results
in a total of 14 equilibrium equations for the element, which may be written as:

C]e/ =he/'o-el 5'10

where h  is called the element equilibrium matrix. A detailed derivation of h_, can be found
in above mentioned references. In this context, it is noted that the global equilibrium
matrix H mentioned in Equation (5-7) is established by assembling h , of all elements. As
discussed, the forces acting on the element edges are the tractions, hence, external line
loads are therefore applied as tractions. The line loads may vary linearly. Point loads can
approximately be applied in the same manner, where an appropriate length is chosen.

Reinforced concrete structures normally contain an orthogonal mesh of reinforcement
as well as concentrated reinforcing bars acting as ties/stringers. The mesh reinforcement
is normally modelled as a smeared contribution where perfect bond with the concrete
is assumed. This means that the stresses carried by the mesh reinforcement (especially if
the tensile strength of concrete is neglected) can be incorporated into the stress field of
the LST element by interpreting o, as so-called total stresses. It is in fact only a matter of
bookkeeping of the yield criteria for concrete and reinforcement, respectively, to separate
the portion carried by the concrete from the portion carried by the mesh reinforcement.

935

Fig. 5-14 LST element — a lower bound finite element with linear variation of stresses

To model a concentrated reinforcing bar, it is necessary to consider its interaction
with the concrete and for this reason, an equilibrium bar element is needed. The stress
field (i.e. variation of the axial force) assumed for the bar element must in this context be
compatible with the linear variation of the shear stress, that can act along the boundary of
the LST element. Hence, a quadratically varying axial force is required. Such an element
is illustrated in Fig. 5-15.

The necessary equilibrium equations of the bar element can be established by considering
an infinitesimal length of the bar subjected to a linearly varying shear force. This is what gives
rise to the quadratic variation of the axial force. At the ends of the bar element, equilibrium is
enforced in global coordinates, hence, for bar elements with a free end, i.e. no adjacent bar
elements, the axial force is therefore required to be zero.
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Fig. 5-15 Lower bound bar element with stress variables and nodal forces.

5.3.4 Yield criterion for plane stress states

As mentioned above, the stress field within the LST element represents the total stresses,
which comprise stresses carried by the concrete and the orthogonal mesh reinforcement,
respectively. This may be expressed as follows when the total stresses are transformed to
the coordinate system (x’,y’) of the mesh reinforcement:

~ 2 ) .
o o, Cos” ¢ sin“ ¢ 2singcoso (o

o |6, = sin*¢ cos’¢  —2singcos¢ o, 5-11
T 0 —singcos¢ singcos¢ cos’p—sin*g || ¢

Xym Xy

where ¢ is the angle between the (x,y)-system, to which ¢, is referred, and the (x',y’)-system,
see Fig. 5-16. Subscript m indicates concrete stresses (matrix material) and subscript s indicate
reinforcement stresses (steel). Note that as usual, reinforcement steel is assumed to act as bars
unable to carry shear stresses (i.e. dowel action is neglected). Note further thatand G , and 6y,5
are known as equivalent reinforcement stresses, which means that the axial force in each bar
is smeared over a representative area of the concrete cross section. That is:

s 1 Asx' 0 o-sx' 5 12
tl 0 A o

y's sy sy'

G,
X

o]

where A, and A_, are the reinforcement area per unit length in the two orthogonal
directions, t is the out of plane thickness of the concrete and o, and o, are the stresses
carried by the mesh reinforcement. In the following, the reinforcement is assumed to
have a tensile yield stress of fy while the compression strength is neglected. Hence, o3,
and o, , shall not exceed fy and furthermore be non-negative. This results in the following
linear yield criterion for the reinforcement:

0<G <l
T 5-13
) )

0<6 <—Lf

y's ty

A similar yield criterion applies to the stresses of the bar elements representing concentrated
reinforcement ties/stringers. It should be noted that it is possible to include the compression
strength of the reinforcement in the yield criterion. This may e.g. be useful in regions close to
the supports, where a significant fraction of the reaction may be carried by the reinforcement.

fib Bulletin 100: Design and assessment with strut-and-tie models and stress fieldls 95



This document is the intellectual property of the fib — International Federation for Structural Concrete. All rights reserved.
This PDF of fib Bulletin 100 is intended for use and/or distribution solely within fib National Member Groups.

Y 2
?

T

Fig. 5-16 Direction of the orthogonal reinforcement mesh (x’,y’) within the LST element.

For limit analysis of concrete, it is normal to adopt a Mohr-Coulomb failure criterion with a
tension cut-offt®3%. Furthermore, the tension cut-off usually corresponds to the assumption of
zero tensile strength. When dealing with plane stress problems, this simplified criterion takes
the following form:

61m < O (a)

5-14
-0, —v-f <0 (b)

where o, > o, are the principal concrete stresses, f_is the standard uniaxial compression
strength of the concrete and v is the effectiveness factor, which accounts for the fact, that
concrete is not a rigid-perfectly plastic material®=3°. This factor, which is also discussed
elsewhere in this bulletin, can be implemented in FELA with different levels of sophistication
—an issue that will be discussed further later on. The largest and the smallest principal stress
in the plane, where the concrete is subjected to a plane stress state, can be obtained by the
transformation formulas. Criterion (5-14a) and (5-14b) can therefore be formulated in terms
of the concrete stresses in the (x’, y’)-system as follows:

2

o, +0, c. —0,
x'm y'm x'm y'm 2I l < (a)
2 2 Xy m
. 5-15
O-x'm+o-'m me_o-‘m
— e - 2 |-v-f <0 (b
2 2 x'y'm c
The following auxiliary variables are introduced”*":
1
al = _E( x'm + o-y'm) (a)
1 5-16
aZ - E(O-x‘m - o-y'm) (b)
a,=v-f —a, (c)

By substituting the auxiliary variables into (5-15), the following reformulation of the
Mohr-Coulomb criterion with zero tension cut-off for plane stress problems is obtained:

2 2
1/0{2 +’L'X,y‘m —a, < 0 (a

2 2
o+ T, — O <0 (b)

5-17
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It is important to mention here that the reformulation of (5-14) into (5-17) is not just an
exercise of mathematical manipulation, but in fact a result, which is crucial for the further
implementation of the optimisation problem. From the criteria in (5-17), the reader may
note that the surfaces of two quadratic cones in the (ocz,rx,y,m,og)— and in the (ocz,rx,y/m,o%)—
space, respectively, are obtained when the inequality sign is replaced by an equality sign.
It can therefore be shown that the reformulated criteria perfectly fits the format of second-
order programming, see e.g. Nielsen®>*! and Poulsen et al.>*® which also contains a
reformulation the Mohr-Coulomb criterion with non-zero tension cut-off into a seconder-
order cone format. A procedure for how to establish the conical criteria in matrix form for
implementation in FELA can also be found in Poulsen et al.’*#!. The practical implication
of this is that the problem can be solved extremely fast by use of interior point methods.
In fact, modern and commercial solvers in this respect (see e.g. MOSEK ApSP+7)) are
capable of solving optimisation problems with hundreds of thousands of variables and
constraints in a matter of minutes on a standard laptop. For details, see e.g. Herfelt>33.

5.3.5 Examples

To demonstrate the applicability of FELA, a few calculation examples are presented
below. The calculated results are compared with analytical and elastic-plastic FE-solutions
and convergence as well as computational times are discussed.

5.3.5.1 Deep beam with isotropic mesh reinforcement - uniform load and
uniform shear reactions

The first example is a deep beam subjected to a uniformly distributed pressure, p, acting
on the top boundary. The beam is reinforced with an isotropic mesh reinforcement and
supported along the left and right boundaries in the y-direction, i.e. shear supports, see
Fig. 5-17. The beam is not supplied with any concentrated bars at the bottom boundary.
The exact plastic solution to this problem is well known®=% and given as:

P (1+cp)L2 T )
where @ is the mechanical reinforcement ratio defined as:
A f
o=—1 5-19
t v'fC

Here, f_is the uniaxial compression strength of concrete, { is the yield stress of the
reinforcement, t is the thickness of the member, v is the effectiveness factor and A_ is the area
per. unit length of the isotropic reinforcement mesh. Using h =2 m, L = 6 m, v-f. = 20 MPa,
and @= 0.075, the exact limit load for the deep beam is p* = 0.62 MPa. The symmetry is
utilised for the computations and only half of the beam is analysed using a structured mesh.
The right side of Fig. 5-17 shows one of the adopted mesh configurations while the left side
of the figure shows the triangular zones with homogeneous stress fields, which form the basis
of the exact solution (Eq. 5-18).
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Fig. 5-17 Deep beam with isotropic mesh reinforcement subjected to uniform pressure p at top face. Left
side indicates the homogeneous triangular stress fields of the exact solution and right side shows one of
the mesh configurations adopted for numerical analysis (n_, = 64).

Table 5-1: Limit load, p, of the deep beam vs. number of finite elements n_, error
relative to the exact solution and computational time.

n, p IMPa] Error [%] Time [s]

64 0.5555 10.42 0.15

256 0.6053 2.40 0.68
1'024 0.6177 0.39 3.57
4'096 0.6191 0.17 16.18
16'384 0.6193 0.13 67.36

The results obtained by FELA are summarised in Table 5-1. It is notable that the result,
p, approaches the exact limit load, p*, from below as n_ and thereby the model fineness
increases. This is a general and consistent feature of FELA when lower bound elements
are used. A similar consistency in terms of result convergence cannot be obtained in
non-linear FE-analyses of concrete structures, where a rough element mesh may result
in a load carrying capacity which can be much higher than the correct solution. Hence,
the fact that lower bound solutions are always obtained with FELA, even when using a
very rough element mesh, is an important feature from a practical point of view. Another
important feature of FELA is the computational efficiency, especially when it comes
to large-scale problems. As shown in Table 5-1, the increase in computational time is
approximately proportional to the problem size, n .

5.3.5.2 Deep beam with opening and with combination of mesh reinforcement
and concentrated bars

Fig. 5-18 shows a deep beam with an opening, reinforced with a mesh reinforcement
as well as concentrated reinforcement bars. The example is a benchmarking case first
introduced by Schaich et al.”*¥! to demonstrate application of the classical strut-and-tie
method. The example has since been used several times, see e.g. Muttoni et al.>*" and
Niketic®3%. Here, the example is modelled by use of the aforementioned LST element
with incorporation of the mesh reinforcement and by use of the lower bound bar element
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to represent the concentrated reinforcement bars. In the calculation the yield stress of
the reinforcement is taken as f = 435 MPa and the uniaxial compression strength of
concrete is f_= 20 MPa. For convenience v= 1.0 has been adopted, which will be further
discussed below. The beam is analysed using an unstructured mesh, and the results
obtained by FELA are summarised in Table 5-2, where the limit load, F, and the required
computational time are shown for different mesh densities, n_. Note that the load F is in
the model modelled as a line load distributed over a length of 0.70 m.

0.7 m
2.4 m
» .
1k
f. = 20 MPa
¢ =250 mm 2 (8 per 200 mm,
fy = 435 MPa
\ 4.75 m
1.5 m 2 016, f, = 435 MPa
0.5 m |
0.5m 15m 5.0 m 0.5 m

Fig. 5-18 Deep beam with opening. Reinforcement is shown schematically and assumed to be anchored
by U-bars along the boundaries.

Table 5-2: Limit load, F, of the deep beam with opening vs. number of finite elements,
n,, and computational time.

Number of elements, n,  Collapse load F [kN] Computational time [s]
875 2'437 2.26
2'046 2'662 5.81
3'513 2'694 7.78
5'361 2'700 13.01
7'886 2'711 38.41
12'083 2'712 65.29
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Fig. 5-19 (a) and (b) shows results obtained by use of FELA, principal stresses (blue indicates compression and
red indicates tension) & collapse mode for model with n, = 2046. (c) and (d) are elasto-plastic results (adapted
from Niketic**%), showing principal compression stresses in concrete and tension stresses in reinforcement
& displacements at collapse load.

Like in the previous example, the calculated limit load increases as the mesh is refined,
which is to be expected for a lower bound model. Furthermore, the computational time
here is also nearly proportional to the problem size. The convergence tendency suggests
that F = 2'712 kN may be taken as the load carrying capacity of the established model.
To indicate how the structure carries the ultimate load, the corresponding principal
stress field has been plotted in Fig. 5-19a. The stresses correspond to the total stresses
determined within the LST element and stresses in the concentrated bars are not shown.
It can be seen that the stress field to the right of the load resembles a direct compression
strut that runs from the load to the support. To the left of the load, the stresses have to
deviate around the opening. Consequently, the stress field here presents a more complex
system of struts and ties. Note also that the stress field in the part below the opening and
in the part to the left of the opening clearly indicate shear- and bending actions similar
to the behaviour of restrained beams. As described above, it is possible from the results
of FELA to extract information about the collapse mechanism in the form of a velocity
field (i.e. the plastic strain increments). The result is shown in Fig. 5-19b,and based on
engineering judgments the mechanism is consistent with the corresponding stress field.
The collapse mechanism clearly identifies development of four plastic hinges in the
beam- and column parts at the opening (as suggested by the stress field). Furthermore,
the deviation of the load path around the opening gives rise to a local tension failure
mode (development of a diagonal crack), which shows that the mesh reinforcement is at
yield in this region. As mentioned, this benchmarking example has been used in several
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studies. The problem has, for instance, been analysed under similar assumptions for the
material response by Muttoni et al.5*%, see also Niketic®>%. They used an elasto-plastic
finite element model, where the reinforcement (mesh as well as concentrated bars) are
modelled as individual bars with perfect bond to the concrete. Furthermore, the model
neglects the tensile strength of the concrete and has the possibility - during the incremental
load-displacement analysis - to determine the value of the effectiveness factor v at each
point based on the calculated transverse strains (further discussions are provided below).
Fig. 5-19c and Fig. 5-19d show the results obtained by Muttoni et al., where the collapse
load was found to be F = 2'678 kN. This is practically the same as the result obtained
by FELA and also checked manually with rigid-plastic upper-bound solutions®%". It is
furthermore interesting to see the similarities between the stress field obtained by the
elasto-plastic FE-analysis and the stress field found by use of FELA. It is also notable that the
displacements at the ultimate load found by an elasto-plastic calculation corresponds very
well to the collapse mechanism predicted by use of FELA. However, it is here important
to emphasise that the FELA model only gives velocities, not absolute displacements. This
imposes some limitations on how the FELA results can be interpreted. For instance, it is
not possible to use the collapse mechanism to evaluate whether or not the structure has
sufficient deformation capacity. It is on the other hand possible to use the mechanism
to evaluate, qualitatively, if the type of collapse can be classified as ductile or as brittle.
In this example, Fig. 5-19b strongly suggests a ductile type of failure (flexural failure).
Furthermore, it is in this case not surprising that the two models lead to practically the
same load carrying capacity even though the FELA model assumes a constant value of
v =1 everywhere. As indicated by the collapse mechanism in Fig. 5-19b and confirmed
by the displacement field in Fig. 5-19d, crushing of the concrete only takes place in
zones which represent plastic hinges, i.e. failure by bending and not by shear action.
This means that v, even when modelled in a refined manner in the elasto-plastic model,
is expected to be near to unity in the zones with crushing failure. This way of extracting
qualitatively information from the FELA collapse mechanism is instrumental for a proper
engineering judgment of the obtained results. If, for instance, the collapse mechanism
from FELA has shown indications of shear failure in the concrete, then a recalculation
with a lower v-value (or alternatively an adaptive determination of v as discussed in the
next section) would be recommended in order to determine the best estimate of the load
carrying capacity.

5.3.6 Discussion and concluding remarks

The two calculated examples demonstrate that the concept of Finite Element Limit
Analysis is a useful tool to determine numerically the load carrying capacity of reinforced
concrete structures. The method provides information about the collapse load, the stress
field and the corresponding collapse mechanism. Compared to classical non-linear FE-
analyses, FELA has the practical advantage of being very computational effective. This
is true in regards to computational efforts as well as numerical stability. In fact, from a
practical point of view, the issue of numerical stability may be even more important than
computation time. With FELA, it is always possible to determine a collapse load, which
is consistent with the model input and assumptions. When dealing with classical non-
linear FE-analysis, on the other hand, numerical instability may prevent the outcome of
meaningful results.
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It should be noted though, that the above-mentioned advantages come with a cost. As
shown in the calculated examples, FELA only provides information about the collapse
mechanism but not the absolute displacements. A direct evaluation of the required
deformation capacity is therefore not possible. In this context, FELA has the same
drawback as any other rigid-plastic lower bound methods (e.g. the classical strut-and-
tie method and Hillerborg’s strip method). This entails that in practice, engineers have
to perform an indirect verification of the deformation capacity to ensure that the plastic
redistribution of stresses can take place as assumed in the FELA solutions. For simple cases,
the obtained collapse mechanism together with guidelines and detailing rules provided
in codes and standards are probably sufficient to verify the deformation capacity. For
complex problems, a direct verification in the form of a detailed non-linear FE-analysis is
recommended. In this context, the computational efficiency of FELA should be used to run
a series of rigid-plastic calculations covering all relevant load combinations. And based
on the obtained FELA results and the extracted collapse mechanisms, the engineer can
select a few cases, that show relatively brittle types of collapse mechanism. These cases
can then be subjected to a detailed and more time-consuming non-linear FE-analysis to
verify the deformation capacity.

Coupled to the problem of deformation capacity is the issue of the effectiveness factor
v. This factor depends partly on the brittleness of the concrete and partly on the magnitude of
the tensile strain, €, transverse to the compression field (see e.g. Nielsen and Hoang>?).
The later dependency is a challenge to handle within the FELA concept, first and foremost
because FELA assumes rigid-plastic behaviour. Secondly, the computational advantages
of having convex yield conditions disappear if the strain-based dependency has to be
correctly incorporated. This is so because v displays a non-convex dependency on the
transverse strain, which in the literature is frequently modelled by v = 1/(k,+k,-¢€,), where k,
and k, are calibration constants.

In practical applications of FELA, the challenges related to the implementation of the
v-factor can be handled with different levels of sophistication. For simple cases, it is
probably sufficient to adopt constant values of v, that can be found in standards and text
books. The recommended v-factors depend on the type of action/failure (e.g. the v-value
for crushing of concrete due to flexural actions is different from the value adopted for
crushing of concrete due to shear actions). This means that based on the stress field and
the collapse mechanism of an initial FELA calculation, it is possible to refine the model
by adopting - in the various zones of the model - the v-factor that is most representative
for the expected state of stress within the zone. For more complex cases with a multiple
of load combinations, sound engineering judgments are required, and it is recommended
to carry out calculations based on lower- and upper limits for the v-factor. The obtained
results should then form the basis for selection of cases to be examined in detail concerning
deformation capacity (as discussed above).

To incorporate the effectiveness factor into FELA in a more sophisticated manner, a
different and two- steps approach is needed. In this approach, the effective yield criterion
for a representative reinforced element must be numerically determined in advanced once
and for all. For plane stress problems, for instance, this would mean that the effective yield
criterion of a reinforced concrete membrane should be determined for all combinations
of stresses and with account of how the concrete- and the reinforcement stresses are
redistributed in order to reach the yield point. The effective yield criterion may e.g. be
established by use of a non-linear FE-model taking into account cracking and rotation of
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the compression field. The result is an effective yield criterion, which lies within the ideal
yield criterion assuming v = 1 (analytical yield criteria for the latter case can be found in
Nielsen and Hoang*-". The effective yield criterion will in some parts be non-convex
due to the above-mentioned dependency of v on the strain state. These parts should be
appropriately approximated to render a full convex criterion, that can be adopted in the
FELA model. A closed-form approximation of the effective yield criterion has e.g. been
formulated by Herfelt et al.l>>",

5.4 Adaptive Stress Field Method

5.4.1 Introduction

This chapter intends to present an energetic approach named, Adaptive Stress Field
Models">*?, that employs the convenient simplifications inherent to the stress field method
to develop a tool for the nonlinear analysis of discontinuity regions. The interpretation
of the flow of forces provided by the method offers a unique awareness of the structural
behaviour along the loading process, which is considered especially important for an
adequate evaluation of the outputs. The internal stress redistribution due to the nonlinear
behaviour of the materials is accomplished introducing the concept of adaptive structures
to stress field systems and, in particular, model follows energy. The configuration of the
model at each load step is thus obtained following the minimum complementary energy
principle. It intends to follow consistently the stress field model concept, by setting an initial
stress field distribution and choosing the appropriate variables that will be adjusted later
(model geometry and/or forces). The mechanical properties of elements under compression
and tension are obtained directly from the geometry of the stress fields, accounting for
the nonlinear constitutive relationships of the materials. Therefore, a detailed study of the
behaviour of each element is presented, based on the constitutive relationships of the
materials. Special attention is given to the behaviour of reinforced concrete ties since the
global energy is deeply influenced by the tensile stress fields.

5.4.2 Formulation

A plane and uniaxial stress state is assumed for each of the three types of elements:
ties, fan shaped struts and prismatic shaped struts. Prismatic struts are assumed to have
constant compressive stresses - obtained simply by dividing the resultant force by the
stress field area, whereas fan struts have compressive radial stresses with hyperbolic
variation along their length. On a reinforced concrete tie element, the bond constitutive
relationship leads to different steel and concrete stresses along the length of the tie.
The stress field resultants are obtained by nodal equilibrium and the stress state in each
element is described afterwards.

The mechanical properties of the stress fields are based on their geometry and stress
state, and current structural analysis techniques are applied. Stress redistribution is
simulated following the adaptive structures concept, in particular, form follows energy, in
which the model configuration is adjusted according to the minimum global energy, the
latter obtained as the sum of the computed energy of each element of the model and at
each load step.
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Adaptive structures can be defined as systems whose mechanical or geometrical
characteristics are adapted according to a specific optimisation process. Several optimisation
criteria are possible: e.g. minimise structure weight by changing element section and/or
structural geometry; optimise axial forces on bars by adjusting element cross-section; adapt
structural geometry according to minimum energy criteria, form follows energy.

Model follows energy concept consists of minimising complementary energy according
to Eq. 5-20.

Uzjvjas-da-dv 5-20

satisfying equilibrium and compatibility conditions, where U should in particular depend
on the structure configuration, V is the integration domain, and o and ¢ are the element’s
stress and strain, respectively. The node position or angles between bars are set as variables
and will be called adaptive variables.

For truss structures, the application of this methodology is computationally effortless
since each element is subject only to axial force. The equilibrium equations can be obtained
from nodal equilibrium in the global referential (£F = 0, £F = 0) and are condensed
in Eq. 5-21. Also, compatibility equations are obtained by establishing a relationship
between nodal displacement and bar elongation defined by Eq. 5-21 (see Fig. 5-20).

T-N+F=0 5-21
D+T"-6=0 5-22
where:

- Matrix T represents the cosines and sines of each bar angle with horizontal direction.
- Vector N includes the axial forces of the elements.

- Vector F represents the applied forces at nodes in the global referential.

- Vector D contains the total axial elongation of the elements.

- Vector 6 contains the nodal displacements in global coordinates.

Fig. 5-20 Forces and displacements of the element
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Finally, adaptation of geometry and/or stress distribution of the models is obtained by
solving the minimisation problem for Eq. 5-23 where U is the global complementary
energy defined in Eq. 5-20.

min U, with the constraints T-N+F=0and D+T' =0 5-23
5.4.3 Compression Stress Fields

Prismatic stress fields are no more than a particular case of a fan shape stress field. The
quantification of their stresses is obtained by merely dividing the resultant compression
force by its loading area. Fan shape stress fields are in general non-centred and the definition
of the node boundary geometry is established according to equilibrium conditions of
an infinitesimal strut within the fan. The node boundary curve is defined by a 2" order
polynomial (see Fig. 5-21b) and the radial stresses at each boundary are defined according
to Eq. 5.4-5 and Eq. 5.4-6 where ¢, 6, and o', ¢’ are the principal stresses in the start and
end node of the fan, according to Fig. 5-21a.

1+tan’ &
r:GII
o, 5 5-24
—+tan" o
I
., I+tan’a
O-r_o-ll ]
o, 2 5-25
—|+tan (04
(3

Fig. 5-21 a) Principal stresses at the node b) Radial stresses of a non-centred fan
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The stresses along each chord within the fan vary hyperbolically, from the value ¢ into ¢’
at each radial angle ¢, and are obtained according to geometric and equilibrium conditions
of an infinitesimal width of a specific chord (see Eq. 5-26). For practical and computational
implementation, it is feasible and reliable to consider a linear stress distribution in simulating
the behaviour of the fan. In this case the stresses are calculated according to the nodal
dimensions, as shown in Fig. 5-21.

o,(ra)= or@ 5-26
with
r(a)= % 5-27

The distribution of concrete strains is obtained by the common hyperbolic o -¢_curve
according to Eq. 5-28. Factor n_in Eq. 5-28 is meant to predict the reduction of the concrete
strength, caused by the presence of transversal strains. This reduction usually occurs in
compression stress fields crossing tensioned reinforcement and is mainly due to the
bond induced by the reinforcement between the cracks and the friction stresses, leading
to transverse tensile stresses and strains in concrete. Other reasons for this reduction are
also the smaller effective width of the crack surface and the disturbances induced by the
reinforcement. This effect was evaluated by several authors?->3) 5541 15-551 [5-561, 557} and s
usually simulated through a decrease of concrete compressive peak value on the basis of
the applied transversal tensile strains, € 5.

o o-g —&*
CC

—C=7 —<—< 5-28
f . (1+ﬁ-ecc)
with
Ec ﬁ Ec 2 E fc gc 1 5 29
EST B, T e, ¢ e =08+ 0.34¢ /¢

The complementary energy, u,_, . Eq. 5-30 represents the area behind the stress-strain
curve and may be computed by Gauss integration within the fan area (see Fig. 5-22):

U = J:ZS'dG;Ucomp, = J()L J.Ac U,y GA - ds 5-30

where A is the fan area, L the length of the fan and ds an infinitesimal length along fan axis.
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Fig. 5-22 Stress-strain relationship of the concrete

5.4.4 Tension Stress Fields

The global internal energy is mainly influenced by ties, especially after cracking of concrete.
To properly simulate the behaviour of a structural concrete region, under service loads and for
post-yielding phases, special attention to tension stress fields is required. In general, technical
documents define constitutive relationships for reinforced concrete ties assuming a stabilised
crack pattern, which is not suitable for some discontinuity regions. In fact, situations of non-
stabilised cracking are commonly observed, e.g. load near support, dapped end beam, and
others. In such cases the crack pattern is usually characterised by a main crack that has a
relevant effect on the global structural behaviour. This phenomenon can be related to the
stress distribution along the tie length, in which the length of the tie with constant stresses may
not be enough to allow the formation of a stabilised crack pattern.

To properly simulate a reinforced concrete tie element, the approach presented in the
Tension Chord Model by Marti et al.>*®, is employed. This model establishes equilibrium
conditions for an infinitesimal reinforced concrete tie (Fig. 5-23), allowing the determination
of concrete and steel stress variation along the element length (Eq. 5-31 to Eq. 5-33).

N=N+N_=A-0 +A -0, 5-31
4t -p

do =% +Ai 5-32
4T

d05=7" 5-33

Concrete in tension has a linear ¢ -¢_relation (o_ > 0 —tension) until it reaches its tensile
strength f_, with the Young’s modulus of E . The reinforcing bars have a bi-linear o -¢,
relation with the stiffness £_in the elastic branch until the yielding stress fy with hardenlng
E, after yielding, defined by the steel ductility until the ultimate strain g and steel
strength f - Arigid plastic relationship for bond stresses was shown to be adequate (5-581 to
simulate a reinforced concrete tie with 7, = 2f and 7,, = f  before and after yielding of
reinforcement steel, respectively.
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Compatibility conditions and constitutive relationships for concrete in tension, steel and
bond, together with suitable integration of strains, allow the calculation of the crack widths,
the total elongation and the element mean strain (Eq. 5-34 to Eq. 5-37 and Fig. 5-24).

p= % 5-34
w,=["(e.~¢.)ax 5-35
5= (e ~e) dx 5-36
€. =% 5-37

Fig. 5-24 shows stress, strain and slip variation along the length of the element in
two identical ties with different “anchorage” length. Quite different crack patterns, steel
and concrete stresses are obtained. As expected, the tie with larger lengths of variable
axial load reveals a stiffer behaviour, evident in the stress-mean strains curves shown in
Fig. 5-25. It is worth mentioning that a reliable model for stabilised and non-stabilised
cracking is essential for the application of the Adaptive Stress Field Models in structural
concrete regions, since substantially different complementary energies are computed and
thus different global behaviour.

a . V. T’
N N+dN Ac

—~— N — ;

7 SR~

} dx }

T T

4 . wmm
GCE otdo,

=

~ ~— ~— ~—— ~—

c, E o+do,

Fig. 5-23 Infinitesimal reinforced concrete tie
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Fig. 5-24 Steel and concrete stresses and strains, slip and crack width of a reinforced concrete tie. a) Stabilised
cracking; b) Non-stabilised cracking
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Fig. 5-25 Reinforced concrete tie constitutive relationships for stabilised and non-stabilised cracking

The complementary energy is defined by Eq. 5-38 and represents the area behind the
stress-mean strain curve.

compl —

Upgor = J: e -doU, = JOL JAucomp, -dA-ds 5.38

5.4.5 Test Example

In order to illustrate the behaviour of an adaptive stress field model, a simple example of
two bars is presented (Fig. 5-26). To clearly understand an adaptive structure, first elements
1 and 2 are assumed to be linear elastic with the same axial stiffness £-A and the intention
is to “optimise” the shape of the structure according to the least complementary energy.
Setting 0 as the adaptive variable and minimising the global complementary energy, the
shape is initially set to an angle of 60° as shown in Eq. 5-39 to Eq. 5-41.
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Fig. 5-26 Test example — geometry
U_1F2cot20-L] 539
2 EA )
2
LL
_1sin’6 5-40
272 E-A
g—gz0:>2cos39+3c0520—120:>0:§:60° 5-41

For the example of Fig. 5-25 is now assumed that element 1 will have a nonlinear
behaviour, with a bi-linear o-¢ constitutive relationship with an “elastic” branch and a
“plastic” branch and element 2 is considered only with elastic (Fig. 5-26).

g; Element 1 G, Element 2
Ueompl oo
—T0.01 E 7
) / |
=40 kN/m~ [ I E
it
) ’,r e [
|
| '
f‘E (EA), =1000 kN (EA), =1000 kN
/|
7 Ugef
€ €

Fig. 5-27 Test example - constitutive relationships of the elements

It is possible to calculate the shape of the structure when both elements are at the
elastic branch as obtained before, resulting an angle of 6= 60°, and develop a similar
analysis with element 1 having the “plastic” branch stiffness and element 2 having the
elastic stiffness (£-A), = 0.01 (E-A),. For this case the shape of the structure that minimises

the complementary energy is given for an angle of 6 = 76.59°.
Performing an analysis for both structural configurations without modifying the angle
of the structure during the analysis, two different force-displacements curves F-8 (applied

Principles of computer modelling

110



This document is the intellectual property of the fib — International Federation for Structural Concrete. All rights reserved.
This PDF of fib Bulletin 100 is intended for use and/or distribution solely within fib National Member Groups.

force vs displacement — see Fig. 5-28a) are obtained. These results are compared with
an incremental nonlinear adaptive analysis for all load steps and it is possible to observe
the geometry adaptation in Fig. 5-28b along the load incremental process. Adaptive
nonlinear analysis adjusts structural geometry to follow the different linearized stages. In
the “uncracked” stage the adaptive variable remains unchanged at 6 = 60°. After cracking,
steel stresses and geometry adjustment tend to the “plastic branch” geometry.

250 250

F[kN] F[kN]
adaptive analysis B P
200 | (min Ucompl) 200 + B=const=60° T
adaptive analysis
(min Ucompl) — g
150 | 150 .
8=const=60° f=const=76.59 —
100 100 t
50 Hhk____—B=const=70.59° 50 F
8 8
0 \ . . 0 1 . &L
0 2 4 6 s a) 0 20 40 60 80 100 b)

Fig. 5-28 Adaptive analysis of the test example. a) Applied force vs vertical displacement of point 2; b) Applied
force vs model shape given by angle 6.

5.4.6 Application of the Adaptive Stress Field method to a deep beam test

The methodology presented is compared with the well-known Leonhardt and Walther>->!
deep beam tests. Two simply supported beams, WT2 and WT3, were in particular analysed.

The dimensions, loading and steel reinforcement layout of deep beams WT2 and WT3
are represented in Fig. 5-29. Tests have shown considerable redistribution of internal stresses
due to cracking. Experimental ultimate loads reached P = 1'195 kN and P = 1'290 kN, for
deep beams WT2 and WT3, respectively (Fig. 5-34 and Fig. 5-35). At rupture, deep beam
WT2 exhibited yielding of the bottom reinforcement and maximum compression stresses at
supports of about 1.06f_. With regards to deep beam WT3, bottom steel stresses of about
370 MPa and support compression stresses of about 1.2f were measured. Steel reinforcement
detailing at the node region, where U-loops were adopted, improved concrete confinement
and increased concrete resistance.

Numerical results agree quite well with tests at all load stages (Fig. 5-31 and Fig. 5-33).
Note that mean steel strain was measured in the tests via strain gauges glued on bars and that
the results depend on the crack location and strain gauge position. The increase of concrete
compression resistance at the supports was not considered in the numerical model, leading
to ultimate load values (P, = 1'100 kN) slightly lower than the experimental results.
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Fig. 5-29 Deep beams geometry and reinforcement layout®?. a) WT2; b) WT3 (dimensions in m).

The adaptive variables in the stress field analysis are node horizontal coordinates of
web reinforcement.

It should be pointed out that the stiffness reduction related to cracking of the main
tie induces significant internal stresses redistributions, evident in the stress field model
configurations (Fig. 5-30 and Fig. 5-32), or in the internal lever arm (z/L) variation. These
aspects are particularly relevant for the WT2 test, where the available ductility allowed
full utilisation of the beam effective depth. Fig. 5-34 and Fig. 5-35 shows the agreement
of numerical and test crack pattern for ultimate load.
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Fig. 5-30 WT2 adaptive stress field model for several load steps
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Fig. 5-31 Test and adaptive stress field model (ASFM) results comparison for WT2
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Fig. 5-32 WT3 adaptive stress field model for several load steps
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Fig. 5-33 Test and adaptive stress field model (ASFM) results comparison for WT3
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Test (P, = 1'195 kN) Adaptive Stress Field

Fig. 5-34 WT2 numerical and test crack pattern for ultimate load. a) Test*>"); b) Adaptive stress field model

Test (P, = 1'290 kN) Adaptive Stress Field
EEERRRERR

Fig. 5-35 WT3 numerical and test crack pattern for ultimate load. a) Test®>"; b) Adaptive stress field model

In general, numerical results agreed quite well with the ones obtained experimentally.
The force-strain and force-crack width curves obtained by the adaptive stress field analysis,
follow closely the response during the test stages: uncracked; cracked and post-yielding.
One aspect that needs to be clarified regarding specimen WT2 is the considerable
difference between test results and numerical predictions regarding crack width. In fact,
the usual way of calculating crack widths may not be appropriate for cases with yielding
of reinforcement.

The Adaptive Stress Field Model approach has been shown to be quite powerful, while
its graphical output facilitates the visualisation of structural behaviour for all load stages.
However, it is not yet easily applicable in practice owing to the complexity in developing
automatic stress fields and programming their adaptation according to the minimum
system energy. It is desirable that a fully automatic and more user-friendly software will be
developed in the near future to facilitate application of the adaptive stress field technique
in design practice.

114 Principles of computer modelling



This document is the intellectual property of the fib — International Federation for Structural Concrete. All rights reserved.
This PDF of fib Bulletin 100 is intended for use and/or distribution solely within fib National Member Groups.

5.5 Stringer-Panel Models

5.5.1 Introduction

For the design of D-regions, to the present day, structural designers rely mostly on
the Strut-and-Tie Model (STM) or on the application of stress fields. The Stringer-Panel
Model (SPM) presented here is a companion method which can be used in its own right,
but which may also be applied to determine a proper strut-and-tie model, or used in
combination with the STM.

Fig. 5-36 Two different member types are used: panels (shown in grey) and stringers (shown in red if tensile).
The shear membrane force depicted has positive sign.

In the SPM, two different member types are used, stringers and panels; see Fig. 5-36. The
panels transfer shear membrane forces, which are uniform over the whole area of a panel.
The stringers transfer normal forces. Because the stringers are loaded by the uniform shear
forces of the panels, the normal force varies linearly over the path of a stringer.

As for the relation to the STM, much of the knowledge concerning that method also
applies to the SPM. However, some difficulties in the STM are thought to be circumvented
by the application of the SPM. The SPM is advantageous at least for two particular classes
of design: (i) applications in which strict serviceability and durability requirements need
to be met, and (ii) applications comprising cyclic loading as, for example, in the case of
seismic action.

5.5.1.1 Increased importance of serviceability state

The STM essentially had its roots in the era of plasticity, an approach which has a
pronounced focus on the consideration of ultimate strength. Since the development of
this approach, the serviceability state of structures has received continuously increasing
attention. The large freedom enjoyed by the structural designer in the STM came at
the cost of not paying attention to serviceability. Keeping to near-linear solutions is
considered important, from a durability perspective, in many regions of the world. In
many structures, the reinforcement needed for the serviceability limit state has become
a more decisive consideration than reinforcement for the ultimate limit state. Where
reinforcement for serviceability state has been well determined, the required additional
reinforcement for ultimate limit state often will be merely a local adaptation — the SPM
is advantageous in such cases.
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5.5.1.2 Seismic analysis

In seismic regions, the attention of structural designers is on the phenomenon of reversed
loading. In the STM, each load cycle requires different models for the loading in one
direction and the loading in the reverse direction. The SPM obviates this need: the same
model is suitable for both directions of loading.

5.5.2 Concept of the Stringer-Panel Model

In structural concrete design, the stringer-panel method was already introduced by M.P.
Nielsen in Limit Analysis and Concrete Plasticity (1998)>%. In that book, the method was
suggested in the context of lower-bound solutions in plasticity. As such, the SPM belongs
to the family of stress field methods.

In general, five design steps are distinguished in the SPM, similar to the STM, albeit
slightly adapted:

- Define the D-region to be considered and evaluate the body and boundary forces.
All loads must constitute a set of equilibrating forces, horizontally, vertically, as
well as rotationally.

- Choose a stringer-panel model and solve for the member forces in stringers and
panels.

- Select the appropriate bundle of reinforcing steel in the tension stringers and
distribute the reinforcement in the panels. Strictly speaking, the requirement of proper
anchoring of the stringer reinforcement is replaced by the bond check. Nevertheless,
for safety reasons, anchoring should always be undertaken, so as to address potential
bond failure in highly tensioned regions. Mesh reinforcement always needs anchoring
along edges (in the form of u-bars).

- Evaluate the dimensions of the compression stringers and check the concrete stress
in the panels. For compressed stringers, an effective width must be selected,
accounting for the spacing between stringers and free edges.

- Distributed reinforcement is required to ensure sufficient ductility capacity in the
D-region. In the SPM, this is more naturally ensured, owing to the required two-
way structural panel reinforcement.

Fig. 5-37 shows an exploded view of a simple stringer-panel example and the distribution
of normal forces in the stringers. It is a simply-supported beam, loaded by a concentrated force
halfway across its span. Of course, the structural engineer does not need the SPM to address
this problem, but it is chosen for cognitive reasons. The model consists of seven stringers and
two panels. The loading is a set of equilibrating forces. Locations where panel corners join are
called nodes. The example in Fig. 5-37 has six nodes. A shear membrane force n_ acts at the
edges of each panel. As a result, the stringers are loaded axially by uniformly-distri[v)uted shear
forces, evoking normal forces N that vary linearly over the path of a stringer. In the figure, this
linear distribution is manifested by the gradient of the stringer’s axial force diagrams, coloured
in green and red, where green is used for compression and red for tension.
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Fig. 5-37 Example of simple stringer-panel model. Panels, shaded in grey, are loaded by shear force resultants.
These forces act in opposite directions on the stringers. Red diagrams indicate tensile forces, green diagrams
compressive forces.

Because no membrane normal forces n and n  are considered, we only deal with
membrane shear forces n_. Therefore, we will skip the index xy, and denote the membrane
shear force by the symbor n. Furthermore, we will often not be working with this uniform
membrane shear force n but with the shear resultant S, which is the integral of the uniform
membrane shear force over the path of the panel edge. In square panels, the shear resultants
on the horizontal and vertical faces are equal, but in rectangular panels they are not. In the
latter case they differ by the aspect ratio of the shear panel. In a stringer, the adjacent shear
resultants S determine the difference between the normal force at the one end and at the other
end of the stringer.

5.5.2.1 Anchorage of stringers

Fig. 5-37 does not correspond to general knowledge that the tensile force in the main
reinforcement will become constant over the path of the reinforcing bar in ultimate limit
state, as a result of cracking and loss of bond between the reinforcing bar and concrete.
For this reason, appropriate anchorage is always needed, also when the normal force at
the stringer end is zero and even when the slip strength would be sufficient. Anchorage
must be based on the maximum tensile force that occurs in the reinforcing bar under
consideration. The following rationale lies behind this approach: consider a reinforced
concrete stringer with maximum tensile force at the right-hand end and zero force at the
anchored free left-hand end. Over the path of the stringer length a distributed shear force
acts, which balances the tensile force at the right-hand end. As long as no slip occurs, the
reinforced concrete stringer will keep tensioned over the path of the stringer. After slip
has fully developed, the reinforcement is bondless and the maximum tensile force occurs
over the full path of the stringer up to the anchorage. Now the concrete stringer is loaded
at the left-hand end by the anchorage force, and the stress state in the concrete stringer
has changed from tensile into compression, yet still equilibrating the distributed shear
force over the path of the stringer length. In this stage, the maximum compression occurs
at the anchorage end of the stringer and the zero value at the right-hand end. This member
will still perform well in the stringer-panel model. In reality, the situation at ultimate limit
state may be in between the two cases; the tensile force at the right-hand end will be
transferred to the concrete with a combination of bond stresses and anchorage force.
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5.5.2.2 Levels of Approximation and SPM

Elsewhere in this Bulletin four Levels of Approximation (LoA) have been discussed for
the strut-and-tie method. In general, the four levels apply to stringer-panel models as well.

5.5.2.2.1 LoA I 11

Level | regards the conception or design of new structures and level Il is appropriate
for the design of a new structure as well as for a general or brief assessment of an existing
member. In LoA | and Il the constitutive relationship is rigid-plastic and the forces in
stringers and panels are calculated on the basis of equilibrium equations alone. If the model
is statically determinate, the exact solution is obtained, and in case of redundancy, the
structural engineer has the freedom to make choices before applying equilibrium equations.
In the latter case, considerable redistribution of stresses may occur, if the choice differs
substantially from the linear-elastic solution. LoA | will in general refer to coarse models,
which often will be statically determinate or have a low degree of indeterminacy, and LoA Il
to more refined models with a moderate degree of redundancy.

55.2.2.2 LoA I, IV

In levels 11l and 1V, compatibility considerations are included, and less rigid material
laws are applied. These levels are at stake when serviceability requirements must be met.
In general, LoA 1ll may be restricted to linear-elastic or elastic-plastic material behaviour,
whereas in LoA IV advanced non-linear material properties of any kind may be applied.
LoA Il and IV may be used for the design of a member in a complex loading state or a
more elaborate assessment of a structure. Research on nonlinear modelling in LoA IV has
been performed at TU Delft>*"l and ETH-¢2I,

5.5.2.3 Degrees of freedom in stringers and panels

To perform a stiffness analysis, the degrees of freedom (dofs) per element type must be
defined. A stringer element has always three dofs, one at either of the two ends and one
in the middle of the element; see the definition in the left-hand part of Fig. 5-38. Note that
the middle one is not the displacement of the location halfway along the element length
but is rather the weighted average of the displacements over the path of the element. This
dof is denoted by the arrow on the dashed line. Likewise, the degrees of freedom at the
panel edges are average displacements. At this dof the uniformly-distributed membrane
shear between stringers and panels is transferred (the aforementioned shear resultant $)
from the one to the other.

Stringers and panels can be imitated by elements from the library of standard FEA program
packages. The elements to be used are shown in the right-hand part of Fig. 5-38. The stringer
has three nodes and the panel eight, and two degrees of freedom are defined in each node.
The FEA software must allow to specify orthotropic material behaviour in panels, for only
shear rigidity is non-zero. All degrees of freedom in mid-side nodes normal to panel edges
have to be put to zero, because no stiffness occurs in these directions. Alternately, to avoid
this, one might allow small normal rigidities in the panels (say 0.1% of the shear rigidity).
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Fig. 5-38 Degrees of freedom. (a) Definition of stringers and panels. (b) Imitation of stringers and panels with
standard FEA software.

5.5.2.4 Statical determinacy

Simple stringer-panel models will often be statically determinate. Where this is the case,
member forces can be determined by equilibrium considerations alone. More complicated
models will generally be statically indeterminate.

In case of statically determinate models, the structural designer has no freedom in
choosing the stress distribution. For indeterminate cases, he/she does have such freedom
and may make choices to render the structure under consideration statically determinate. If,
in case of redundant models, the structural designer wants to keep close to the linear-elastic
solution, he/she needs stiffness method software to determine the stress distribution.

5.5.2.5 SPM considered as a design method with stress fields

The stringer-panel model is part of the family of stress field methods. For the simply
supported beam of Fig. 5-37, the stress field is demonstrated in Fig. 5-39, where the left-
hand half of the structure is shown. We shall first discuss the top part of the figure. The
uniform shear membrane force in the panel requires distributed horizontal and vertical
reinforcement and evokes distributed, inclined compressive concrete struts. These struts
represent a uniaxial stress state: in the case of equal horizontal and vertical reinforcement,
under an angle of 45 degrees. This field of struts is denoted by the pattern of dots in the
figure. The distributed reinforcement is represented by the mesh of parallel horizontal
and vertical lines. The red line at the bottom of the figure is the stringer reinforcement.
This stringer is loaded by a distributed horizontal shear force, which is the resultant of
the forces in the distributed vertical reinforcement and the distributed inclined concrete
struts. Alike, a vertical distributed shear force occurs, causing the stress field to widen at
the vertical edges of the structural element.

An enlargement of the small rectangular element at the upper boundary of the structure
is depicted at the bottom part of Fig. 5-39. Here, the red vertical lines represent distributed
reinforcement of the panels. The black triangles are incremental nodes, loaded by a
force from an inclined strut, a horizontal compressive force and the vertical distributed
reinforcement. It will be seen that the force in the stringer is built up from left to right
across the stress field.
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Fig. 5-39 Stress field in the left half of the simply-supported beam of Fig. 5-37.

5.5.3 Dimensioning the stringers, panels and nodes

5.5.3.1 Detailing of reinforcement

The detailing of reinforcement is based on the stringer tensile forces and the panel stress
field in the ultimate limit state, in which concrete and steel reinforcement deform plastically.

For the tensile stringers, we apply bundle reinforcement. Knowing the normal force N
and the adopted steel design stress f_, we calculate the required steel area Aas A= N/f .
A stringer needs not be anchored if there is enough length to build up — through bond — the
stringer force from zero to the yield force. If this is not the case, two solutions are possible. The
first one is to use higher quantity of steel. The other solution is to realise anchorage via looped
bars. If the anchoring strength is equal to the yield force of the stringer, no bond stresses are
needed at all, and a compression force can occur over the full length of the stringer.

The distributed reinforcement in the panels can be based either on the assumptions
of equal reinforcement ratios in the horizontal and vertical directions or on different
ratios. In the case of equal ratios, the distributed concrete struts in the panel at yielding
of the reinforcement have an inclination angle of 45 degrees, and the compressive stress
o.in the concrete will be twice the uniform shear stress o, |. The required steel ratio p
of the distributed reinforcement is calculated from the equations n_ = n_ = |n|, where
n_and n_ are the forces per unit width in the reinforcement in the x- and y-direction
respectively and n the membrane shear force. The structural engineer has freedom in
applying different amount of distributed reinforcement in x- and y-direction. If he/she
does so, the following holds true:

n, = k|n|
n, =k|n| 5-42
n. (k + k7! )‘n’
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Factor k is defined as k = tan a, where a is the angle between the x-axis and the normal
to the compressive concrete struts in the panel. The total reinforcement is minimal for k = 1.

In structures a minimum distributed reinforcement will always be available. Call the
strength of this mesh n__ - this is the membrane shear force which the mesh can carry.
Sometimes, if choosing k = 1, n_ (or n_) may be smaller than n__ . In that case, we could
choose n_ = n_., obtaining a larger value of k and more reduction in y-direction. Codes
normally limit the choice of k (between say 0.4 and 2.5) to avoid large shear cracks in SLS.

The obtained total amount of reinforcement will in general not be less than that when
the strut-and-tie method is applied, and will certainly not be less if the engineer applying
the STM allows himself/herself a considerable degree of freedom in choosing the load
path. SPM pays off owing to its ease of application and better control over crack width.

5.5.3.2 Check of concrete compressive stress in stringers and panels

For checking purposes, one may rely on Model Code 2010"" or the recommendations of
Schlaich et al.>*¥!. The concrete compression design stress f_| is related to the characteristic
compressive strength f_, which in turn depends on the designated code of practice, and the
partial safety factor y. for the concrete in compression. The concrete compression design
stress f | must be multiplied by the effectiveness factor v in order to account for cracking,
either parallel or skew to the struts. For explanation the reader is referred to Limit Analysis
and Concrete Plasticity by Nielsen and Hoang?=%. The following values are proposed in
Schlaich et al.5#8:

- v=1.0for an undisturbed and uniaxial state of compressive stress;

- v=0.8 if tensile strains in the cross direction or transverse tensile reinforcement
may cause cracking parallel to the strut, with normal crack width; this applies
also to node regions where tension steel bars are anchored or crossing;

- v=0.6 as above but for skew cracking or skew reinforcement.

5.5.3.3 Design of nodes

For the design of nodes and checking of the compressive stress, the reader is referred
to Schlaich et al.>*¥ and to the Model Code 201059\,

5.5.4 Dapped beam end

The major part of a beam with a dapped end will meet the requirements of Bernoulli
beam theory and classical theory for the design of structural concrete beams holds true.
However, it does not hold for the dapped end. Focusing on the design of this D-region,
an example of a 0.68 m-deep, 0.30 m-wide beam shown on the left-hand diagram of
Fig. 5-40, is to be detailed for a support reaction R of 230 kN. The first step is to make
a decision about the extent of the D-region. Following that choice, a decision has to be
made as of which horizontal and vertical stringer lines occur and which external load
is applied to the D-region; see the right-hand diagram in Fig. 5-40. Horizontal stringers
must at @ minimum be applied: (i) in the top compression zone of the beam, (ii) at the
horizontal reinforcement in the dapped end, and (iii) at the horizontal reinforcement
in the bottom part of the beam, as denoted by numbers 1, 2 and 3, respectively, in
the figure. Vertical stringer lines are at least needed: (i) at the support reaction, (ii) on
the right of the re-entrant corner and, (iii) at the end of the D-region, as denoted by
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numbers 4, 5 and 6, respectively. Furthermore, the structural designer has to make an
estimate of the distance from the horizontal top stringer to the beam’s top face and from
the tensile bottom stringer to the beam’s bottom face. The designer must also choose a
position for vertical stringer 5, to the right of the re-entrant corner. Here, a spacing of
240 mm is introduced between this stringer and the support reaction, accounting for
cover and the expected width of a bundle of stirrups. In all these considerations regarding
the model, engineering judgement and experience play an important role, as in strut-and-
tie modelling. In between the stringer lines, three shear panels are applied.

0.240
<>}
i <=C
0.28 u Ml s s 6
2
0.680
0.40 V
: =7
-.0.300 ~ to be chosen

Fig. 5-40 Dapped beam end (left). Stringer lines and loading (right). Dimensions in m.

After the scheme of horizontal and vertical lines has been worked out, the extent of
the external loading acting on the D-region needs to be defined. In Fig. 5-40, the bending
moment M at the end of the D-region is replaced by a force C in the compression zone and
a force T in the tension zone. The vertical shear force V is equal to the support reaction R.
The four forces C, T, V and R must be a horizontally and vertically, as well as rotationally,
equilibrating set. If desired, one may account for the dead weight of the D-region and/or
distributed load on top of the region, but they are neglected here for simplicity.

5.5.4.1 Extent of D-region

On choosing the proper extent of the D-region in the SPM, the rules applied in the STM
are equally valid. These rules are based on Saint-Venant’s principle, which helps determine
the distance between the disturbance and the cross-section where Bernoulli beam theory
starts to hold true. In the example of a beam with a recess, the disturbance occurs at the
position at which the beam depth changes from h, (left of the recess) to h (right of the
recess); refer to Fig. 5-40.

In the left-hand part of the beam, beam theory is violated over a distance h, from the
disturbance; in the right-hand part, beam theory is violated over a distance h_from the
disturbance. Thus, the D-region has length h, + h, implying that in this case, the whole
dapped end on the left-hand side of the D-region must be included, while on the right-
hand side the D-region extends over a distance of 0.680 m from the re-entrant corner. For
other cases, the extent of the D-region has to be determined accordingly.
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Fig. 5-41 is a reminder of the strut-and-tie model recommended in Schlaich et al.’>#%
for the dapped end problem. At first glance, it seems to show a lesser extent to the right
of the re-entrant corner than the effective beam depth h, but after spreading the vertical
tie T, over the length [, it becomes clear that the extent /|, + |, is approximately equal to
the depth h. We can make a similar choice in the SPM. In Fig. 5-41, the inclined struts
to the left and right of the re-entrant corner have the same inclination angle, ¥,. The
equivalent condition in the SPM is that the corresponding panels have the same aspect
ratio. Henceforth, we will continue with this SPM.
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Fig. 5-41 Recommended strut-and-tie model in PCI Journal 1987.

5.5.4.2 Stringer-panel model

The model obtained is depicted in Fig. 5-42a, in which the panel size has been slightly
reduced for clarity. The model consists of five horizontal stringers, five vertical ones and
three shear panels. The shear panels are numbered from 1 to 3 (circled in the diagram).
As in concrete beam design, we assume the shear force at the end of the D-region to
be uniformly distributed over the height of the model. We split it into an upper part of
76.7 kN and a lower part of 153.3 kN, in proportion to the panel heights of 0.200 m and
0.400 m. The aspect ratio of the panel with height 0.400 m must be 1.2. Thus, it has a
length of 0.480 m. The two horizontal forces acting on the D-region are 276 kN each,
acting in opposite directions. The set of forces 230 kN, 76.7 kN, 153.3 kN and (twice)
276 kN is in perfect equilibrium.
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Fig. 5-42 Part (a): Stringer-panel model and external loading. Forces in kN; dimensions in m. Positive sign of
membrane shear forces is shown. Part (b): Equilibrium of three free bodies is considered.

5.5.4.3 Solution

The model is statically determinate. Hence, the solution of the member forces is obtained
from equilibrium considerations alone and the structural engineer cannot make free choices.
A convenient way is to first calculate the membrane shear force n of the three panels, and to
derive the stringer forces from the obtained membrane shear forces.

We can draft three equilibrium equations for the three unknown membrane shear forces
n,, n,, and n.. First, we consider the vertical equilibrium of the free body left of a vertical cut
a-a over panel 1. For this free body is referred to Fig. 5-42b. Next, the horizontal equilibrium
of the free body above a horizontal cut b-b over the panels 1 and 2 is considered, and
finally, the horizontal equilibrium of the free body below a horizontal cut c-c over panel 3.
Accounting for the sign convention shown in Fig. 5-42a, and definition of the membrane
shear forces per unit length, we obtain the three equations

230+0.200n, =0
276+0.240n, +0.480n, = 0 5-43
276+0.480n,=0
The solution is n, = -1'150 kN/m, n, = 0 and n, = -575 kN/m. Fig. 5-43a shows the
shear resultants acting on the full panel edges, while Fig. 5-43b shows the same resultants

acting with opposite sign on the stringers (action equals reaction). From this loading the
stringer forces are easily calculated, shown in Fig. 5-43c, coloured red for tension and
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green for compression. The solution is surprising: one of the three panels remains stress-
less. The zero-membrane shear force n, will always occur if the extent of the D-region is
chosen on the basis of equal aspect ratio. If not, a non-zero value will be obtained for the
membrane shear force n,; always small, however, in comparison to n, and n,.
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Fig. 5-43 Member forces for support reaction of 230 kN. (a) Panel shear resultants, (b) shear resultants acting
as load on the stringers, (c) calculated stringer forces. Forces kN; dimensions m.

5.5.4.4 Remark

Here above, three equilibrium equations have been derived in which the membrane
shear forces n,, n, and n, are the unknowns. Alternately, one could have used the shear
resultants S, S, and S,. The derivation of the stringer forces may result somewhat easier.

5.5.4.5 Stringer reinforcement

The horizontal stringers in the dapped end have to carry a tensile force of
N = 276 kN. For steel quality with design strength f = 435 N/mm?, this tensile force
requires 276'000/435 = 634 mm? of reinforcement. Three bars with diameter 18 mm will
be sufficient: 3(n/4)-182 = 763 mm?Z.
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The vertical tensile stringers (hangers) carry a tensile force of N = 230 kN, equal to
the support reaction. The designer has to decide whether he/she applies a Z-shape bent
reinforcing bar or prefers stirrups for the hanger stringers. In the left-hand picture of
Fig. 5-44, the hanger reinforcement is depicted as a bent reinforcing bar, and in the right-
hand picture with stirrups. Here, the option with stirrups is adopted. For steel design
stress f = 435 N/mm?, two stirrups with bar diameter of 14 mm are sufficient. This being
so, four bars are available, with a total cross-section area of 4-(n/4)-14> = 616 mm?.
The resisting strength is 616:435/1000 = 268 kN, which is larger than 230 kN.

After detailing, the structural designer has a better indication as to the horizontal
distance between support reaction and hanger reinforcement, and may decide to iterate
or not, depending on how much the distance differs from the estimated 240 mm in the
chosen model. In the right-hand picture of Fig. 5-44, at the bottom of the dapped end
and at the bottom of the beam, a loop anchorage has been chosen for the two horizontal
main reinforcing bars.

Fig. 5-44 Concentrated and distributed reinforcement. Left: the hanger reinforcement consists of one Z-shape
bent reinforcing bar. Right: the hanger consists of two stirrups.

5.5.4.6 Panel reinforcement

The distributed two-way mesh reinforcement in the panel areas must be based on the
membrane shear forces:

|n| =1'150 kN/m
[n)|=0 5-44
|n,| =575 kN/m

It is essential that the distributed reinforcement be a two-way mesh; refer to Fig. 5-44.
The amount of reinforcement in each direction must be based on the absolute value of
the membrane shear force.

5.5.4.6.1 Panel 1

The membrane shear force is n, = 1'150 N/mm. The design steel strength is
f =435 N/mm?. This requires a distributed steel area A_ = 1'150/435 = 2.64 mm?/mm. For
this area, stirrups (or hairpins) with diameter of 10 mm and spacing of 50 mm will suffice
(3.14 mm?/mm). Horizontal reinforcement is required over the length of the dapped end.
This reinforcement is extended as far as the end of panel 2, increased with an appropriate

126 Principles of computer modelling



This document is the intellectual property of the fib — International Federation for Structural Concrete. All rights reserved.
This PDF of fib Bulletin 100 is intended for use and/or distribution solely within fib National Member Groups.

bond length. Hairpins should be used. Vertical reinforcement is required over the length
of the dapped end and can consist of stirrups.

5.5.4.6.2 Panel 3

The membrane shear force is n, = 575 N/mm, and the required steel area is
1.32 mm?/mm. For this area, stirrups (or hairpins) with diameter of 8 mm and spacing
of 75 mm will be appropriate (1.34 mm?/mm). Vertically, we apply stirrups, which —in
any case— must be extended over the length 480 mm of panel 3. In reality, they will also
extend over the area of panel 2. Horizontally, the reinforcement consists of hairpins
which extend to the end of panel 3, increased by an appropriate bond length.

5.5.4.7 Check of stringers under compression

As an example, we will consider the upper horizontal compressed stringer. The
maximum compressive force is N = 276 kN and the concrete design strength is chosen
as f_, = 26 N/mm?’. The stringer is crossed orthogonally by a tension stringer; hence,
we adopt the effectiveness factor v = 0.8 and will work with the effective concrete
compressive strength 0.8-:26 = 20.8 N/mm?. The required stringer concrete cross-section
area must be A_ = 276'000/20.8 = 13'269 mm’. Because the thickness of the beam is
300 mm, the stringer must have a width of 13'269/300 = 44.2 mm, namely 22.1 mm on
each side of the stringer centre line. The distance from the centre line of the stringer to
the upper boundary of the beam has been taken as 40 mm, which is sufficient. Should
the required stringer width prove larger than was assumed, an iterative procedure has to
be initiated. An alternate solution is adding compression reinforcement, or accounting
for the reinforcement which anyway occurs for framing purposes.

5.5.4.8 Check of concrete stress in panels

For equal steel area in x- and y-direction the concrete compressive stress in the panels
will be twice the nominal shear stress in the panel. This compressive stress must be
less than or equal to v-f . Because the distributed reinforcement intersects the inclined
concrete ‘struts’, we use the effectiveness factor v = 0.6. Therefore, the effective design
strength is 0.6:26 = 15.6 N/mm?.

In panel 1, the nominal shear stress is 7= n./t, where t is the thickness of the beam.
Hence 7_= 1'150 (N/mm)/300 (mm) = 3.8 N/mm?. The concrete compressive stress is
0. =21 = 7.6 N/mm?, which is less than the strength 15.6 N/mm?, as required. The
nominal shear stress in panel 3 is half the value of panel 1, hence also sufficiently small.

5.5.5 Deviating columns in building

The case will be considered of deviating columns in a building. Fig. 5-45a is a sketch
of the structure. The two high-strength circular concrete columns have a diameter of
0.25 m and horizontal spacing of 5.0 m. For the transmission of the vertical force
3'700 kN from the one column to the other, a connecting wall is inserted between the
two floor slabs and the two columns. The wall thickness and slab thickness is 0.25 m, and
the mid-plane to mid-plane distance of the slabs is 3.0 m. At the left-hand and right-hand
wall edge, a chord occurs of cross-section 0.45-0.45 m?, continuations of the columns.
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Fig. 5-45 (a) Deviating columns and connecting wall, not to proper scale. (b) Stringer-panel model and
equilibrating loading set in kN. (c) Stringer forces in kN and panel shear membrane force in kN/m. All
dimensions in m.

Fig. 5-45b depicts the simple stringer-panel model and the load on the model. The two
opposite vertical loads of 3'700 kN equilibrate the two opposite horizontal shearforces of
6'167 kN. The slabs act these horizontal forces on the wall. They occur at the interfaces
between wall and slabs.

The horizontal stringers are the slab parts at the top and base of the wall (depth and
width of stringers 0.25 m). The vertical stringers are the chords with area 0.45-0.45 m?.

The model is statically determinate and is solved with exceptional ease. The solution is
presented in Fig. 5-45c. The green colour in the vertical stringers denotes compression. The
compressive forces decrease linearly from 3'700 N to zero. The horizontal stringers remain
stressless, for the shear load similarly, 6'167 kN is transferred directly to the panel. The
shear membrane force is 1'233 kN/m.
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Fig. 5-46 Wall-slab connection

Choosing an equal amount of mesh reinforcement in both panel directions, the amount
must be designed on the basis of:

n,=n, = 1'233 kN/m

The yield stress is f, = 500 MPa and the partial safety factor y, = 1.15. Hence, the design
strength of the reinforcement mesh is f ,=500/1.15 = 435 MPa. The required steel area is

A=A, =1233'000/435 = 2'834 mm’/m

A mesh at both wall sides ¢14, spacing of 100 mm, will suffice, providing 3'077 mm?*m.
It is important that the reinforcing bars are well anchored. In fact, both the horizontal and
the vertical bars must be implemented as stirrups, as is depicted (for the vertical stirrups)
in Fig. 5-46a.

The compressive stress in the concrete struts is twice the nominal shear stress
o =2 x{1'233'000/(250 x 1'000)} = 9.9 MPa

This is fine, for the effective design strength is
vf ,=0.6 x20=12.0 MPa

where v is the effectiveness factor and f_, the design strength.
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5.5.5.1 Reinforcement in wall-slab connection and concrete stress

Fig. 5-46b presents a top view of the slab at the location of the wall. The shearing force
of 6'167 kN (refer to Fig. 5-45b) is transferred between slab and wall in two faces. Each
face has a depth of 250 mm. The shear force n per unit length in each face is

n=1'233/2 =616 kN/m

A distributed set of inclined concrete struts develops, as is the case in the wall. In
the direction normal to the wall, distributed reinforcement is required, half the amount
required in the wall, because of spreading in two faces. A mesh ¢14, spacing of 200 mm,
will do.

The concrete stress is also half, due to spreading in two faces
G.=9.9/2 = 5.0 MPa,
which again is less than the design strength of 12.0 MPa.

5.5.5.2 Design of concrete vertical stringers

The vertical stringers are the continuation of the high-strength circular columns with
diameter 250 mm. Their load is N = 3'700 kN; hence, the required strength is
N_,=3'700 kN
The stringers have been given a square cross-section of area 450-450 mm?. The design
concrete stress is £, = 20 MPa, and the effectivity factor v = 1.0. Hence the resistance is
N_, = (450 x 450 x 20)/1'000 = 4'050 kN

For framing purposes, 8 longitudinal bars ¢12 are foreseen in the stringers, and also
stirrups 98, at a spacing of 150 mm.

5.5.6 Building wall with opening

The wall with opening in-between two floors discussed in Chapter 1.2 is now considered
(see Fig. 5-47). The height of the wall is 3.55 m, including the thickness of the top floor. The
width of the wall is 2.65 m and the thickness 0.20 m. The load consists of a central point
load of 1'000 kN at the top of the wall.

In this Section, the concrete characteristic strength is f, = 30 MPa and the characteristic
steel yield stress is f, = 500 MPa. The partial safety factor for concrete is y. = 1.5 and for steel
7, = 1.15. Hence, the design strengths are f  =30/1.5 = 20 MPa and f ,=500/1.15 = 435 MPa,
for concrete and steel, respectively.
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Fig. 5-47 Scheme of the wall structure. Dimensions in m.

5.5.6.1 Modelling of the structure

In fact, the whole wall structure is one single D-region. The first step in the modelling
is to determine a set of equilibrating loads. We will do so in two different ways. Firstly,
elasticity-inspired. Secondly, plasticity-inspired. In the first way, the opening in the wall
is the disturbance, and the D-region extends to the bottom of the wall, since the wall
height below the horizontal bottom line of the opening (2.20 m) is less than the wall
width (2.65 m). In the case that the height is equal to or greater than the width, a uniform
distribution of the vertical support reaction is expected at the base of the wall, due to
Saint-Venant’s principle. In the case under consideration, the difference between the
height 2.20 m below the opening and the width 2.65 m is sufficiently small to start from
such a uniform distribution at the base.

Fig. 5-48 shows the applied stringer-panel model. The loading consists of the single
downward point load of 1'000 kN at the top of the wall and five upward point loads at
the base of the wall, with a total of 1'000 kN.

In the plasticity-inspired way, we abandon applying Saint-Venants principle and feel free
to propose a distribution of the vertical support forces at the base and choose locations of
the horizontal stringer forces in the vertical axis of symmetry of the wall.
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Fig. 5-48 Applied stringer-panel model. Dimensions in m. Force in kN.

The dimensions of the model grid follow from the dimensions in Fig. 5-48.

A spacing of 0.05 m between the free structure edges and the outer stringers is adopted.
It is expected that the cross-section area of the vertical stringers to the left and right of the
opening is not sufficient to limit the compressive concrete stresses. Therefore, a spacing
0.075 m is chosen at the vertical edges of the opening. The value of the five vertical base
forces (elasticity-inspired) is included in the figure.

This statically indeterminate example will be considered for two different levels of
approximation. First, a LoA | design is performed. The analysis starts from plasticity
considerations, and the design problem is solved on the basis of equilibrium alone. Next,
a LoA Il design is performed. In this case, a linear-elastic stiffness analysis is executed,
hence, kinematic relationships, constitutive laws and equilibrium relationships are all
taken into account. In both design approaches, the left-hand wall half is considered.

5.5.6.2

Plastic analysis (LoA 1)

The plasticity approach consists of four steps:

- Select a proper set of external equilibrating loads.

- Determine the degree of statically indeterminacy (m).

- Choose a value for the membrane shear force in m panels.

- Determine the membrane shear force of all other panels by considering the
equilibrium of properly-chosen free body parts of the structure.

- Derive the value of the stringer forces from the membrane shear forces.
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Fig. 5-49 Three free body equilibrium options (hatched areas). Forces in kN.

For the half wall, the membrane shear force n of seven panels must be determined. Only
three free bodies can be selected for which an equilibrium equation can be derived, all
in vertical direction; they are hatched in Fig. 5-49. Hence, the degree of redundancy is
m = 7-3=4, and at forehand the value of four panel membrane shear forces has to be chosen.
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Fig. 5-50 Choice 1: Zero membrane shear forces chosen in four panels.
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The plastic analysis will be performed twice. In both analyses four zero panel values
are assumed, be it not in the same panels. The main difference between the two plastic
analyses regards the choice of the external equilibrating forces. Choice 1: elasticity-
inspired. Choice 2: chosen freely.

5.5.6.3 Choice 1. Elasticity-inspired load

Fig. 5-50a shows the four panels at which the membrane shear force is zero. The panels
with the three unknown membrane shear forces are n,, n, and n,, and these panels have
been shaded darker. The obtained n-values are given in the figure. The membrane shear
forces of Fig. 5-50a yield the stringer forces shown in Fig. 5-50b.

For the minimum panel reinforcement a distributed mesh ¢8 in two directions is chosen
at both sides of the wall with a spacing of 200 mm. The area of this mesh is 2-(57/4)-8* =
503 mm?/m, 0.25% of the concrete area. The strength is n_. = (503-435)/1'000 = 218.8 kN/m.
This is sufficient for all panels except above the opening.

The panels above the opening carry a shear membrane force of 833.3 kN/m, requiring
833'300/435 = 1'916 mm?/m. This is obtained by a distributed mesh reinforcement ¢12
in two directions, at both sides of the wall, with a spacing of 100 mm. The area of this
mesh is 2:(10m/4)-12?= 2'262 mm?/m. The strength is (2'262-435)/1'000 = 984.0 kN/m.
The horizontal bars may be extended into the corner panels for anchoring. The vertical
bars are installed as stirrups; refer to Fig. 5-51.

The tensile force in the tie above the opening is N = 485.6 kN. With a design steel
stress £, =435 N/mm?, the required steel cross-section area is 485'600/435 =1'116 mm®.
This is satlsfled by 4¢20. This area is 4(n/4)-20> =1'257 mm?.

The force in the tie below the opening is 213.3 kN. The required area is 213'300/435 =
490 mm?. This is satisfied by 3¢16, with area of (3n/4)-16* = 603 mm?.

In the wall region with mesh ¢8-200, the highest shear membrane force is 169.9 N/mm.
Because of the thickness 200 mm, the nominal shear stress is 7 =169.9/(200)=0.85 MPa.
The concrete compressive stress ¢, in the panels is twice the value of the nominal shear
stress 7, hence o= 1.70 MPa. The effective design strength is v-f = 0.6:20 = 12.0 MPa,
which is sufficient.

In the region with mesh ¢12-100, the membrane shear force is 833.3 N/mm. Hence,
the nominal shear stress is T = 833.3/200 = 4.17 MPa; the concrete stress is twice this
value: o, = 8.34 MPa, which is less than the effective design stress of 12.0 MPa.
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Fig. 5-51 Reinforcement lay-out for Choice 1 (LoA ).

The largest compressive stringer force occurs in the vertical stringer at the location where
the point load is applied. The vertical force 1000 kN acts (neglecting spreading) on an area
of 200-250 = 50'000 mm?, and at the location, compressive stresses occur in two orthogonal
directions. The compressive stress is 1'000'000/50'000 =20 MPa. Because of the effectivity
factor v = 1.0, the design strength is v-f =1.0x20 =20 MPa. This value is not surpassed.

At the same location the horizontal compressive stringer force is 583.3 kN. The required
stringer area is 583'300/20=29'165 mm?. A larger area is at disposal, because the stringer
is located in the top floor slab. The spacing between the stringer axis and the top of the
wall is 50 mm; therefore, the width of the stringer is 100 mm. In transverse direction a
width is needed 29'165/100 = 292 mm. Accounting for the wall thickness of 200 mm,
only 46 mm extra floor width at each wall side has to be allocated. The stringer force can
be easily carried.

The next largest compressive force occurs in the vertical stringer to the left and right of
the opening. The force is 500 kN. Because no tensile bars are crossing where this force
occurs, the effectivity factor v = 1.0, and the design strength v-f = 20 MPa. The stringer
has a width 2-75=150 mm. Accounting for the wall thickness t = 200 mm, the stringer
cross-section area is 150-200=30'000 mm?. Hence, the compressive concrete stress is
0= 500'000/30'000 = 16.67 MPa, which is smaller than 20 MPa.

5.5.6.4 Choice 2. Plasticity-inspired load

Fig. 5-52a shows the freely chosen external load and the four panels to which a zero-
membrane shear force is assigned. The panels with the three unknown membrane shear
forces are n,, n, and n, again have been shaded darker. The main difference with Choice 1
is the external load on the wall half.

The obtained membrane shear forces n,, n, and n, are given in Fig. 5-52a. The absolute
value of the membrane shear forces n, and n, are very close to each other and have
(practically) the same value as n, in Choice 1. Hence, these panels require the same
reinforcement, ¢12, spacing 100 mm, both wall sides. For all other panels the minimum
reinforcement is sufficient (based on n_. =218.8 kN/m). For the distributed reinforcement,
refer to Fig. 5-53.
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Fig. 5-52 Choice 2. Zero membrane shear forces chosen in four panels.

From the membrane shear forces in Fig. 5-52a, the stringer forces shown in Fig. 5-52b
are derived. The force in the tie above the opening is zero. At the upper edge of the wall
tensile forces 111.1 kN occur which require 255 mm? steel cross-section; 2¢14 will do.

The force in the tie below the opening is 472.2 kN. The required steel area is 1'086 mm?.
This is satisfied by 4¢20 (1'257 mm?).

The forces in the two horizontal tension stringers above and below the opening sum
to 583 kN, less than 699 kN for the same ties in case of Choice 1. It is interesting to
also compare with the strut-and-tie solution of Fig. 1-6a. There, also no horizontal tie
is needed, and tensile forces occur at the upper edge of the wall. The sum of the two
horizontal tie forces in that analysis is 564 kN, close to the solution 583 kN of Choice 2.
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Fig. 5-53 Reinforcement lay-out for Choice 2 (LoA ).

The check for the compressive concrete stresses in the panels need not be repeated.
The same distributed reinforcement arrangements occur, with permissible concrete
compressive stresses.

The check for the largest compressive stringer force in the vertical stringer at the
location where the point load is applied occurs in the exactly the same way as in Choice
1. At the same location the horizontal compressive stringer force becomes 472.2kN, less
than in Choice 1, hence again permissible. The next largest compressive force occurs in
the vertical stringer to the left and right of the opening. Now the force is 615.9 kN. The
stringer has a width 2-75 = 150 mm. Accounting for the wall thickness t = 200 mm, the
stringer cross-section area is 150-200 = 30'000 mm?. The compressive concrete stress is
0. = 615'900/30'000 = 20.5 MPa. Because no tensile bars are crossing where the force
500 kN occurs, the effectivity factor is v = 1.0, and the design strength is v-f =20 MPa.
Strictly speaking, the strength limit is surpassed, and an iteration has to be performed with
a slightly adapted geometry of the mesh. This is not performed here.

5.5.6.5 Stiffness analysis (LoA 111)

First, the stiffness properties of the stringers and panels for the uncracked Serviceability
Limit State (SLS) have been determined. The stiffness of a stringer depends on £, A and /, the
modulus of elasticity £ = 3x10° kN/m?, the cross-section area A and length /, respectively.
The area is A = b-t, where t is the wall thickness and b the width of the stringer. The width
is chosen as the sum of the half widths of the two adjacent panels. In the case of an edge
stringer, only one half panel width is concerned, but now the spacing between stringer
and free edge must be included, referring to the dimensions to the left of and below the
model in Fig. 5-48. The same holds for stringers along the opening. The length / is also
derived from the grid in the figure.

The mechanical property of a panel depends on G, t, a and b, where the shear modulus
G = 1.5-10° kN/m?, the wall thickness t = 0.20 m and the lengths a and b of the panel edges
differ per panel. The value of G is chosen for a zero Poisson’s ratio. A non-zero value has little
meaning, because of the impossibility of modelling lateral interaction between stringers. The
values a and b are derived from the grid (spacing between stringers) in Fig. 5-48.
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The adopted stiffness properties for uncracked members will of course lead to a lower
bound that can be used for ULS design. However, in reality, cracking may already occur
in SLS, reducing the stiffness of panels and tension stringers, primarily depending on the
applied reinforcement. The structural designer may account for this reduction by choosing
smaller values of G or E for the members which appear to be in tension and investigate
its effect on the lower bound solution. This would require one or more iterations. Here
we will refrain from this.

Different widths should be used in checking whether the obtained forces in panels and
stringers satisfy code requirements. For that purpose, in order to prevent that the same
concrete area is used for stringers and panels, the width of stringers should be restricted. To
mention an example, in Denmark the stringer width is restricted to a maximum 20% of the
smallest width of the adjacent panels in order to fulfil the assumptions of the stringer model.

Again, the analysis is restricted to the left-hand half of the wall. The boundary conditions
in the considered model (half structure) consist of zero horizontal degrees of freedom in
the axis of symmetry. Furthermore, in order to prevent a free body displacement, one of
the vertical degrees of freedom has to be set to zero. The central base degree of freedom
has been chosen.
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Fig. 5-54 Panel membrane shear forces in kN/m. Dimensions in m.

5.5.6.6 Results of analysis

The analysis results are depicted in two figures. For the membrane shear forces,
we refer to the panel centres in Fig. 5-54. The stringer forces are plotted in Fig. 5-55.
Strikingly, the top corner panels of the model appear hardly to contribute to the force
transfer. The membrane shear force in the corner panels is very small compared to the
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panels above the opening. Therefore, at the level of the upper horizontal edge of the
opening, practically all load is transferred downward through the vertical stringers either
side of the opening (the half point load is 500.0 kN and the obtained normal force in the
vertical stringer is 507.8 kN).

At the level of the lower horizontal edge of the opening, about 70% of the load 500.0 kN
is in the stringer nearest to the opening and the other 30% in the stringer nearest to the
outer wall edge. In the four panels below the opening, the 70% force starts spreading in
two directions, to the left and the right, causing the compressive force in the middle vertical
stringer to develop in the lowest four panels, leading to the distribution of the vertical stringer
forces along the base line which were the load input, according to a uniform distribution
of support reactions.

- ‘ 1000 kN

17

12

Fig. 5-55 Stringer forces in kN. Dimensions in m.

The distributed reinforcement stays the same as in the plastic analysis for all panels;
refer to Fig. 5-56.

The tensile force in the tie above the opening is N = 455.7 kN. With a design steel stress
of f =435 N/mm?, the required steel cross-section area is 455'700/435 = 1'048 mm?. This
is satisfied by 4¢20. This area is 4-(w/4)-202 = 1'256 mm?; refer to Fig. 5-56.

The tensile force in the tie below the opening is 175.9 kN. The required area is
175'900/435 = 404 mm?. This is (within 0.5% accuracy) satisfied by 2¢16, with area of
(27/4)-16%? = 402 mm?.

Because the distributed reinforcement is the same as in the plastic analysis, the compressive
concrete stresses are sufficiently limited.

The highest compressive stringer force 1'000 kN occurs in the vertical stringer at the
location where the point load is applied. This force size has already been checked here above.
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The next highest compressive stringer force 575.9 kN also occurs at the position
where the point load is applied. In Section 5.5.6 has already been shown that the larger
compressive force 583.3 kN is permissible.

The compressive force in the vertical stringers to the left and right of the opening is
507.8 kN. Here before, it was already shown that a larger force 596.0 is permissible.

Mesh ®12
s =100 mm

4920

2016

Mesh ®8
s =200 mm

Fig. 5-56 Reinforcement lay-out for stiffness analysis (LoA 1)

Repeating the analysis with a rigid base with zero vertical displacements yields almost
the same solution. The resultant of the support reactions per half wall is again 500 kN,
but the position of the resultant moves 0.028 m outward. In comparison with the solution
for a uniform distribution of base reactions, the differences in the member forces in the
upper half of the wall are far less than 1%.

5.5.6.7 Strut-and-tie model

Fig. 5-57 depicts the coarsest strut-and-tie model that can be derived from the stringer-
panel results. The resultant of the three vertical stringer forces per half wall is 500 kN at each
horizontal line; however, the position of the resulting vertical force differs per line. On the
level of the upper horizontal opening edge, the resultant is chosen at the vertical stringer
line, yielding the distance 0.575 m to the leftmost (and rightmost) stringer, as indicated in
the picture. For lower levels, the position is determined on the basis of the vertical stringer
forces from the SPM analysis, yielding the distances 0.404 m and 0.493 m to the leftmost
(and rightmost) stringers, as indicated in the picture. The distance at the base is 0.613 m.
The obtained horizontal tie forces above and below the opening are close to the stringer
forces of the SPM solution in Fig. 5-55. The sum of the two tie forces is 632 kN in SPM and
639 kN in STM, a difference of 1%.
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Fig. 5-57 Strut-and-tie model. Forces in kN. Dimensions in m.

5.5.7 Outlook

In the preceding sections of this Chapter the discussion of SPM has been restricted to
orthogonal models with rectangular panels and linear-elastic constitutive relationships. The
application of SPM is definitely not limited to these options. In this Section, three extensions
are briefly examined: (i) non-orthogonal model shapes, (ii) non-linear constitutive material
laws, (iii) 3D-structures and (iv) panels with advanced stress field.

5.5.7.1 Non-orthogonal model shapes

The stringer-panel concept is not necessarily restricted to modelling with rectangular
panels. Panels of quadrilateral shape can be used as well®¢" 5621 An example of such
models is shown in Fig. 5-58. The diaphragm above a support of a box girder bridge is
loaded by the shear flow according to beam theory. This loading is introduced in the
model in the middle node of the stringers concerned.

Not all stringers are in line with global orthogonal axes x and y, but this does not cause
any problem. However, it does for non-rectangular quadrilateral panels. Still four degrees of
freedom are defined, but the stiffness relationship between these dofs and the corresponding
element forces is more complex than for rectangular elements. The membrane shear force
will not be uniformly distributed over the panel area. As a rule, the analysis cannot be done
anymore by hand, even for simple models. This is because equilibrium equations soon
become too complicated, even if the solution could be obtained by equilibrium equations
alone. Furthermore, because of the non-uniform membrane shear force, interpretation
of the results obtained requires a skilful user. For interested structural engineers, a
program for linear-elastic material behaviour (SPM.py) is freely available on the Internet
(http://heronjournal.nl/42-3/SPM/). A user manual with some examples is also included.
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Fig. 5-58 Diaphragm above an intermediate support in box girder bridge with both rectangular and
quadrilateral panels. Above: flow of shear stresses from beam theory of box girder. Below: stringer-panel
model with loading in middle-node of stringers.

5.5.7.2 Non-linear constitutive material laws

Non-linear constitutive relationships can be of any kind. In SPM, one has to distinguish
between different types of non-linearity for stringers and panels.

For stringers, it is appropriate to distinguish tensile and compressive forces. In the
compression domain, usually an elastic-plastic law is applied. In the tension domain three
phases must be considered, corresponding to three distinct branches in the N-¢ diagram

1. un-cracked phase, in which the elasticity modulus of plain concrete determines
the linear-elastic branch;

2. the crack-developing phase with a tension-stiffening branch;
3. the phase with yielding main reinforcement, determining a horizontal plastic branch.

Handling of non-linearity in panels is more complex because the stress state is not
uniaxial as in stringers. For the two-dimensional stress state in panels it is recommended
to use the modified compression field theory as implemented by Hoogenboom?!-¢",
in the specialised software SPanCAD, employing AutoCAD as graphical user-interface. This
application is typical LoA IV. This academic software has stressed the potential of nonlinear
SPM, but only recently it has seen its way into the building and infrastructure engineering
software sector. Additionally, part of the work of Heinzmann®® also regards SPM, but no
publicly accessible software has yet been made available.

5.5.7.3 3D-structures

In 3D-models the composition of stringers and panels is in three-dimensions. Two examples
are shown in Fig. 5-59, a box type of bridge of varying depth and a caisson for founding a
bridge pier. Now a 3D-arrangement of degrees of freedom does occur, but, for the rest, the
degree of complexity hardly increases.
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Fig. 5-59 Examples of 3D-structures, a caisson and a curved box girder bridge.

5.5.7.4 Panels with advanced stress field

In this Bulletin, the stress field in panels has been restricted to a uniform membrane
shear force n. The concept can be extended to equilibrating stress fields in which all
membrane forces n, n, and n_play a role. Hoogenboom™*'" has done so by defining five
independent stress modes, three uniform modes n, n and n , a mode in which n_ varies
linearly in x-direction and a mode in which n_ varies in y-direction. The result is a panel
which is loaded on each edge by a uniform shear traction and a uniform normal traction.
Hence, by necessity, the set of panel degrees of freedom has to be increased; at each
edge, not only a degree of freedom in the direction of the edge occurs, but also normal to
the edge. Interested readers are referred to Hoogenboom®*". Such an enhanced model is
not particularly needed for design purposes, but can facilitate the assessment of existing

structures. As such, it would fall into LoA V.
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6. Practical examples

6.1 Use of strut-and-tie models and stress fields for assessment of
existing critical structures

Strut-and-tie models and particularly their combination with stress fields, has shown
to be a very suitable tool for analysing the strength of existing structures. One of the
most interesting advantages of this approach is that the estimate of the strength can
be gradually refined as needed, by considering more refined stress fields, through a
Levels-of-Approximation approach. Thus, simple estimates of the strength can be rapidly
calculated while, for critical structures, more detailed and time-consuming analyses can
be consistently performed.

The following example shows the application of such approach to the evaluation of a
critical member (riegel element, deep transfer beam) for the Troll A gas production platform
in the North Sea (Norway), Fig. 6-1. The 370 m high concrete gravity-based structure was
installed in 1996 as the largest structure ever transported and installed in sea. The platform
was built by Norwegian Contractors and is operated by Equinor (formerly Statoil).

(a) (b)

Fig. 6-1 Troll A offshore platform: (a) during tow to field ; (b) view and location of the investigated
member; and (c) horizontal view of the inner riegel walls

Following a potential increase of the topside weight, a preliminary analysis indicated that
the shear strength of the riegel element connecting the four shafts was potentially critical
and its strength was investigated in detail. The geometry of the inner walls of the riegel is

https://doi.org/10.35789/fib.BULL.0100.Ch06
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shown in Fig. 6-2. They have a total height of almost 30 meters and a minimum thickness of
1.2 meters. The element is heavily prestressed in the longitudinal and transverse directions,
leading to crushing of the compression field as the governing failure mode.
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Fig. 6-2 Inner riegel wall: view and geometry (dimensions in [mm])

For this case, a simple check of the strength can be directly performed based on the
strength of the compression field:

Vg =1 f b, -z sina-cosa 6-1

e cd

The maximum strength of the stress field (lower-bound of the failure load) can be
obtained for an angle of the compression field o = 45° (this can be easily obtained by
equalling the derivative of the shear strength to zero), refer to Fig. 6-3a.
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Fig. 6-3 Rigid-plastic solution: (a) stress field; and (b) corresponding strut-and-tie model
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Thus:
1
VRdzgns'fcd'bw'Z 6-2

Wheref =n_-f /y (=34.6 MPa in the investigated case, to account for the brittleness
factor and the safety format). With respect to the transverse strain reduction factor (1),
values between 0.55*" and 0.6!*? are usually adopted. Adopting for instance the value
0.6 (o, =20.8 MPa), gives:

V., =363 MN

In addition to this simple analysis, the significance of the structure as well as some
peculiarities (concrete in the bottom part of the wall was slightly less resistant than in its top
part) ponied to the need for a more refined analysis. The results were performed using the
elastic-plastic stress field method (refer to Section 5.2), leading to a failure load V,, = 396
MN (9% higher than that corresponding to the rigid-plastic analysis). The main results are
shown in Fig. 6-4 and Fig. 6-5.

(a) (b)

e =0.95,0.90, 0.85, 0.80, 0.75

Fig. 6-4 Elastic-plastic stress field analysis: (a) stresses in the reinforcement (brown referring to yielding);
(b) coefficient n; (c) compressive stress in the concrete; and (d) utilization ratio (o_/(n, f_)
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The elastic-plastic stress field analysis results confirm those of the rigid-plastic analysis,
while allowing for some refinements:

No vyielding of the reinforcement occurs in the shear panel (refer to Fig. 6-4 a where
yielded reinforcement is drawn in brown)

Failure occurs by concrete crushing (Fig. 6-4d) in the shear panel. Some regions in the
bottom part show a weaker behaviour as the in-situ concrete strength during casting was
actually lower

- The angle of the compressive stresses is close to 45° (Fig. 6-5a)

- The value of the transverse strain reduction factor is about 0.7 (Fig. 6-5b), relatively
similar to the rigid-plastic assumption, yet higher

The stresses in the concrete (Fig. 6-4c) are similar (slightly higher) to those calculated
according to the rigid-plastic model (Fig. 6-3a) explaining the increase in strength.
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Fig. 6-5 Elastic-plastic stress field analysis (horizontal sections at location of dashed lines): (a) angle of
the compression field; and (b) coefficient 1,

This example shows thus that refinement in the analyses, while keeping the same
theoretical ground, leads to consistent results and allow the engineer to gain understanding
of the structural behaviour.

6.2 Use of strut-and-tie models and stress fields for conceptual
design of new structures

The use of strut-and-tie models in combination with stress fields is an efficient way to
approach the design of new structures, where the shape is to be defined or optimised.
This is typically the case of bearing walls, where the location of openings, columns and
supports has to be defined together with the architects. The example presented hereafter
shows how these tools can be used at different stages of a project, from the conceptual
design stage to the tender or building project.

The example refers to the Léman School (Renens, Switzerland), see to Fig. 6-6. The
building was characterised by large inner spaces and patios and a reduced number of
columns inside the school. This was made possible by arranging a number of bearing
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walls supported on a limited number of columns (Fig. 6-6b). The project was built in 2007
and 2008 by the architects Esp6sito et Javet (Switzerland) and the structural design and
analysis of the main bearing walls was performed by Muttoni et Fernandez consulting
engineers (Switzerland).
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Fig. 6-6 Léman school: (a) photographs during construction; and (b) investigated wall

The conceptual design of the walls was performed by using equilibrium-based approaches,
such as strut-and-tie models. This allows determining the main load-carrying actions, as well
as establishing the location of the most significant openings and tension ties. Fig. 6-7 shows a
preliminary analysis of the location of the main struts and ties. It can be noted that some local
conflicts may arise (refer to Fig. 6-7a), but they can be solved by locally deviating the struts
in the surrounding concrete by arrangement of local ties. Near the supports, however, such
openings are no longer possible.

It is interesting to note that different load-carrying actions are possible. For instance,
in Fig. 6-7a, the load is carried by two arches requiring only reinforcement in the bottom
region of the wall. However, also the load near the central support can be carried by
a top reinforcement and two curved struts (Fig. 6-7b), corresponding to the continuity
reinforcement of a continuous beam. The amount of load carried by each action can be
selected by the designer at this stage, on the basis of experience or to ensure a satisfactory
behaviour at SLS (cracking).
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Fig. 6-7 Load-carrying actions in the wall: (a) arching action; and (b) cantilever action

The main reinforcement was designed according to a strut-and-tie model, where the
continuity reinforcement over the intermediate support (Fig. 6-7b) was estimated on
the basis of a continuous beam behaviour. For the tender and building project, a more
detailed estimate (or a confirmation of the adopted values) of the load carried by each
load-carrying action in Fig. 6-7 is required. This can be performed by means of accounting
for compatibility conditions to satisfy SLS requirements, using, for instance, the elastic-
plastic stress field method.

The results of this approach are presented in Fig. 6-8. They show that the final response
of the structure is a combination of the previously discussed load-carrying actions
(Fig. 6-8a). The amount of post-tensioning (Fig. 6-8b) can also be tailored in order to
satisfy the cracking and deflection (Fig. 6-8¢) criteria.

fib Bulletin 100: Design and assessment with strut-and-tie models and stress fields 149



This document is the intellectual property of the fib — International Federation for Structural Concrete. All rights reserved.
This PDF of fib Bulletin 100 is intended for use and/or distribution solely within fib National Member Groups.

RSN ,
8 \\\\\\\\\\\\w i

\\\\\ \\\\‘
\\N
I \\ \

4]

53 T e e e e fh|

Fig. 6-8 Analysis of the wall by means of elastic-plastic stress fields: a) compression field principal directions;
(b) stresses in the reinforcement (green for post-tensioning tendons); and (c) deflected shape

As for the previous example, it is clear that the method is consistent and allows the
designer to gain understanding of the structure and of its critical regions. The different
levels of approximation yield consistent results and allow a transition between simple
(hand-made) calculations to more complex (computer-aided) analyses.

It is however advised that once the Elastic-Plastic Stress Field (EPSF) model is finalised
and checked (sum of forces, integration of sectional forces), manual checks are performed
in the critical regions. This is, for instance, the case for the load introduction at the
supports (columns), where suitable detailing is required to transfer the forces by means of
continuous high-strength (f, = 700 MPa) compression reinforcement.

6.3 Applications to the assessment of a bridge

The assessment of existing bridges by means of design formulas provided in codes
of practice leads to safe estimates of the actual strength and might not be sufficient to
ensure the load bearing capacity of the structure. In such cases, a more detailed analysis
is justified in order to avoid or to minimise strengthening of the structure. This section
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presents an example of how such refined analyses can be performed for bridge assessment.
To that aim, the Elastic-Plastic Stress Fields (EPSF) will be used (according to Fernandez
Ruiz and Muttoni[®?).

The use of the EPSF for the assessment of bridges is particularly suitable as it allows
consideration of a number of issues:

- Fulfilment of static and kinematic conditions, providing an exact solution according
to limit analysis (and thus, maximising the strength);

- Accurate modelling of the geometry and reinforcement layout;

- Possibility to consider bond and reinforcement development conditions, as well
as of stress increase in prestressing tendons;

- Local estimate of the strength reduction factor accounting for transverse cracking
and the corresponding angle of the compression fields.

Fig. 6-9 shows for instance a typical box-girder bridge built in Europe (Switzerland) in
the 1960’s with high levels of prestressing. Evaluation of such bridges using current design
provisions reveals, in many cases, insufficient shear strength due to the low reinforcement
ratios used at the time, together with the limits on the compression field angles and associated
value of the strength reduction factor of concrete to account for transverse cracking.
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Fig. 6-9 Mosi bridge (Switzerland): (a) plan view; (b) cross-section at mid span (left) and over the supports (right)

In these cases, and in order to avoid any unnecessary strengthening, it is usually justified
to perform a detailed analysis by means of EPSF. This approach allows accounting for the
favourable effect of prestressing on the strength reduction factor due to transverse cracking
(lower reductions for higher levels of prestressing) allowing reduction of the inclination of
the compression field beyond the values usually proposed in codes of practice. Additionally,
the favourable effect of the variation of the stress in the prestressing tendons in the failure
region can also be accounted for. In particular, in this kind of bridges, it is important to
suitably model the presence of ducts by locally reducing the width of the web!®-#! (651, 16-61,

To do so, a finite element model can be developed accounting for the actual geometry,
reinforcement and tendon layout. The results for the region near the abutment (identified as
the shear-critical region) are shown in Fig. 6-10. The critical location of the load is identified
as the one closest to the support but outside of the fan region (no direct strut). The analysis
predict quite low angles for the compression field (below 20°, Figs. 6-10a,d) particularly
close to the support. This behaviour largely enhances the capacity to transfer shear forces
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(activation of larger amounts of stirrups). In addition, due to the large prestressing forces, the
strength reduction factor due to cracking (Figs. 6-10c) yields also larger values of the strength
reduction factor than those predicted by codes of design (typically ranging from 0.55-0.65).
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Fig. 6-10 EPSF analysis of the region near the abutment: (a) direction of compressive stresses; (b) reinforcement
stresses (brown indicates steel yielding); (c) strength reduction factor due to concrete cracking; (d) angles of the
compression field at selected sections; and (e) change in the stresses in the prestressing tendons

Two additional positive effects are also considered in this case by the EPSF results:

- The first refers to the capacity of the compression flange to carry shear forces (refer
to Fig. 6-10a,d). This load-carrying action is normally neglected when performing
stress field design for a new structure, but may be a fairly relevant contribution
particularly for largely prestressed structures!®->) 1661,
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- The second refers to the increase in the force of the inclined tendons (Fig. 6-10e).
This beneficial influence occurs at some distance from the support, but contributes
to the enhancement of shear capacity. It can be noted that this effect may even
be more significant in the regions of the web near intermediate supports (where
the tendon is activated by bending).

This example shows that the EPSF is a consistent tool to account for the various strength
reserves that, despite not being usually considered during the design of new structures, they
may significantly increase the shear capacity of a member under assessment, preventing
unnecessary strengthening.

6.4 Padre Cruz Viaduct

6.4.1 Description of structure

The Padre Cruz viaduct is a multi-span bridge in Lisbon with a deck of 32.5m width,
maximum spans of 100 m and a total length of approximately 900 m (see Fig. 6-11). This
example shows the application of strut-and-tie and stress field models for the design of
the main piers of the viaduct for vertical loads. Different levels of approximation analysis
are developed to illustrate the application and the differences of each level/approach.

Fig. 6-11 General view after construction (2007)

Fig. 6-12 and Fig. 6-13 show the longitudinal section of the bridge and a transverse
section near the support, respectively. The pier section is variable along the height and the
section geometry is defined in Fig. 6-14a. The reinforcement layout, presented in Fig. 6-14b
was mainly governed by two load combinations: vertical loads and seismic action.
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The properties of the materials for the piers were:
Concrete C40. Steel S500. Prestress Y1860/1670.
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Fig. 6-13 Deck section at the supports region and column front view
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Fig. 6-14 a) Pier section; b) Reinforcement layout

6.4.2 LoA | Model

The design model presented in this and the next chapter was, in fact, the design model of
the pier for the vertical loads at the design stage, however the example is being presented as
a check of the already defined reinforcement layout to be extended to the remaining levels
of approximation.

The model for the lowest LoA is mainly based on the combination of two simple and
basic strut-and-tie models presented in Section 4, even if it looks like a more complex and
elaborate model. The model is presented in Fig. 6-15, where the load path defined by model
M1 is identical to a common deep beam model with top loads, so the inner level arm z, was
set to approximately 0.7L,. It is easy to observe the similarity of model M2 with a deep beam
with suspended loads, though the same ratio between the inner level arm z, and the distance
L, was used. Since the practical rules presented earlier for each basic model were followed,
namely the inner level arms of each basic model, ductility and service behaviour topics are
automatically checked and no further calculations to check service behaviour are necessary.
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Fig. 6-15 Draft strut-and-tie model based in the combination of two basic models

The resultant model can then be calculated and the forces in the struts and ties are
obtained (Fig. 6-16a). The geometry of the model is also presented in Fig. 6-16b.
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Fig. 6-16 a) Design strut-and-tie model; b) Model geometry and element numbering; c) Plan view of the
compressed area.
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The inclination of compressive force C, (Fig. 6-16b) was defined to limit the compressive
stresses at the node region (CCT node of strut 6 and tie 3) to its design strength o, for a
compression-tension node given by 7.3.6.4 of MC2010*". Note that, the reinforcement
is arranged in multiple layers and the angle between the strut and tie is greater than 45
the design strength may thus be increased by 10% according to 7.3.6.2 of MC2010. The
effect of the prestressed plates behind the node provides a state of pure compression,
increasing the compressive strength at the node region, but it was not considered, leading
to a safe-side design:

1 1

30 )° 30 ) 40

o =0.75|=—1| f,-1.1=0.75-| — | -—-1.1=20 Mpa 6-3
¢ Rd [f J cd [40j 15 P

ck

There is no other critical nodal region, nor high compressive stresses crossing areas
of transversal tensile strains, and the check of the pier is, therefore, mainly based on the
check of the ties as summarised in Table 6-1.

Table 6-1 Tension and provided reinforcement for LoA | model

Tension Reinforcement Steel area Tensile strength Check
T, =4 MN 2 x 16025 15'712 mm? T, =6.8MN Ok
T,=6MN 2 x 160325 15'712 mm? T, =68MN Ok
T.=10 MN 2 x 22032 35'376 mm? T, =15.4 MN Ok

2 x ¥16//0.15
4 Séf;/);w U
T, =23 MN : + T, =205 MN Not ok
) (I + 12'150 mm?
9c x 9t (150 mm?
each tendon)

6.4.3 LoA Il Model

For the LoA Il model for this case a full stress field model was defined as shown in
Fig. 6-17. The model considers the provided horizontal web reinforcement in the pier,
and in this way, reduces the force in the main tie from 23 MN to 20 MN. It is a statically-
indeterminate model and the tensile force of 3 MN was set to a value slightly lower than
the yielding force of the provided web reinforcement. The remaining ties have minor
and not relevant reductions. With this model it is also possible to check all compressive
stresses and check any critical regions, especially if important compressive stresses cross
high-tensile strains, which in this case is not relevant, as mentioned before (see Table 6-2).
Only the web and main reinforcement must be checked. The remaining are lower than
in the previous analysis.
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Table 6-2: Tension and provided reinforcement for LoA Il model
Tension Reinforcement Steel area Tensile strength Check
2 x P16//0.15
(1.15m) + 6547 mm?
T=20 MN 4 x ?12//0.15 + T,,=20.5MN Ok
(1.15m) + 12150 mm?
9c x 9t
T=3MN 6 x @12//0.15 (2.0 m) 9040 mm? T, =3.9MN Ok
53 MN 53 MN
91(50 ?1(50
17.7MPa | ‘ > | 17.7MPa
T |
20MPa | 20
7ME’?'_
3
20MPa | | 18.4MPa
Al
}11.5MPa

[

11.5MPa |

53 MN 53 MN

Fig. 6-17 Pier stress field model for vertical loads

6.4.4 LoA Il Model
For this level of approximation, the finite element method is applied. The common

parabolic constitutive relationship for the concrete without tensile resistance and an
elastic-plastic o.-¢, relationship for the steel is implemented. The compressive stresses in
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the concrete and the tensile stresses in the reinforcement are presented in Fig. 6-18. The
resultant tensile force in the main tie is less critical than in the previous analyses, with the
main reason being the distribution of the vertical reactions at the base of the pier. In the
previous LoAs, a uniform distribution of stresses at the base of the piers was assumed, since
no compatibility of deformations was provided (see Fig. 6-16 and Fig. 6-17). However,
the finite element analysis resulted in a non-uniform stress distribution at the bottom of
the pier (see Fig. 6-18¢), leading to a steeper inclination of the main compressive force
(C,) and, consequently, to a significant reduction at the main tie force from 20 MN to
14 MN. Similarly, the tension in the web reinforcement was also significantly reduced
from 3 MN to 1.3 MN.

This analysis confirmed that concrete compression is not a critical issue and no significant
compression softening occurs in regions with high compressive stresses. The only region
where a significant reduction of concrete stresses occurs is near the re-entrant corner (see
Fig. 6-18d), at the intersection of the vertical tie and main horizontal tie, but no compression

crosses that region.
R\ T
5 Ty % §
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Fig. 6-18 a) Principal compressive stresses b) Reinforcement tensile stresses c) Reactions d) Compression
softening
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6.4.5 LoA IV Model

For this LoA finite element analysis was also performed, with the addition of a tension
stiffening law for the steel. The results at ultimate load are identical to the previous analysis;
however, the present analysis allows checking service behaviour, as well. The service load
is 40 MN for each pot bearing and a prestress of 12.2 MN is introduced in the model to
properly evaluate the steel stresses and the service behaviour.

Maximum steel stresses of about 170 MPa were obtained, leading to adequate service
behaviour (see Fig. 6-19). Even in the absence of any prestressing, steel stresses were as
low as 250 MPa, also leading to a satisfactory service behaviour. However, the solution
with prestressing provides improved service behaviour and a global increase of the quality
of the solution, since steel stresses of low value lead to limited crack width.

1.90379 MN.
1.59929 MN|
1.83594 MN|
111163 MN|

| J
= | J
i | J
s
=
b <
s <
P J
2 b
=
© <]
2 <
b <J
Y
L>>< a)

Fig. 6-19 a) Tensile forces for service loads b) Steel stresses for service loads

6.5 Assessment of a dapped-end beam at ultimate and serviceability
limit states

Dapped-end beams are typical details used in the support regions of bridge construction
leading to soffit continuity. The suitable performance of these regions shall be verified
not only with respect to their structural resistance (at ultimate limit state, ULS), but also
with respect to their cracking response (at serviceability limit state, SLS). The latter is
particularly relevant in bridges to avoid corrosion issues. The Elastic-Plastic Stress Fields
(EPSF) method has been shown to be a general and suitable tool to design or to assess
these regions!®”! 8 providing accurate estimates of the actual stresses and crack widths.

In this section, the EPSF method is used for an existing bridge built in Switzerland
in 1974 (Fig. 6-20a) and presenting dapped-end supports. During inspections carried out
in the structure, cracks were reported at the inner angle of joint with openings ranging
between 0.1 and 0.3 mm Fig. 6-20b and c). Cracks of this size were considered by the
owner to require a detailed assessment of the structural performance, comprising the
response at SLS and ULS.
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Fig. 6-20 Chocolatiere Bridges (Switzerland): (a) plan view and side view of the bridges ; (b) picture of the crack
developing at the inner angle of the dapped-end support; (c) position and opening of the identified crack

Due to the geometry and loading conditions of the region (leading to a non-linear strain
distribution) a detailed analysis was performed by means of the EPSF method (refined analysis
based on compatibility of deformations, lower-level LoAs not relevant for such analysis).
The actual geometry of the structure was considered, as well as the reinforcement layout
and its bond conditions (simplified LoA 1V performed on the basis of a LoA Ill model). With
respect to the latter, the considerations of Fig. 6-21 were taken into account to determine
equivalent areas of reinforcement.
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Fig. 6-21 Examples of stirrup anchorage conditions and corresponding modelled effective areas: (a) perfectly
anchored stirrup ; (b) stirrup closed by a U-shaped bar of insufficient length and ; (c) open stirrup

6.5.1 Verification at ULS

Following these considerations, the stress field of the structure was determined under
design loads (Fig. 6-22a) as well as the maximum failure load (Fig. 6-22b). On that basis,
the compliance factor of the detail was determined, showing sufficient strength. It can
be observed that in this case (Fig. 6-22b) failure is eventually governed by yielding of the
reinforcement at the lap-splicing region.

RS N I

a) b)

Fig. 6-22 Tensile stresses in reinforcement (in red, brown indicating yielding) and principal compressive stresses
in concrete (in grey, black indicating yielding) obtained by the EPSF method for 2 different load levels: (a) design
load £, and ; (b) maximum failure load R, (n =R,/ E,=1.14)
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6.5.2 Verification at SLS

For structures such as bridges subjected to cyclic loads, crack opening depends strongly
on the loading history, because of the nonlinear behaviour of bond and of the tensile
response of concrete. As shown by Muttoni and Fernandez Ruiz!?, after a complete
process of loading and unloading, concrete still presents some residual cracks of non-
negligible width, due to the effect known as negative tension-stiffening and because of
the fact that crack lips are no longer perfectly aligned. This phenomenon requires that,
even under permanent loading conditions, a realistic estimate of crack widths in bridges
shall consider the potential unloading response of concrete ties (see Fig. 6-23a).

For simplification purposes, the analysis of the crack widths was performed in this case
based on the EPSF analysis (level 11I) and by manually accounting for the tension-stiffening
effects, leading to a level IV crack calculation. As the element under investigation presents
a large amount of reinforcement, it was assumed that tension-stiffening had little influence
on the results of level Ill. Following the approach of Mata Falc6n'®¥, the stresses at crack
location can be estimated by calculating the EPSF under service loads. Once this value is
determined, the crack width can be estimated assuming that a perfectly-plastic bond law
applies (see Fig. 6-23b) and that one crack localises the strains (see Fig. 6-20b,c and 6-24).
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Fig. 6-23 (a) Stress-strain and stress-crack width relationship in reinforced concrete tie and ; (b) rigid-plastic bond
law (taken from [Muttoni et al.!])

For the present case, it can be noted that such approach can be extended by considering
the cyclic or long-term response of bond®? (7, and 7, = 7 /4 under short-term conditions
and 7, = 0.707, and 7, = /8 under long-term or repeated actions).
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tension
member

considered
crack

Fig. 6-24 Illustration of the crack localizing the strains in the inner angle and of the tension member considered
in the analysis

On this basis, the crack width can be determined following a simple integration of strains,
refer to Fig. 6-25a. This crack width is however a lower bound of the actual one. As shown
in Fig. 6-23a, if a tie is loaded at levels higher than the service conditions, a residual opening
remains, leading to a larger crack width than under a monotonic loading condition. In this
case, referring to one crack, the different loading stages and associated crack widths can be
formulated as shown in Fig. 6-25b,c.
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k . ax perm b,max ‘
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7 7 5
O' .
Ib = hmax W max
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(c) Unloading from N__to N__ :crack |
H max perm b,max ‘
openingw, > w,
Es Esr,max
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- Tl Esr,perm
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2 Z7 L
(O-sr,max - O-sr,perm) % Wperm > Wi
Ve = o =g (g, 4) s
s i a Qx Nperm
< T —

tension k crack

member

Fig. 6-25 Steel strain profile and calculation of the crack opening of an element with geometrical discontinuity
for different load levels : (a) monotonic loading until Nperm; (b) monotonic loading until N_ > /\/perm; and
(c) unloading from N to N

perm

Following this methodology, the results of Fig. 6-26 are obtained. According to Muttoni
et al.® the figure presents two calculations: one corresponding to the short-term response
and another to the long-term one (including creep and repeated loading effects). As it can
be noted, for a maximum stress o, ranging between quasi-permanent and rare values,
calculated crack widths vary between 0.07 mm and 0.29 mm, in fair agreement to the in-
situ observations on the bridge.
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Fig. 6-26 Comparison between calculated crack opening values (dashed line for short term and continuous line
for long term) and measured values on the structure (blue surface)

6.6 Detailed assessment of an existing element

6.6.1 Context and motivation

In this section, the detailed assessment of a shear-critical member is presented, combining
simple and advanced analysis techniques with on-site testing. This example shows the
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possibilities offered by strut-and-tie and stress field models to refine the level of accuracy
where needed, a feature particularly suitable for existing structures.

6.6.2 Problem description

The assessment presented in this section was conducted on an existing reinforced concrete
building, built in Lisbon in 1961 (see Fig. 6-27a). The building was originally designed to
host manufacturing processes, but a change of use as residences was decided (Fig. 6-27b).
The approach aimed at maintaining most of its structural elements, requiring large structural
inspection to confirm their suitability (according to the “knowledge levels concept” from
EN1998-3:2005"). This inspection revealed that, since the building was built before
the Portuguese code for seismic design, the original design did not include any seismic
consideration and retrofitting was required to ensure its performance.

The structure presented only a few internal columns and the slabs had large spans of
approximately 14mx14m. For one part of the building, the structure consisted of simply
supported beams, spaced at 2.9m, and with a span of 14m (Fig. 6-28). The beams had a
rectangular section of 0.30mx0.65m with a top slab of 0.10m thickness (Fig. 6-29).

Fig. 6-28 Plan view of the structural solution for the 1< and 2™ levels.
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Fig. 6-29 V3 Beam detailing (dimensions for reinforcement in inches).

The original reinforcement drawings are shown in Fig. 6-29 (reinforcement dimensions
in inches, equivalent dimensions in Sl units are: stirrups @ 3/8”"— @ 10 mm; longitudinal
reinforcement @ 1+1/8” — @ 29 mm). During the inspection, 4 steel bars and 12 concrete
samples were tested, yielding a characteristic yield strength of the steel /, = 290MPa
(fyd = 252MPa) and a characteristic concrete strength (measured in cylinder) f, = T9MPa.

According to the initial design and with respect to the minimum shear reinforcement, the
stirrups provided are slightly higher than the minimum threshold prescribed by MC2010:

A f _ A
pw,mm{ SW] :0.08£:0.12% b, 0m [wj =361 mm?’/m

s-b f S

w vk

A 2 2
2x@10//0.35—| == | =449 mm*/m>361mm?/m
S
prov

However, the in-situ inspection revealed that the beams were built with a width b = 0.50m
and that the measured spacing of the stirrups was 0.3m (©10//0.30), leading to a transverse
reinforcement amount lower than the one advised in MC2010:

A f _ A
P min = (—bWJ = 0.08£ = 0.12% —22" ( e ] =601 mm?*/m
' S . .

f s

vk

w

A
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S
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In addition, detailing of the bent-up bars near the supports was shown with the bends
located too far from the support, not allowing to consider them for the shear resistance
when considering conventional angles for the inclination of the compression field, as
shown in Fig. 6-30.

fib Bulletin 100: Design and assessment with strut-and-tie models and stress fields 167



This document is the intellectual property of the fib — International Federation for Structural Concrete. All rights reserved.
This PDF of fib Bulletin 100 is intended for use and/or distribution solely within fib National Member Groups.

Gga = 50 kN/m |

0.58 m

Z=

I >
[T fwg=252MPa

| zcot®=120m | ‘

'

1L Via= 270 kN > Vg = 158 kN

e e B

REd = 34‘5 kN

Fig. 6-30 Simple stress field model for the end region.

This assessment showed insufficient design shear resistance (for an angle of the
compression field 6 = 26°):

V,,=1.2524.252.10% = 158 kN < V. = 345-1.2.50 = 270 kN

According to this approach, the shear resistance is roughly one half of the design
shear action. It cannot, thus, be excluded that the bent-up bars were actually accounted
for in the initial shear design. However, taking such consideration is no longer possible
when considering the minimum angles of the compression field suggested in current
codes of practice (as in MC2010"). It should be noted, yet, that such values for the
angle of the compression field are addressed mostly in design of new structures, but
they can be adjusted to particular design cases (by developing specific strut-and-tie or
stress field models). Such refined investigation was justified in the present case, as there
were approximately 20 identical beams and the decision for a shear retrofitting would
lead to a significant increase of the rehabilitation cost. To that aim, the application of the
Level-of-Approximation concept to the strut-and-tie and stress field models was deemed
particularly important and will be presented in the following sections.

The application of stress fields will be performed on a member with lower amount of
shear reinforcement than that generally advised for such a structure. The relevance of the
approaches will therefore be eventually verified by means of an in-situ test on the structure.

6.6.3 LOA |

The design model in this chapter considers that it is possible to have partial strutting of
the load from the bent-up bar closest to the support (refer to the strut developing at 18° in
Fig. 6-31). Some concerns can however be expressed on the applicability of such model, due
to the rather flat angle resulting between the strut and the bottom tie (potentially reducing
the concrete strength). In addition, the relatively low amount of transverse reinforcement
may increase the possibility of having a brittle failure, thus limiting the applicability of design
methods based on limit analysis.
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Fig. 6-31 Strut-and-tie model for the end support considering the inclined reinforcement.

6.6.4 LoA I

For LoA ll, a detailed stress field model was developed as shown in Fig. 6-32, taking
into consideration the width of the column to accurately evaluate the angle of the critical
strut developing from the bent-up bar. Following this analysis, the angle of 18° of LoA | was
slightly increased to 20°. In any case, the same concerns on the suitability and applicability
of the design model remain.

With such a stress field, it is possible to check the compression softening in the diagonal
strut. At design load, a compression stress o, = 7 MPa results. The reduction in concrete
compression capacity due to transverse strains can be evaluated according to the following
equation (in discussion for pr EN 1992-1-1:2018!¢-1):

1
kc = 2
1.28+o.16(cot9)

=0.36

Thus, the design concrete compression resistance, considering that the inspection
undertaken secured a Knowledge Level 2 (KL2) leading to a partial factor for the concrete
resistance y=1.2, according to NP EN 1998-3 (2017), is determined as:

19
0.4y =036-—=57 MPa<c, , =7 MPa
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Fig. 6-32 Stress field model for the end support considering the inclined reinforcement

This leads to the conclusion that failure is governed by crushing of the concrete in the
web of the beam when all the stirrups are yielding and that resistance is less than the
design value (g, ,=40.7 kN/m? < g, =50 kN/m?).

6.6.5 LoA llI

For this LoA, an elastic-plastic stress field was developed, based on the finite element
method and taking precisely into consideration beam reinforcement as well as its location
and detailing. The design yield strength of the materials was considered in the analysis
(fyd =252 MPa and f_=15.8 MPa).

The failure load calculated on this basis resulted q,, = 49 kN/m? (almost complying
to the design specifications q,, = 50 kN/m?). According to this analysis, stirrups near the
support reached their yield strength (see Fig. 6-33a) and the compression stress field (see
Fig. 6-33b) shows very flat angles which allow transfer of a fraction of the shear force
directly to the support. Failure occurred (as for LoA II) by crushing of the concrete in the web
(whose resistance was limited due to the wide cracks developing as shown in Fig. 6-33c¢).
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Fig. 6-33 Elastic-plastic analysis for the end support: a) Reinforcement forces; b) Concrete compression stress
directions; c) Concrete softening due to transversal strains.

The failure mode of LoA Il complies with the LoA Il model, providing a higher value of
failure load. This aspect is in accordance with the LoA concept: the lowest levels are simpler
but also more conservative.

6.6.6 In-situ beam test

The refined analysis of LoA Il led to the conclusion that the beams could be considered
to be able to resist the design load. However, the fact that the shear reinforcement is less
than the minimum advised by codes raises concerns on the applicability of equilibrium-
based models, as localised cracking may govern the response of the member.

For that reason, it was decided to perform an in-situ test®'?!, to analyse the response of
the elements. The main aim was to check if the beam had sufficient deformation capacity so
that methods based on limit analysis (as in the stress field method) could be applied. A test
was thus conducted according to Fig. 6-34a and b, where an actuator was placed near the
inclined reinforcement. The loading frame was fixed to the existing column (left side in Fig.
6-34b) and to the beam (right side in Fig. 6-34b). A couple of external prestressing bars were
also arranged vertically to preclude shear failure outside the region investigated Fig. 6-34c).
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Fig. 6-34 In situ test structure and system: a) general view; b) detailed view with dimensions; c) Photo of the
experimental system before the test.

Fig. 6-35 presents a photo of the crack pattern for the failure load of the beam. Smeared
cracking developed, with failure eventually governed by a shear crack extending up to the
support. Interestingly, after this crack appeared (at yielding of the stirrups), smaller cracks
near the bottom face of the slab also started to open and the load introduced by the actuator
could increase further. This response suggests that the beam experienced internal stress
redistributions in a controlled manner, allowing for alternate load paths. By considering
the failure load of the test F, = 330 kN and taking into consideration the beam self-weight
(leading to a shear at the support G =177 kN), the reaction in the support results:

R,=330-3/4.9+177 =379 kN

The beam behaviour at ultimate load was in close agreement to the one predicted by
means of the detailed stress field analysis presented before. In addition, the most important
aspect of the test was the high deformation capacity observed, as presented in the load-
displacement curve shown in Fig. 6-36. In fact, after development of the shear crack in the
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web, the load was roughly maintained and even increased during a long plateau. Such
response is in agreement to limit analysis assumptions, validating the applicability of plastic
design models for this case despite the low amounts of transverse reinforcement (note that,
the presence of flanges may however be considered as a favourable circumstance avoiding
crack localization).
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Fig. 6-36 Load in the actuator - displacement under the point load graphic.

6.6.7 Conclusion

This example shows that it is possible to use stress field modelling for elements with less
than the minimum amount of reinforcement suggested by codes if sufficient deformation
capacity is expected and redistributions of stresses can occur in a controlled manner. For
this purpose, in-situ testing is a suitable tool validating the applicability of limit analysis. In
the present case, such an approach allowed avoiding retrofitting and reduction of the costs
of the intervention.
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7. Special topics

7.1 Effect of load reversals

7.1.1 Load reversals

The strut-and-tie and stress-field methods for the design of disturbed concrete regions
and members (D-regions, D-members) have been developed primarily for monotonic
loading conditions, even though they are widely used in seismic design and other cases
of cyclic loading. This has raised questions on whether the methods require modifications
and special considerations when applied to cyclic load conditions, in particular when
load reversals are expected. More specifically, the question is whether and to what extent
load reversals modify the response of the compression fields in the concrete and reduce
their load-bearing capacity: are the compression fields weakened, if compressive stresses
need to be transferred across cracks caused by previous loading in the opposite direction?
Are there other effects such as concrete spalling, bar buckling and bond degradation that
require modifications of the strut-and-tie and stress-field design methods?

The goal of this section is to provide certain insight into these questions by focusing
on two types of D-members, namely deep beams and short coupling beams. Due to their
particular vulnerability to reversed cyclic loading, the discussion will further focus on short
coupling beams with conventional shear reinforcement (stirrups) without diagonal bars.

Deep beams are commonly used as transfer girders in high-rise buildings and cap beams
in bridge pier bents. As transfer girders carry predominantly vertical loads, they are typically
not expected to undergo load reversals even in zones of high seismicity. This assumption
however was proven wrong by the February 22, 2011 earthquake in Christchurch which
devastated the third largest city of New Zealand. This earthquake produced extreme vertical
peak ground accelerations of up to 2.0g and corresponding load reversals that damaged a
number of heavily-loaded transfer structures.

While deep transfer girders are less likely to be subjected to load reversals, coupling
beams in seismic zones are designed to sustain large inelastic load cycles, and in this way
to provide ductility and energy dissipation capacity to the structure. As the longitudinal
reinforcement of the coupling beams is expected to yield in the end sections, this results in
the opening of wide cracks and weakening of the compression field that carries the shear
forces in the web of the beam. Even though this problem is typically solved by providing
heavy diagonal reinforcement”" 72! there exist a large number of pre-1970s coupled-
wall structures with conventional reinforcement which require proper strength/deformation
capacity assessment.

To examine these issues, this subsection summarises experimental evidence for the
effect of load reversals on the behaviour of deep beams and short coupling beams. The
test results are compared to the predictions of strut-and-tie models (STM) based on the
fib Model Code 20107 provisions to evaluate the adequacy of the models. The strut-
and-tie approach is considered at level of approximation | (LoA 1), while a kinematics-
based approach (2PKT) will be used for LoA Il. This latter approach predicts not only

https://doi.org/10.35789/fib.BULL.0100.Ch07
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the load bearing capacity of the member, but also the deformations at failure which are
important for the performance-based seismic evaluation of existing structures”-47-51 1761,
Comparisons to the predictions of a LoA IV approach, namely the Compatible Stress Field
Method”7" -8 “are also provided for the particular case of coupling beams with shear
failures at high ductility ratios.

7.1.2 Models for deep girders and short coupling beams

Strut-and-tie models for deep beams and short coupling beams are presented in Fig. 7-1.
It will be assumed that the member is deep (or short) when the shear-span-to-effective-depth
ratio a/d is smaller than about 2.5. In such cases, a portion of the shear can be carried by
a direct diagonal strut, while the rest is resisted by a truss mechanism involving the stirrups
(two inclined struts and a vertical tie). As evident from Fig. 7-1a, the geometry of the model
for deep beams is determined by the lever arm of the internal longitudinal forces z which
is estimated at 0.9d. The size of the critical nodal zone at the support is defined by the
width of the support /, and by the distance c between the bottom edge of the beam and the
bottom tie. In contrast, in the model for short coupling beams, the lever arm z is determined
by the distance between the top and bottom longitudinal reinforcement, and the width
of the critical nodal zones /, is an open parameter (to be discussed later). As the nodal
zones are inside the adjacent shear walls, their width is not limited by a clearly-defined
loading element as in deep beams. In both models the vertical tie representing the stirrups
is located in the middle of the clear span. Because stirrup deformations in the ends of the
clear span are restrained, the area of the tie is assumed to be equal to one-half of the area
of the stirrups in the clear span. The restraint comes from the clamping action of the load
and support reaction in deep beams, and by the adjacent shear walls in coupling beams. As
compared to test observations, the estimated area of the vertical tie is typically conservative,
and therefore the tie is assumed to yield prior to the failure of the member. According to the
models in Fig. 7-1, the failure of the member can occur with either crushing of the inclined
struts (shear failure) or by yielding of the longitudinal ties (flexure).
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Fig. 7-1 Strut-and-tie models for: (a) deep beams; (b) short coupling beams with conventional shear
reinforcement (stirrups)

To evaluate the shear force V corresponding to strut crushing, an iterative solution
procedure needs to be employed. The solution can start by assuming a trial value of V.
Next, the shear force carried by the stirrups V/_ is calculated as the minimum of V and the
yield resistance of the vertical tie. Knowing the values of V and V,, the strut and tie model
is statically determinate and the forces in the rest of the elements of the model can be
calculated from equilibrium. More specifically, it is of interest to determine the resultant
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compression force D of the two inclined struts in the vicinity of the critical nodal zone
as it is this force that causes strut crushing. Force D and its angle of inclination f are
calculated from:

D= V4T 7-1

tanf = V/T1 7-2
where
Va
T = —- V. cot 3, for deep beams /-3
V(a + /b) . 7-4
T = — V. cot B3, for short coupling beams )

In order to reach strut crushing, D must be equal to the strut capacity D__ evaluated on the
basis of concrete strength equal to 0.55min [(30/f)"?,11f_(fib 2013"72). If D is notequal to D__,
the value of V is adjusted and the calculations are repeated until convergence is achieved.

For coupling beams, this solution procedure is performed for a fixed value of the width
of the nodal zone /,. However, to determine the final strength prediction, /, is optimised
as illustrated in Fig. 7-2a. For each value of /,, the model is used to calculate the shear
corresponding to strut crushing (green line) and horizontal tie yielding (red line). The strength
of the member for each Ib is thus the minimum of the two shear forces. The final shear strength
prediction corresponds to the /, value that maximises the strength (lower bound approach).
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Fig. 7-2 Solution procedures for short coupling beams: (a) strut-and-tie model; (b) kinematics-based
approach for diagonal tension failures

The kinematics-based approach used here for LoA Il is illustrated in Fig. 7-3. It accounts
for two failure modes: diagonal tension failures along a diagonal crack and sliding shear (or
diagonal compression) failures in the end sections. The sliding shear failures occur when the
member has a sufficient number of stirrups to supress the opening of the diagonal cracks,
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and may develop prior to or after yielding of the longitudinal reinforcement. Therefore, the
predicted strength of the member is obtained as the minimum of the shear forces obtained
for each failure mode. Similarly to the strut-and-tie model, the kinematics-based approach
does not account explicitly for the effects of load reversals. As this approach has been
discussed in detail elsewherel”# 7511761 “the following paragraphs present only a brief
summary of its fundamentals.
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Fig. 7-3 Kinematics-based approach for coupling beams!”-4 175 7¢I (a) diagonal tension failure (/, is the
cracked length along the longitudinal reinforcement); (b) sliding shear failure

The modelling of diagonal tension failures in coupling beams is based on a simple
two-degrees-of-freedom (2DOFs) description of the deformation patterns of the member
(Fig. 7-3a). These DOFs are the average strain in the longitudinal reinforcement ¢, and
the transverse displacement A_in the critical loading zone (CLZ) where the concrete
crushes at failure. These two DOFs are also used to express the displacements in the
critical diagonal crack, and therefore to express the mechanisms of shear resistance across
the crack via appropriate constitutive relationships. The mechanisms accounted for in
the kinematic approach include the shear carried in the CLZ, V_ ,, aggregate interlock
shear, V , tension in the stirrups, V,, and dowel action of the longitudinal reinforcement,
V. DOF A_is determined by assuming that the crushing of the CLZ triggers the failure of
the beam, while €, 1S calculated from equilibrium as illustrated in Fig. 7-2b. As evident
from the plot, the solution is obtained as the intersection of two curves: a shear capacity
curve LV =V + V_+ V_+ V, and the shear derived from the tension force in the
longitudinal reinforcement T(g, ). The equations of the kinematics-based approach for
diagonal tension failures are summarised in Fig. 7-4. This approach has been developed
to apply to members with short shear spans where the shear strength predicted by this
method will exceed the shear strength predicted by sectional design procedures intended
for longer spans. Therefore, in general, the final shear strength prediction is obtained as
the maximum of the kinematics-based and sectional predictions.
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Notations: a = beam length; h = beam depth; d = effective depth; b = beam width; E_ = modulus of elasticity
of steel; A_ = area of top/bottom longitudinal reinforcement; p, = A /bd = ratio of top/bottom reinforcement;
p,=stirrup ratio; d, = diameter of top/bottom reinforcement; f = yield strength of top/bottom reinforcement;
f, = yield strength of stirrups; f” = compressive strength of concrete; a, = maximum size of course aggregate.

Fig. 7-4 Equations of the kinematics-based approach for diagonal tension strength of coupling beams 74 7-¢!

The sliding shear resistance in the kinematics-based approach is calculated based on the
strain compatibility condition depicted in Fig. 7-3b. This condition resembles the classical
plane-sections-remain-plane condition, except that the strains in the compression zone ¢,
are not horizontal but inclined at angle 6. The principal compressive stresses f, associated
with g, are also inclined at the same angle, where 6_is determined in advance based on
the equilibrium of the shear span (cotf_= 0.5a/0.9d). These assumptions result in a simple
calculation procedure: the end sections are calculated as for pure bending, except that
the width of the compression zone is reduced by a factor cos’6_to account for the high
shear transferred across the compression zone”®'. As the compression zone is narrower, the
flexural strength is reduced, and so is the corresponding shear force representing the sliding
shear resistance.

Finally, it should be noted that the kinematics-based approach can be viewed as a more
detailed way of calculating the strength of the struts of the strut-and-tie model. When diagonal
tension failure is predicted, the shear contribution of the direct diagonal strut corresponds to
the sum of shear components V,_ , V_and V,, while the resistance of the truss mechanism
involving the stirrups corresponds to V.. Therefore, the kinematic approach accounts for the
fact that the strut carries shear partly through uncracked concrete (V, ), and partly through the
rough cracks (V) and bar-dowels (V) (Fig. 7-3a). In members with large amounts of transverse
reinforcement, the strut-and-tie model will predict that the shear is carried entirely by the truss
mechanism involving the stirrups, and sliding shear failure will occur with crushing of the
struts in the end sections. In this failure mode, the strain compatibility condition used by the
kinematic approach in the end sections provides means to evaluate the size and capacity of

the struts (Fig. 7-3b).
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In addition to the strut-and-tie and the kinematics-based approaches already introduced,
the behaviour of coupling beams with shear failures at high ductility ratios will also be
predicted by means of the Compatible Stress Field Method (CSFM)7-7" 78 The basic concepts
of the CSFM are shown in Fig. 7-5 and were already introduced in Section 5.1. The CSFM
consists of a simplified non-linear finite element-based continuous stress field analysis
procedure that automatically computes the effective compressive strength of concrete. By
considering equilibrium at stress-free cracks, simple uniaxial constitutive laws provided
in standards for concrete and reinforcement are implemented without the need for the
additional material properties required to perform nonlinear FE analyses. While concrete
tensile strength is not considered in terms of strength (just as in standard structural concrete
design), the CSFM accounts for its influence on members’ stiffness (i.e., tension stiffening),
and is therefore considered a LoA IV approach (refer to Section 3 and 5.2). By providing
realistic stiffness to the elements, serviceability verifications and deformation capacity
aspects (e.g., stirrup failures caused by insufficient ductility) are covered consistently.
Tension stiffening is accounted for by modifying the input bilinear stress-strain relationship
of the reinforcing bare bar in order to capture the average stiffness of the bars embedded in
concrete € (Fig. 7-5d). In the analysed coupling beams, the anchor blocks are modelled
as linear elastic and the effect of reinforcement strain penetration into them (which has a
large impact into the measured deformations) is not taken into account. Therefore, only the
strength predictions provided by the CSFM are analysed in the following.
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Fig. 7-5 Basic assumptions of the CSFM: (a) principal stresses in concrete; (b) stresses in the reinforcement
direction; (c) stress-strain diagram of concrete in terms of maximum stresses and considering compression
softening; (d) stress-strain diagram of reinforcement in terms of stresses at the cracks and average strains;
(e) compression softening law; (f) bond shear stress-slip relationship for anchorage length verifications.
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7.1.3 Shear failures at low ductility levels

The models discussed above will be employed to model tests of deep beams and short
coupling beams subjected to monotonic and reversed cyclic loading. The discussion
will focus first on specimens that failed without significant yielding of the longitudinal
reinforcement and exhibited limited ductility. Such a test series consisting of eight deep
beams was performed by Mihaylov et al.”“' to (in part) study the efficiency of strut action
under seismic action. Even though the beams were tested before the 2011 Christchurch
earthquake, half of them featured fully-reversed, large amplitude cyclic loading.

Fig. 7-6 depicts the crack patterns of the cyclically-loaded members at failure. All
beams had a 1200 mm by 400 mm rectangular section with a symmetric top and bottom
longitudinal reinforcement with ratio p,, , = Prop = 0.70%. The concrete strength was
approximately 35 MPa, the a/d ratio was either 1.55 or 2.28, and the stirrup ratio was
either 0 or 0.10%. Pairs of nominally identical specimens were tested under monotonic
and fully-reversed cyclic loading. As evident from the crack diagrams in Fig. 7-6, the
cyclically-loaded beams developed nearly symmetrical cracks under downwards and
upwards loading resembling two fans centred at the loading points. The largest crack
widths were measured along the diagonal cracks (up to 4.2 mm) together with significant
slip displacements. This observation is explained by the second deformation pattern in
Fig. 7-3a which shows that DOF A_ of the kinematic model is associated with additional
opening as well as crack slip due to the deformations in the critical loading zone. It was the
crushing of this zone that was observed to cause the shear failure of all eight test specimens.
When the failure developed along the diagonal cracks, the flexural reinforcement was still
in the elastic range.

1800kNi cLZ
¥

Fig. 7-6 Cyclic tests of deep beams — crack diagrams at failure (specimens SOC, S1C, LOC and L1C by Mihaylov
etal.”, where S corresponds to a/d = 1.55, L to a/d = 2.28, 0 to no stirrups, and 1 to a stirrup ratio of 0.1%)

The complete shear force vs. midspan deflection response of the specimens with stirrups
is shown in Fig. 7-7. It can be immediately seen that, even though the cyclic tests were
performed under full load reversals, this had nearly no effect on the shear strength as compared
to the companion monotonic tests. For the specimens without stirrups, the cyclically-loaded
beams were even stronger than the monotonically-loaded ones. In these cases, it was found
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that, because the diagonal cracks were not controlled by web reinforcement, they exhibited
significant variations in the vicinity of the applied load. As a result, the critical loading zones
had variable dimensions, and therefore caused variations in the shear strength unrelated to
the type of loading”" 1% Therefore, the eight deep beam tests showed that the direct struts
that formed under downwards load were able to cross the cracks caused by upwards loading
without loss of compression capacity. Similar results have also been reported by Alcocer and
Uribe”"" who tested deep beams with larger stirrup ratios (p, = 0.53%). In terms of strength
predictions, the horizontal green lines in Fig. 7-7 show that both the strut-and-tie model
(STM) and the kinematics-based approach (2PKT) provide excellent accuracy for the shorter
beams, while the STM overestimates the shear strength of the longer specimens by about
20%. However, as in the latter case the angle of the critical strut 3 is only 24.6°, specimens
LTM/C can be considered outside the range of applicability of the strut-and-tie model.
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Fig. 7-7 Measured and predicted responses of deep beams with stirrups that exhibited diagonal tension failures
(tests by Mihaylov et al.”)): (a) tests SIM/C; (b) tests L1M/C

As the deep beam tests included a variety of measurements, it is also of interest to look
at the effect of load reversals on important local deformations. Fig. 7-8a shows the vertical
web strains measured in the shorter beams with transverse reinforcement. It can be seen
that, while the load reversals resulted in residual deformations associated with DOF A_of
the kinematic model, they did not cause a significant increase of the peak deformations
from one cycle to the next. This is likely because the other DOF of the kinematic model,
€,.,» returned to nearly zero upon unloading due to the elasticity of the longitudinal
reinforcement (Fig. 7-8b). Under upwards load, DOF ¢, is associated with the opening
of flexural cracks in the top critical loading zone. When the load is reversed however,
these cracks close completely and the shear resistance of the CLZ appears unaffected. As
shown in Fig. 7-8, the kinematics-based approach provides adequate estimates of both
the vertical web strains and the strains in the longitudinal reinforcement at failure.
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Fig. 7-8 Local cyclic deformations in deep beam specimens STM/C (tests by Mihaylov et al.”)): (a) Vertical web
strains; (b) Longitudinal chord strains

In addition to deep beams, it is also of interest to verify whether similar conclusions
can be reached from tests of short coupling beams with low ductility capacity. Fig. 7-9
shows the shear force vs. drift response of two pairs of nominally identical coupling beams
subjected to monotonic and reversed cyclic loading”'?. The clear span of the beams
was approximately 1'100 mm and the stirrup ratio was p, = 0.88%. The main difference
between the pairs of specimens was the aspect ratio: a/d of 1.11 vs. 2.27. As evident from
the crack diagrams in Fig. 7-9, the shorter beams exhibited diagonal tension failures while
the longer specimens failed due to sliding shear in the end sections. Only minor yielding
of the longitudinal reinforcement was observed in the tests prior to failure. In the case of
diagonal tension failures, the load reversals did not cause apparent strength degradation,
even though it should be noted that the cyclically-tested beam had a stronger concrete
(f. =38 MPa vs. 32 MPa). Inversely, in the case of sliding shear failure, the cyclically-
loaded beam had 17% weaker concrete and was 6% weaker than its companion specimen
subjected to monotonic loading. In terms of strength predictions, the strut-and-tie model
is conservative and the kinematics-based approach improves the strength predictions as
expected from a LoA Il approach.
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Fig. 7-9 Measured and predicted responses of coupling beams (tests by Paulay”'?)): (a) Diagonal tension failure
(specimens 391/392); (b) Sliding shear failure (specimens 242/243)

Fig. 7-10a shows the contribution of the stirrups to the shear resistance of the shorter
coupling beams (a/d = 1.11) and how this contribution varied up to failure. The tension
in the stirrups was evaluated from detailed strain measurements used together with the
stress-strain curves of the reinforcement. Somewhat counterintuitively, the stirrups in the
monotonic test carried more shear than those in the cyclic test prior to failure, even though
load reversals are expected to weaken the concrete shear mechanisms. At failure, most of
the stirrups yielded and provided about 63% of the shear strength in both tests, with the
remaining 37% attributed to the concrete. The yielding of the stirrups is also evident from
Fig. 7-10b where the vertical web strains exceed the yield strain of the steel. In the strut-
and-tie model the concrete contribution is represented by the direct diagonal strut which
carries 52% of the predicted failure load. In the kinematic-based approach the predicted
concrete contribution of 44% is further subdivided into shear carried in the CLZ (25%) and
by aggregate interlock (19%).
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Fig. 7-10 Effect of cyclic loading by comparing coupling beam 391 (cyclic) to beam 392 (monotonic) (tests by
Paulay 1969): (a) Mechanisms of shear resistance; (b) Vertical web strains

7.1.4 Shear failures at high ductility levels

A more severe cyclic degradation is expected when short coupling beams exhibit
significant flexural yielding and ductility under monotonic loading. This is illustrated by
the response of two pairs of specimens shown in Fig. 7-117-131 714" As in Fig. 7-9, the
shorter beams with a/d = 1.25 failed in diagonal tension, while the longer specimens
with a/d = 2.25 exhibited failures with crushing of the concrete in the end sections. In the
former case the strength reduction due to load reversals was about 5%, while in the latter
case it was 14%. Other two pairs of tests from the same series with a/d ratios of 1.52 and
1.94 showed no reduction and 14% reduction, respectively. While these values appear
non-negligible, it is evident from Fig. 7-11 that both the strut-and-tie model and the
kinematics-based approach provide conservative strength predictions of the cyclic shear
strength. It should be noted however that these models do not predict the ductility of the
members, while it is the ductility that is severely reduced by the load reversals. When
using the Compatible Stress Field Model, which has a higher level of approximation, it
can be seen that the predictions for monotonic tests are very accurate, but slightly unsafe
for cyclic loads. This might indicate the necessity of accounting for the negative effect of
cyclic loads when using models with the highest level of approximation. A first attempt
in this direction was proposed by Kostic”"*!, who proposed reducing the compressive
strength by a factor n, . The suitability for coupling beams of the factor derived by Kostic
for panel tests (1, ., = 0.9), will be discussed in the following section.

To further understand the effect of cyclic loading on the strength and ductility of short
coupling beams, Galano and Vignoli”'® performed tests under different loading protocols,
see Fig. 7-12. From top to bottom the protocols are characterised by an increasing number
of displacement levels and increasing number of cycles within each level. The beams had
an a/dratio of 1.61, d =372 mm, p = 0.84%, and f_~ 47 MPa. A benchmark monotonic
test was also performed in the study. In this test the specimen failed in diagonal tension
after flexural yielding, while failure due to yielding of the reinforcement and crushing of
the concrete in the end sections was observed in the cyclically-tested beams. To compare
the results, the shear resistance is normalised with respect to the monotonic strength and
is plotted as a function of the cumulative ductility. It can be seen from the three curves that
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all loading protocols resulted in negligible strength reduction (shear resistance at cumulative
ductility of 1) and caused similar resistance degradation in the post-peak regime. As before,
both the strut-and-tie model and the kinematics-based approach produced conservative

strength predictions.
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Fig. 7-11 Effect of cyclic loading on the response of coupling beams under large ductility demands (tests by
Kwan and Zhao3"714: (a) Diagonal tension failure (specimens MCB1 and CCB1); (b) Diagonal compression

failure (specimens MCB4 and CCB4)
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To understand whether these observations can be generalised, it is necessary to analyse
the effect of flexural yielding with the help of the models considered in this study. According
to the strut-and-tie model in Fig. 7-1b, the shear in the vicinity of the walls is carried by
diagonal compressive stresses in the concrete. If yielding of the longitudinal reinforcement
occurs in this zone due to earlier loading in the opposite direction, the stresses need to
be transferred across open cracks via aggregate interlock. It follows that a substantial
shear strength reduction can be expected if the plastic deformations in the reinforcement
are large. A similar conclusion can be reached by considering the critical loading zone
in Fig. 7-3a and the compression zone in Fig. 7-3b. However, the loading protocols in
Fig. 7-12 as well as those typically used in tests consist of cycles with gradually increasing
displacement magnitude. As a result, the peak load is reached at low ductility levels and
is very close to the load associated with flexural yielding under monotonic loading. This
explains the relatively small strength reduction in existing tests. It is expected that a more
severe scenario can occur if the coupling beam is subjected to a large displacement pulse
in one direction causing large plastic deformations, and consequently loaded to failure in
the opposite direction. This scenario corresponds to near-fault ground motions and can
cause very substantial strength reduction in the second loading direction. An indication
for this effect has been provided by a test conducted by Paulay (specimen 393, Paulay”-').
Further research is therefore needed to investigate this issue and to evaluate the effect of
such strength reduction on the global behaviour of coupled-wall structures. Additionally,
it should be considered that the free elongation of the coupling beams is restrained by the
stiff walls, and this can also affect the strength and ductility of the beams by introducing
axial compressive forces.

7.1.5 Comparisons with test database

Comparisons similar to those shown above were performed with a database of 32 tests
of short coupling beams collected from the literature”-'2!: 7-131, 7-141, [7-161 7171, [7-18], [7-19] |t
should be noted that the comparisons for the Compatible Stress Field Model were limited
to the 10 tests of Kwan and Zhao'3I" 7141, Fig. 7-13 summarises the results in terms of shear
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strength experimental-to-predicted ratios obtained with the strut-and-tie model (LoA 1),
the kinematics-based approach (LoA Il) and the Compatible Stress Field Model (LoA V)
without considering any reduction of the compressive strength due to cyclic loads. The
two models with the lowest level of approximation provide consistently conservative
predictions across the entire range of a/d ratios. By increasing the level of approximation
from I'to II, the average V, /V _ ratio decreases from 1.37 to 1.10 and the coefficient of
variation (CoV) from 8.9% to 7.1%. When the highest level of approximation is used, the
average of V, /V_, ratio is further decreased to 1.00 and the coefficient of variation to
5.7%. By comparing the blue and red data points in each plot, it can be seen that there is
no substantial difference in the accuracy of the strength predictions for beams subjected

to monotonic and reversed cyclic loading.
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Fig. 7-13 Strength experimental-to-predicted ratios for coupling beams: (a) strut-and-tie model (LoA 1);
(b) kinematics-based approach (LoA II); (c) Compatible Stress Field Method (LoA 1V) for specimens from
Kwan and Zhao""?I714 (= 1.00).

When analysing in more detail the results obtained with the LoA IV, it can be seen that
the predictions for the cyclic tests (Avg=0.98 and CoV=6.1%) are slightly unconservative,
while for the monotonic tests are slightly conservative (Avg=1.04 and CoV=6.1%). To
counteract this difference, the analysis for the cyclic test was repeated considering a
reduced compressive strength, as proposed by Kostic”-"*l. A summary of the predictions
of series CCB by Kwan and Zhao-"*" 7" js provided in Table 7-1 for different values
of the reduction factor of the compressive strength 1, . It can be seen that the strength
predictions are not very sensitive to small changes in the compressive strength. Based
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on the analysed data, a reduction of approximately 20% would be required in order to
achieve the same level of conservatism as in the analogous monotonic tests, i.e., double
than the value proposed by Kostic”-"!. It should be noted however that this observation is
based on a very limited amount of experimental data and failure modes. Therefore, further
validation would be required to conclude about the general validity of this approach.

Table 7-1: Strength experimental-to-predicted ratios of compatible stress field model
(LoA V) for cyclic test of coupling beams of Kwan and Zhao-'*! 7' for different values
of the reduction factor of the compressive strength 1, , accounting for the degradation
due to cyclic loading.

Nicr
1.00 | 0.95 0.90 | 0.85 0.80
AVG 0.98 | 0.99 1.00 1.01 1.03
CoV 6.1% | 6.0% | 5.8% | 5.7% | 5.5%

7.1.6 Summary

The main results from the analysis of the test data from deep beams and short coupling
beams with conventional reinforcement can be summarised as follows:

- Load reversals have negligible effect on the ultimate behaviour if the flexural
reinforcement remains elastic up to failure.

- Flexural yielding results in a relatively modest reduction of peak resistance (0-14%)
and a substantial reduction of ductility and displacement capacity.

- Single large inelastic cycles could cause significant shear strength reduction, even
though further studies are necessary to confirm the extent of this effect.

When the test data is compared to the strength predictions of the strut-and-tie model
(LoA 1), the kinematics-based approach (LoA 1) and the Compatible Stress Field Model
(LoA 1V), it is observed that:

- The strut-and-tie model is conservative even considering the cases of strength
reduction of 14% due to load reversals.

- The kinematics-based approach reduces the conservatism and scatter of the strength
predictions, while still providing conservative predictions for all 32 short coupling
beams in the test database.

- The Compatible Stress Field Model provides predictions with very small conservatism
and scatter for the 4 analysed monotonic tests of coupling beams, but slightly
unconservative for the 6 cyclic tests. A 20% reduction of the compressive strength
when modelling the cyclic tests leads to the same conservatism as in the analogous
monotonic tests.

- As the kinematics-based approach and the Compatible Stress Field Model are
built on deformations patterns and also includes constitutive relationships, they
are suitable for predicting the strength as well as the displacement capacity of
deep beams, short coupling beams, short walls, compact footings, and other shear-
critical members.
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7.2 3D models: general examples

7.2.1 Introduction

For simplicity and for practical reasons most concrete structures are treated as two-
dimensional entities. This assumption is appropriate when forces and stresses in one of
the spatial directions are negligible and is frequently applied in the analysis and design of
discontinuity regions (D-regions). These are concrete elements (or parts of) characterised
by complex stress fields and where the Bernoulli hypothesis is not valid. The strut-and-tie
method”2" and the stress field method”-?" are particularly suitable for the analysis and
design of these critical elements and their application to elements with a predominantly
planar behaviour is well covered in the literature and design codes, as previously shown
in this Bulletin.

The response of some concrete structures and D-regions is three-dimensional. Examples
of the latter are pile cap foundations, foundations of wind turbine towers, anchorage
blocks and bridge diaphragms. A consistent and safe design of 3D D-regions is critical,
especially considering that many of these elements cannot be inspected and/or repaired
during their service life. 3D strut-and-tie models can be of great value for the design of
such elements, but the reality is that they are hardly ever used by designers. The extension
of the strut-and-tie and the stress field methods to 3D for the dimensioning and detailing
of concrete structures has not seen significant progress since these methods were first
proposed and little guidance can be found in the literature”-2" 7231 This lack of guidance
generally leads to excessively conservative solutions, which not only increase material
requirements, construction time and costs, but may lead to construction problems, as it
can be the case of excessively over-reinforced elements.

This section discusses the current state-of-the-art on the application of strut-and-tie
and stress field models to the dimensioning of concrete members with three-dimensional
behaviour. Since this is still an open topic, strong focus is placed on the difficulties in
applying these models in 3D, as well as on those topics requiring additional research.
The generalisation to 3D of compatibility-based stress fields generated by finite element
analysis (discussed in Section 5.2 for the plane case) is presented as well. Two examples
of application are provided: the first one, through which advantages and difficulties of 3D
vs. 2D modelling are addressed, concerns the foundation of a wind tower turbine. The
second example shows the application of the method to pile cap foundations considering
different levels of approach (LoA).

General considerations on stress fields and strut-and-tie models were described in
Chapter 2. Most provisions given there focus on 2D applications. While the same general
principles apply for both 2D and 3D models, there are some differences observed in the
3D case. This section discusses the current state-of-the-art on the application of strut-
and-tie and stress field models to the dimensioning of concrete members with three-
dimensional behaviour and the differences with the 2D case. Since this is still an open
topic, strong focus is placed on the difficulties in applying these models in 3D, as well as
on those topics requiring additional research. The generalisation to 3D of compatibility-
based stress fields generated by finite element analysis (discussed in Section 5.2 for the
plane case) is presented as well. Two examples of application are provided: the first one,
through which advantages and difficulties of 3D vs. 2D modelling are addressed, concerns
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the foundation of a wind tower turbine. The second example shows the application of the
method to pile cap foundations considering different levels of approach (LoA).

7.2.2 3D strut-and-tie models

7.2.2.1 Definition of the truss geometry and boundary conditions in 3D STM

The first step of strut-and-tie modelling is the development of a truss geometry consistent
with the flow of forces inside the element. The visualisation of the flow of forces in 3D is
more complex than in 2D and the use of linear-elastic stress fields does not always help in
clarifying the flow of forces, as the stress fields become dispersed in large concrete volumes.
Starting from simple 2D truss models for one of the principal planes of the element may
be useful as shown in the example in section 7.2.3. It must be acknowledged though
that additional resisting mechanisms that may appear in 3D are in some cases difficult to
identify in simplified 2D models, which may limit the advantages of using spatial models.

Similarly to cases in 2D, the development of truss models is correlated with the definition
of the boundary conditions because forces and support restraints are to be defined at the truss
nodes. Loads need to be transformed into equivalent concentrated forces aiming for a balance
between accuracy and simplicity of the resulting model. On the other hand, definition of
support conditions may be an iterative process considering the obtained reaction forces (e.g.
for the wind tower foundation shown in section 7.2.3, the ground reaction cannot be negative).

Once the truss geometry and boundary conditions are defined, the structural system can
be solved. Resolution by hand calculations can be cumbersome depending on the number
of elements, but almost any tool for analysis of 3D bar structures may be used. Many 3D
models result in hyperstatic systems, which means that truss forces depend on the stiffness
distribution; the practitioner needs to acknowledge the uncertainties in the obtained results
and assess the influence of the element stiffnesses on the resulting truss forces.

7.2.2.2 Evaluation of the resistance of struts and ties

The strength of ties can be determined as for 2D models simply by multiplying the
reinforcement cross sectional area times the design yielding stress of steel. Problems
to determine the equivalent tie area from a given reinforcing bar distribution must be
acknowledged for assessment. Moreover, there is not knowledge regarding the minimum
amount of transverse reinforcement that provides sufficient deformation capacity to
ensure a safe application of stress fields and strut-and-tie models in a 3D structure. Hence,
experimental validation of 3D stress fields and strut-and-tie models is recommended
particularly for members with an amount of transverse reinforcement below the provisions
for shear reinforcement in beams (see Section 2.5.2).

Regarding the evaluation of the strength of struts and nodal zones, differences between
2D and 3D models must be accounted for. The resistance of these elements depends on
the effective strength of concrete and the strut and node dimensions as commented next.

7.2.2.2.1 Evaluation of the effective strength of concrete

Two factors need to be considered for the evaluation of the effective strength of concrete
(see section 2.3.1): (i) n-f, which derives from material effects and, (ii) n,_ to consider
structural effects. Material effects account for strength reduction to allow for plastic
redistribution and no difference between 2D and 3D applications needs to be considered.
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Structural effects account for the transverse strain state (cracking and confinement) and,
therefore, the dimensionality of the model (2D or 3D) does have an effect on its evaluation.
Factor n_ is usually expressed as a function of the principal strain(s)/stress(es) transverse
to the principal direction of compression, or simply based on the expected potential
cracking state (see section 2.3.1). The evaluation of this factor in 3D becomes more
complex than in 2D, because an additional strain component needs to be accounted for.
Three strain states are of interest for the development of 3D strut-and-tie models:

(i) g <0,g <0,¢, <0 (fully-confined state, C-C-C). 7-5
(ii) g, >0,¢,<0,¢g, <0 (confined-cracked state, T-C-C). 7-6
(iii) & >0,e,>0,& <0 (cracked state, T-T-C). 7-7

Neglecting the concrete strength increment under confined states is a conservative,
common practice in 2D. However, the extension of this principle to three-dimensionally
confined states (C-C-C) can lead to excessively conservative results, as the presence of
lateral stresses significantly increases the concrete strength (up to 4.1 times the magnitude
of the lateral stresses according to some models). Different 3D concrete failure surfaces
have been proposed in the literature which could be potentially considered?-24 17-231. 17-26],
but the application of these formulae to strut-and-tie models needs to be explored further.
In the absence of more precise data, MC2010 proposes the following strength increment
for tri-axially compressed nodes with ¢, = o:

3/4
e _1,3.5 % 7.8
Fo T

ck ck

Some compression softening models for cases in which the compression field is subjected
to transverse tension are presented in section 2.3.1 for 2D applications (T-C). A compressive
or tensile intermediate principal strain (¢,) will increase or reduce, respectively, the strength
determined for a biaxial tension-compression, but quantification of this effect is difficult.
Testing concrete specimens under tri-axial compression-tension states (T-C-C, T-T-C) has
technical difficulties, especially for unreinforced concrete. Without specific 3D models,
those proposed for 2D can be extended considering the following: (i) when g, < 0 (T-C-C),
the contribution of compressive stresses in the second principal direction can be neglected
conservatively and (ii) when g, > 0 the transverse tensile strain can be taken equal to
g, + €, assuming they contribute equally to concrete softening””\. This extension has
at least two potential weaknesses: (i) as already noted in section 2.3.1, all compression
softening relationships for 2D have been developed using data from biaxial experimental
results and employing hypotheses which may not be applicable to 3D; and (ii) they were
derived from tests on reinforced concrete panels; in 3D the existence of unreinforced
compressive zones is common and the response of unreinforced concrete under tensile
strain states can be very different. Therefore, further research is needed to better estimate
concrete strength under tri-axial tension-compression states.

7.2.2.2.2 Determination of strut dimensions and nodal zones

Strut dimensions and nodal zones are generally determined considering: (i) restraining
surfaces imposed by support devices, loading plates and reinforcement arrangement and,
(ii) the truss geometry.

In 2D, strut dimensions are obtained by projecting the restraining surfaces onto planes
perpendicular to the truss elements. For a planar truss model and for elements of constant
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thickness, projected areas are of rectangular shape and, hence, the geometry of the strut is
relatively simple. The same approach can be applied in 3D, but it must be considered that
the geometrical shapes change (e.g. the projection of a circle is an ellipse and of a square
a rhombus). For instance, in a pile cap foundation with circular piles of diameter ¢_and
reinforcement cover c,, the area of an inclined strut of angle 6/ can be calculated as:

A = 7r/4(¢p sing’’ +2c, cos Qfd)(])p 7-9

if it is assumed that the resultant of the tie forces at the reinforcement is aligned with the
horizontal force component of the strut, which will always be the case if the horizontal
reaction at the pile is assumed to be zero.

In 2D, nodal zones are defined to facilitate the calculation of the stress field inside the
area. This generally leads to splitting nodal areas into triangles inside which the stress
is constant and with stress continuity maintained at the boundaries. The stress check is
then undertaken in principal stress components, i.e. without considering shear stresses.
In 3D the definition of nodal zones generally involves non-planar surfaces on which the
evaluation of stresses becomes complex. Application of the 2D approach to 3D would
require splitting nodal volumes into constant stress tetrahedrons (equivalent geometry
to triangle in 2D), which cannot be managed without resorting to computer methods.
Alternatively, 3D nodal zones can be checked by taking a principal plane containing
the line of action of the strut and applying the 2D methodology to this plane. However,
this method can lead to excessively conservative results. This is shown through a simple
nodal zone formed by the intersection of a vertical and an inclined strut of known areas
and a horizontal tie (see Fig. 7-14). If tan92¢ < ¢ -a/2-c,, the maximum compressive stress
in the 2D plane is o,, which can be calculated from the vertical stress 6, and the normal
and tangent stress components of the inclined strut o, 7. If the nodal zone is treated as
a 2D entity, any plane parallel to the direction of the inclined strut is under the same
stress field. This implies that outside the central plane there are horizontal stresses acting
in both directions which partially counteract themselves. As a result of the latter, in this
example the calculated horizontal stress o, is 50% larger than the one that would have
been obtained considering the horizontal component of the strut force and the projected
area of the nodal zone (0.75cbn¢p).
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Fig. 7-14 Treatment of 3D nodal zone in plane stress.
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7.2.3 Example of application of 3D strut-and-tie models: foundation of a
wind tower turbine

The following example shows some of the benefits and difficulties of considering a 3D vs.
a 2D strut-and-tie model. The foundation of a wind turbine tower has been chosen for this
purpose. Different design configurations exist in practice; a solution formed by a circular slab
(D,) of constant depth (h,) and pedestal (D, and h,) in which the tower forces are transferred
through a ring formed by vertical anchor bolts will be considered (see Fig. 7-15).

F,=2'500 kN

M, = 80'000kNm
D,=16m,h =1.8m
D,=4m,h,=12m
=p_; = 25 kN/m?

pconcrete

Fig. 7-15 Example of wind tower turbine foundation.
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Fig. 7-16 shows a conceptual 2D strut-and-tie model that could be used for the analysis
and design of the element. Two regions are distinguished: (i) one without contact to the
ground (on the right of the image) and, (ii) one under compression (left side of the image).
Two horizontal ties crossing the centre of the pedestal are needed for the equilibrium of
forces, which in the 3D space represent the radial reinforcement. Crossing of multiple
radial reinforcing bars necessarily leads to a congested reinforcement area at the centre of
the pedestal. In order to reduce reinforcement density and avoid constructability problems,
a discontinuity in radial reinforcement is desirable; but according to the 2D strut-and-tie
model, continuity of the reinforcing bars is needed for the equilibrium of forces. A 3D strut-
and-tie model can justify that the discontinuity in radial reinforcement is consistent with a
rational flow of forces and, hence, be admissible.

$
’___/___/__ ~ ]

~ - = _

Fig. 7-16 2D strut-and-tie model for wind tower turbine foundation

To facilitate the development of the 3D model it is proposed to subdivide first the
foundation into circular sectors 6. - 6. and radial segments R - R (see Fig. 7-17a). Only half of
. . . 1c ! . Lo .
the foundation will be considered for clarity reasons. The acting loads can be transformed into
equivalent concentrated forces considering this subdivision; three actions are distinguished:
(i) the tower forces (F and M ) (ii) the weight of the foundation and the backfill soil, and (iii)
the ground reaction.

Regarding the tower forces, the set of vertical loads F9 % and their position 572-% can be
determined by integrating the force distribution Ay, and qF along the ring as (see Flg 7-17b):

- M M _(sin@ —sin6.) F (6 -6 ]
R =1 a, +a, JRda j(% ;r—ZR]Rda= | o ).F (2/” ) 7-10
sf’fe/ _ J.:I(QMXY +‘7:2R2 ‘a-da _ /\/Ixy(B/, sing, +cos6, -6, sinGl.g—ecosGi)/n-+F7 -R(G/_z _3{2)/4ﬂ e
Fo o

\4 \4
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194 Special topics



This document is the intellectual property of the fib — International Federation for Structural Concrete. All rights reserved.
This PDF of fib Bulletin 100 is intended for use and/or distribution solely within fib National Member Groups.

Regarding the foundation and backfill soil weight, concentrated forces can be directly
calculated from the material densities (o, p,. ), the element depths (h,, h,) and the
area of each circular portion A?" 7, which can be calculated as:

Acn=(R-R?)(6,-6) /2 7-12

i

Fig. 7-17 Modelling of tower foundation: (a) Sectors and segments; (b) Integration of ring forces; (c)
Ground reaction.

Regarding the ground reaction, a preliminary analysis can be undertaken to estimate the
foundation area that will be in contact with the ground, which will be useful for the initial
definition of the boundary conditions. For simplicity it can be assumed that the soil pressure
is uniform, and the loaded area (see Fig. 7-17c¢) can be determined by solving the equation:

=y
M B 4Rsin B

oo 7-13
(W +W,+F,) 3(B-sinB)

where e is the load eccentricity at the foundation base measured from its centre.

The subdivisions adopted (6, R) determine the geometry of the 3D strut-and-tie model,
as nodes need to be defined at the location of the concentrated loads. Six sectors 6, (0°,
26°, 58°,90°, 122°, 154°, 180°) and four segments in the radial direction R/. (0, 2.8, 4.5,
6.2, 8.0 m) have been adopted in this example; St. Venant’s principle, which states that
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the length of the dispersion zone is approximately equal to the depth of the element has
been considered in the definition of these subdivisions. The obtained concentrated forces
are shown in Table 7-2. For simplicity loads due to the foundation and backfill soil weight
and ground reaction have been defined at mid distance of the radial segments R, - R
following the radial direction from the points of application of the tower forces.

Table 7-2 Equivalent concentrated forces for wind tower foundation example.

F 4N} Ring R. - Rj (m)
‘ R=2 |[0-2.8]|[2.8-4.5] | [4.5-6.2] | [6.2-8]

[0°-26°] 5'360 -103 -157 -228 -333
[26°-58°] 5'024 -128 -195 -284 -415
> | [58°90°] | 1'725 | -128 | -195 | -284 | -415
< [90°-122°] | -2'170 | -128 -195 -284 -415
[122°-154°] | -5'470 -128 -195 -284 -415
[154°-180°] | -5'717 -103 -157 -228 -333

Action MXV g FZ (pconcrete + psoi/)Aij

Once the equivalent concentrated forces and their location are known, a truss model
can be developed. More than one truss may be admissible. Two models are proposed here:
(i) one in which radial reinforcement goes through the centre of the pedestal (model A,
Fig. 7-18a) and (ii) one in which it does not (model B, Fig. 7-18b). Both truss models are
hyperstatic, which implies that the magnitude of the forces at the elements depend on their
relative stiffness. This is a common characteristic of many 3D strut-and-tie models because
there is generally more than one admissible load path in the 3D space (in this example
loads can be transferred in the radial and circumferential direction). In this case, and for
simplicity reasons, it has been assumed that the area of all elements is the same and, hence,
the stiffness of each element is inversely proportional to its length (E-A/L). Alternatively, the 3D
strut-and-tie model can be split into two isostatic models (one for each load path), distribute
the load between the two models, and then obtain the truss forces by superposition. In this
case the uncertainty is the estimation of the total load percentage which is carried by each
system, which should be a function of its relative stiffness.

Once the system is solved, the model may be refined considering the obtained truss
forces (change orientation of inclined struts, modify boundary conditions if inconsistent
reactions are obtained, add additional elements...). The experience of the practitioner plays
an important role in this process.

An in-depth description of the obtained results for model A and B would be extensive
and is not the purpose of this example. Some aspects will be noted here to highlight the
capability of a 3D strut-and-tie model to simulate the behaviour of such a complex element:

- In the radial direction the bending moment in models A and B is negative on the
cantilever side and positive on the supported side, and they both increase towards
the centre of the foundation. These results are consistent with the expected behaviour.
It must be noted that at the very tip of the cantilever the bending moment is slightly
positive due to the forces transferred by the outside circumferential elements.

- In the circumferential direction the bending moment for both models is negative
on the cantilever side, reducing towards the supported side and becoming positive
at an angle of around 45-50°. At the sections closer to the centre of the pedestal
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(R=2m, R =3.7 m), the circumferential moment is approximately constant around
0° and 180°. These results are consistent with those obtained from a 2D finite element
model where the foundation is modelled with shell elements of thickness equal to
the foundation depth. This type of 2D models are frequently used in practice, where
sectional forces and moments determine the required reinforcement quantities.
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Fig. 7-18 3D strut-and-tie model for wind tower turbine: (a) Model A; (b) Model B.

Considering the obtained tie forces and a design yielding stress of steel equal to 400 MPa,
the following reinforcement quantities are obtained:

- Radial direction, upper side: the total area of radial reinforcement for models A and
B is 704 cm? and 1'030 cm?, respectively. This area is determined by the tie forces
acting outwards; the maximum tie force per unit length for model A requires
56 cm*m of steel reinforcement while 82 cm?/m is the quantity required for
model B. Towards the external perimeter of the foundation tie forces decrease and
hence so does the required reinforcement area; nevertheless, radial reinforcement
is generally extended up to the external perimeter. For model A with ties passing
through the centre, the required reinforcement quantity inside the pedestal is
approximately 10 cm?/m (total area 126 cm?), implying that it is not necessary that
every radial reinforcing bar passes through the centre of the pedestal.
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- Radial direction, lower side: 195 cm?/m (total area 2'450 cm?) for model A
and 162 cm?/m (total area 2'036 cm?) for model B. These values are given by
the forces at the ties over the compression side of the foundation, where point
supports are considered in the model. A more accurate estimation of the required
reinforcement can be obtained, provided that the reaction forces obtained are
distributed in the radial direction for each sector and the bending moment diagram
is determined afterwards.

- Circumferential direction, upper side: varies between 20-41 cm?/m for model A
and 40-64 cm*m for model B (lowest and largest reinforcement quantity required
near the outside perimeter and around the pedestal ring, respectively).

- Circumferential direction, lower side: varies between: 27-32 cm?/m for model A
and 45-120 cm?/m for model B (lowest and largest reinforcement quantity required
near the outside perimeter and around the pedestal ring, respectively).

- Vertical direction, around the ring: 160 cm?/m for both model A and B, leading to a
total area 2010 cm?. This reinforcement quantity determines the shear reinforcement
at the pedestal.

- Vertical direction, foundation area outside the pedestal: is below 24 cm?/m? in
model A and below 25 cm*m? for model B. Near the outside perimeter the required
reinforcement quantity is significantly lower than at the sections near the pedestal.

This example shows the potential of 3D strut-and-tie models to provide a better
understanding of the behaviour of complex, reinforced concrete elements. Implications
are noted of required reinforcement quantities with crossing or non—crossing radial
reinforcement. However, difficulties must be acknowledged, such as the development of
the 3D truss, the capacity check of nodal zones and the interpretation of results; this last
point entails understanding of the flow of forces and is critical in reducing the likelihood of
mistakes. The problem can become cumbersome when several load cases are considered.
Computer models applying the simplified principles of the strut-and-tie and the stress field
methods can be a promising alternative, as shown in the next section.

7.2.4 3D stress field models

The Elastic-Plastic Stress Field method proposed and implemented in a 2D FE environment
by Fernandez Ruiz and Muttoni”?*" and introduced in Section 5.2 has shown the benefits
of balancing the accuracy and adaptability of FE models with the simplicity of constitute
models based on traditional engineering practice such as plasticity theory. Meléndez et al.">*!
extended this approach to 3D in the tool FESCA 3D (Finite Elements for Simplified Concrete
Analysis in 3D). Some of the main difficulties mentioned above in relation to 3D strut-and-tie
models can be overcome with this simplified finite element-based approach. Regarding the
capacity check of struts and nodal zones, finite elements allow assessment of the concrete
stress at any integration point, which can then be compared against the maximum allowable
value. Moreover, finite elements also allow for a better representation of the boundary
conditions. Regarding the development of a 3D geometry, the assumption of neglecting the
tensile strength of concrete and the use of traditional nonlinear resolution methods can lead
to the automatic generation of clear 3D stress fields within a few iterations.
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This section briefly describes the characteristics of FESCA 3D and some of its capabilities;
a more detailed description of the tool can be found in Meléndez!”-..

7.2.4.1 Concrete modelling

Concrete modelling in 3D can become very complex and parameter sensitive and requires
a high level of expertise for model definition and interpretation of results. The concrete model
proposed in FESCA 3D is a simplified one, where only one single input variable, the uniaxial
compressive strength f, needs to be defined. A 3D orthotropic constitutive model is adopted,
which permits decoupling of the 3D response into three quasi-independent uniaxial directions
(see Fig. 7-19a). Material axes of orthotropy are defined through principal strain directions and
rotate with them. The tangent shear modulus C, is determined to enforce coaxiality between
principal strain and stress direction.

€3,03
<
€2,02
Y
T
a) )
€1,01

Fig. 7-19 FESCA 3D:(a) Orthotropic concrete model; (b) Embedded rebar model; (c) 3D stress field model;
and (d) Strut-and-tie model
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Interaction between principal directions is accounted for by considering the effect of
transverse strains/stresses on the effective strength of concrete f_ . For compression-
compression interaction a Drucker-Prager yield surface is considered; for tension-
compression interaction the proposed reduction factor is based on the Modified Compression
Field Theory by Vecchio and Collins”=":

e — ! ife. >0 7-14
 08+170(g,+¢,)

f 1

o= ifg <0 i
f ~08+170g, 715

FESCA 3D allows the tensile strength of concrete to be neglected following the principles
of the strut-and-tie and stress field methods (see Chapter 2). This assumption can lead
to excessively conservative results for massive, lightly reinforced concrete elements. For
more accurate results the user can define a tensile constitutive law to account for concrete
contribution in tension. Meléndez”=*% used the softening law proposed by Hordijk”** in
several practical applications, obtaining sound predictions.

7.2.4.2 Reinforcement modelling

Reinforcement definition in a 3D element can be tedious, unless a flexible approach is
implemented. The discrete representation requires that reinforcement and concrete nodes
are coincident. This may not be a very limiting factor in 2D because the mesh can be
adapted to the reinforcing bar arrangement without much disturbance, but in 3D can lead to
non-optimal meshes. The embedded approach permits definition of steel bars independently
from the concrete mesh without adding additional nodes, using the concept of concrete
parent element (Fig. 7-19b). This approach was implemented into FESCA 3D together with
an algorithm which permits automatic generation of bar FEs from the intersection of the
reinforcing bars and the concrete mesh.

7.2.43 Definition of boundary conditions

Boundary conditions due to loads and supports generally affect the stress field in the
vicinity of the boundary surfaces, but, in the case of D-regions, the stress field inside the
entire element and, hence its response, is also influenced. Therefore, the definition of
the boundary conditions must be done with care when modelling D-regions. FESCA 3D
incorporates special elements to consider the effect of loading and support devices in a
simplified manner. These elements are based on the principles of finite element modelling
and static condensation.

7.2.4.4 Automatic generation of 3D stress field models

The assumption of neglecting the tensile strength of concrete together with the use of
the Newton-Raphson nonlinear solution algorithm leads to the automatic generation of 3D
stress fields. The iterative process starts from the elastic solution. Residual forces appear
at concrete elements under tension inducing the rotation of the principal directions. The
concrete stress field is refined during each iteration until the residual forces vanish. A clear
and consistent 3D stress field is generated after only a few iterations, from which the flow
of forces can be identified. Fig. 7-19c shows the 3D stress field obtained for a socket-
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based column-to-foundation connection subjected to a vertical load and a pair of opposite
horizontal forces. The 3D strut-and-tie model associated with this reinforcement arrangement,
which can be easily derived from the obtained stress field, is shown in Fig. 7-19d.

7.2.5 Design example of a four-pile cap

The Levels-of-Approximation (LoA) approach described in Chapter 3 is applied in this
section for the design and assessment of a 3D D-region. Consider the four-pile cap foundation
subjected to a central column load shown in Fig. 7-20. All checks and calculations will be
based on fib Model Code for Concrete Structures 2010 (MC2010)"-*! provisions.

P=3000 kN

Fig. 7-20 Design example of a four-pile cap.

7.2.5.1 LoA |

Step 1: Define a simple strut-and-tie model to calculate location and area of the
main reinforcement.

Two different truss geometries are proposed here to show the relevance of the
adopted model: (i) in model A the column load is modelled by a single point force
acting at the centre of the column; this option neglects the influence of the column
dimensions (see Fig. 7-21a); (ii) in model B the column load is subdivided into four-
point forces giving four upper nodes at the column quarter points (see Fig. 7-21b).
In both cases the model is formed by four inclined struts that transfer the vertical
load from the column to the piles and four horizontal ties which withstand the
horizontal force components of the struts. The four lower nodes are fixed at the
centre of the piles at the reinforcement level as is the general practice. The height
of the upper nodes can be estimated from sectional analysis at the centre of the cap
assuming the compressive block concentrates below the column, with z_being the
depth of the rectangular compressive block and c, the cover of reinforcement (see
Fig. 7-22).
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Once the geometry of the model is defined, the forces at the struts and ties can be
determined from equilibrium. These forces can be expressed as a function of the
strut inclination 627 as follows:

P _ Pcosg Psing

= . ’ - ’ = 7—16
< 4sin@ " 4tan@X " 4tang’

Note that in this case the reaction at the four piles is the same because the
column only transfers a vertical load and this is centred. Pile reactions would not
be equal if a bending moment is applied by the column or for eccentric vertical
loads. In the latter case, reaction forces can be determined from static equilibrium
assuming planar distribution. If the bending moment/load eccentricity is such that
induces tensile stresses at the column base, a vertical tie should be considered in
the strut-and-tie model to transfer the tensile stresses.

Model B

P=3000 kN

o~

Z
2 b)
l\
e = 1'707 mm? A =1'351 mm?
s,treq s,treq
325 + 1220; AS/LPW =1'787 mm? 325; As/t/pmv =1'473 mm?

Fig. 7-21 Truss model for four-pile cap (Step 1, LoA I): (a) Model A, (b) Model B.

= [z~0127m

M=900 kNm

h=0.75

=T c=0.08m

Fig. 7-22 Sectional analysis at central section of four-pile cap.

Step 2:  Check diagonal compression field, nodal stresses and anchorage length of the bars.

202

The dimensions of the top section of the strut can be calculated by projecting
one quarter of the column surface onto a plane perpendicular to the strut, giving
the following expression for a square column:

1 621

_ C
c top - E aZ 2 E

C\2/§ sing’’ +z_cos6’ #
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where c is the dimension of the square column and a, the strut width at the top
section (see Fig. 7-23).

The dimensions of the bottom section of the strut can be obtained similarly by

projecting the pile section onto a plane perpendicular to the strut. For circular
piles of diameter ¢ this area can be calculated as:

7[ 7[ . d d
A por = Zaz3 9, = Z((pp 5|n053 +2c, cost )(bp 7-18

where ¢_is the diameter of the pile and a, the strut width at the bottom section
(see Fig. 7 23).

At the top section of the strut the increment in strength due to multiaxial
compression can be considered. The formulation proposed for biaxial compression
in MC2010 can be adopted conservatively (o, = 1.1(30/f,)"*f , = 24.4 MPa).
Stresses obtained from both model A and B fulfil thls limit. At the bottom section
the concrete strength needs to be reduced to account for the tensile stress field
(0_y = 0.55(30/f )'*f = 12.2 MPa). The stress resulting from model A exceeds
this. Ilmlt so had thls model been considered, the design should be modified (by

increasing the cap height, the concrete strength or the concrete cover, for instance)

Model A Model B
a1=0.25+2

|2=0-252, Bz 2,
0.,=12.0MPa

o.=12.0MPa

>
© & SN &
© & R © S 3
< AR, £ S AN
3 2 » §¢ [ 6¢ 0

6 & 3> o
1 | F, =742 kN 1 F,=588 kN
0.;=7.8MPa 0,=7.8MPa
0.50v2 _|a+=0.35 a) 0.50V2 _|a¢=0.35 b)

Fig. 7-23 Check of compressive field and nodal zones for four-pile cap (Step 2, LoA 1): (a) Model A
(b) Model B.

Regarding the stress field at bottom nodal region, the maximum compressive
stress can be determined as:

o . cos’*
c2 S

= 7-19
C,max 2 Nn3d
1-0_,sin"6. /O'C1

Note that the principal compressive stress direction in the nodal region does
not necessarily have to be aligned with the vertical or horizontal direction
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and, therefore, the maximum compressive stress can be larger than 6, and ¢ ,.
The equation above results in a stress equal to 18.9 MPa in model B, which
exceeds the strength of compression-tension nodes according to MC2010
(0 py = 0.75(30/f ))'*f , = 16.6 MPa). As noted in Section 7.2.3, this approach
of treating 3D nodal zones as 2D planes can lead to excessively conservative
results. However this limitation can be overcome if it assumed that the reinforcing
bars are anchored behind the node so that a state of pure compression exists
in the node. To fulfil this, it must be checked that there is sufficient anchorage
length behind the node. The minimum length required to anchor the reinforcing
bars can be determined from:

= nbarsﬂ:¢ / 7-20

According to MC2010, for ¢20 with a concrete cover of 80 mm, f, ;= 2.76 MPa.
The force that can be developed by 3¢25 in 0.42 m (available space behind the
piles) is 390.2 kN. The tensile force calculated at the ties is almost two times
larger than this value (742 kN). In order to fulfil the anchorage requirement,
the arranged reinforcement should be increased to 6¢25. Had the nodal zone
check being fulfilled, the available anchorage length would have been 0.77 m
(0.35+0.42), the bond strength f,  over the piles could have been increased to
5.92 MPa and the available anchorage length would have been sufficient to
develop the tie force:

S, =3-m-25(350-5.92+420-2.76) =761 kN > 742 kN=F,

Provide minimum reinforcement for the region.

The minimum reinforcement for crack control can be calculated as follows:
A  =k-f f 7-21

s, min ctm C[

where k is a coefficient which allows for the effect of non-uniform self-equilibrating
stresses, f_ is the average value of the tensile strength of concrete, A, the area of
the concrete within the tensile force.

In this case the total arranged reinforcement (12¢25) is larger than the minimum
required (A = 5'890 > 2'571 = A_ ), but if this reinforcement is only arranged
over the plles as inferred from the strut-and-tie model, the central part of the cap
would stay unreinforced. For cracking control, it is advisable to arrange additional
rebars at these areas fulfilling the required minimum reinforcement (958 mm?*m).
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Fig. 7-24 Proposed reinforcement arrangement for four-pile cap (Step 3, LoA I).

7.2.5.2 LoA Il

Step 1: Define the strut-and-tie model and include the necessary and relevant refinements
within the model.

The use of more refined models derived from iteration of the truss geometry can
lead to more accurate results. This approach was applied by Meléndez et al."?"!
for the analysis and design of four-pile caps. In their model the strut inclination is
not fixed from the geometry but determined by maximising the pile cap strength
considering different failure conditions: (i) exceeding the reinforcement capacity,
(ii) crushing of the diagonal strut at the base of the column and (iii) splitting
of the strut due to transverse cracking. This refined model accounts for strain
compatibility, reduction of the compressive strength for cracked concrete and
reinforcement configuration (distribution and anchorage conditions).

For design, the strut angle maximising the strength of the pile cap is determined
by limiting the force in the strut to its capacity at the top section at the intersection
between the pile cap and the column, giving the following expression:

- /1+1/vu(1+12)—v5
cotf’ =

7-22
T-v,
- P
l:\/gg/v = — 7'23
d v of

where f_is the plastic strength of concrete (f_ =1 _,if f ;<20 MPa; f_ = 2.7{7 if
f ,>20 MPa according to Muttoni et al."").

Once the geometry of the strut-and-tie model is defined, forces at the truss
elements and the required reinforcement can be determined from equilibrium
as in LoA .
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Fig. 7-25 Truss model for four-pile cap (Step 1, LoA II).

Step 2: Check the compressive members of the element that may be critical.

According to Meléndez et al.”*”!, the maximum column load may be limited
by splitting of the diagonal strut at the bottom section. The equation to determine
this maximum load for circular piles is the following:

3d
P, -fcp (¢p +2c, cot 6. )
1+ cot’ 6> 7-24
P< :

- 0.8+170(etx +E tE, —85)

with g, €, &, and ¢_being the reinforcement strain in x- and y-direction, the
average concrete strain in z-direction over the piles and the average compressive
strain of the concrete strut, respectively. These values can be obtained from forces
in the struts and ties and their corresponding areas and elastic modulus and,
hence, depend on the column load. For the example considered here with 4¢20,
this equation results in a maximum allowable column load equal to 4'044 kN,
which is larger than the considered design force.

7.2.6 Conclusions

For simplicity reasons concrete structures are generally treated as 2D elements. This
is also the case in the analysis and design of D-Regions, although in some instances the
response is clearly three-dimensional. This section has shown that considering this three-
dimensionality and adopting 3D strut-and-tie and stress field models can bring some
advantages for some elements and structures, leading to more efficient designs that may
justify the increase in complexity.

The strut-and-tie and the stress field method emerged to shed some light and rationality
on the design of D-Regions and today major design codes include provisions and
guidelines for its application. However, these are limited to 2D. Further research on the
use and limits of applicability of 3D strut-and-tie models and stress fields may lead to the
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inclusion of new provisions in standards of practice to cover 3D elements, including the
definition of the minimum amounts of reinforcement required to avoid brittle failures.

Partly due to the lack of provisions, but also due to apprehension of the unknown,
practitioners are still reluctant to consider 3D strut-and-tie models. Publication of 3D examples
of application that can be considered for reference could be of great help for overcoming the
latter. Strut-and-tie modelling of a foundation for a wind tower turbine has been discussed in
this section together with the frequently-found-in-literature pile cap foundation.

Even with the proper guidance strut-and-tie modelling of 3D D-regions can be complex
and cumbersome and may require a relatively high level of expertise. Implementation of
the hypotheses of compatibility-based stress fields in a 3D finite element environment can
overcome these limitations avoiding the complexity of traditional nonlinear FE analysis.
This approach does not only permit the capacity check of struts and nodal zones in an
automatic manner after appropriate concrete strength limits have been defined, but also
the derived 3D stress fields can provide a clear understanding of the internal resisting
mechanism given a particular reinforcement arrangement, which ultimately can lead to
more efficient designs of 3D D-regions.
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8. Conclusions and outlook

8.1 Conclusions

This Bulletin has presented the recent advances in the application of stress fields and
strut-and-tie models for structural concrete. These advances show that the methods are
in constant evolution and allow the incorporation of state-of-the-art tools for design and
verification in a consistent manner, as for instance the finite element method. Also, the
consistency between simple (hand calculations) approaches and refined (computer-based)
analyses is extensively shown in this Bulletin.

The stress field and strut-and-tie methods are in this sense an important tool for
designers. They allow defining clear, equilibrium-based, load paths during the definition
of a structure. The engineer thus has an active role in this process, taking decisions on the
most suitable ways to reinforce a member. This provides engineers with a real understanding
of the load-carrying actions of a structure and of its governing regions. As necessary,
refinements or automated checks can be further implemented in a consistent manner,
normally by accounting for the displacement and strain fields of the member. The results
of such refined analyses, usually performed by numerical tools, can nevertheless still be
checked by means of simple equilibrium-based models, enhancing the understanding of
the structural response and optimising the design.

Such tools also provide a consistent and comprehensive framework for verifying existing
structures. Simple (hand-made) analyses allow detection of critical members, whose response
can be investigated in detail by performing refined analyses. Such an approach allows saving
time during the process of a verification (only critical members or regions require to be
investigated in detail) and allows obtaining precise and refined (computer-based) estimates of
the strength for the critical elements.

The use of stress fields and strut-and-tie models as previously explained can be formulated
in a consistent manner by following the philosophy of the Levels-of-Approximation (LoA)
approach acknowledged in fib’s Model Code 2010. A potential manner for doing this
(guidelines for this purpose were missing in MC2010) is presented within this Bulletin.
Low-order LoAs (I and Il) are devoted to simple (typically hand-made) models, that
may incorporate some refinements on the governing load-carrying actions (LoA Il). For
refined analyses, a compatibility-based stress field can be determined. For example, by
neglecting the tensile strength of concrete (at ultimate and for tension-stiffening effects),
a refined analysis can be performed as suggested in the Elastic-Plastic Stress Fields (LoA
[11). This tool, extensively validated with test results, provides accurate estimates of the
response and failure load, provided that a minimum deformation capacity in the response
is ensured. More refined approaches, considering for instance tension-stiffening effects
in the cracked response of concrete, are also introduced (LoA V) as a way to obtain
accurate representations of the response of a member both at serviceability and ultimate
limit states, as well as to investigate in detail the deformation capacity in special cases.

Alternative approaches to derive suitable stress-fields are also presented in this Bulletin.
These approaches refer to the optimisation of lower-bound solutions in the stress space

https://doi.org/10.35789/fib.BULL.0100.Ch08
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(without any compatibility of deformations) or to the Stringer Panel Method (as a practical
solution of a panel with a smeared compression field and distributed reinforcement
bounded by compression and tension stringers).

8.2 Outlook

As presented in the Bulletin, the stress field and strut-and-tie methods are consistent
tools that can be safely used and generalised, covering a wide range of cases concerning
the design and assessment of structural concrete. These methods have significantly evolved
in the last years to consistently incorporate state-of-the-art design tools (such as computer-
based analysis).

Despite all these advances, further evolution of the strut-and-tie and stress field methods
will still be required in the coming years to address the future needs of structural concrete.
Some of the topics where potentially such attention will be required, are the following:

- The application of the methods for cement- or concrete-based materials with a
relatively different response, such as fibre-reinforced concrete or ultra-high
performance concrete;

- The applicability of the methods to materials with a potentially brittle response,
such as the use of glass- or carbon-fibre reinforcement replacing ordinary
reinforcing steel;

- To evaluate in a consistent manner the required deformation capacity, so that
these methods can be safely applied (minimum reinforcement amount, ductility
requirements of the materials, evaluation of the deformation demand);

- The consistency of safety formats across all levels-of-approximation from simple
hand calculations to refined numerical modelling;

- Strengthening of existing structures.

These potential fields of application show that the techniques of stress fields and strut-
and-tie models are far from being a static tool, but they constitute a consistent framework
to model structural concrete and can follow its evolutions.

With respect to the relevance of these methods, another important aspect that will
become increasingly significant in the design process will be automation in the design
process. Such need will definitely be favoured by the potential to generate design models
directly with Building Information Modelling (BIM) and to design and calculate them
with numerical tools. In this respect, it is the belief of the authors of this Bulletin that the
use of consistent physical theories that can be simplified, so that checking the results of
complex (computer-based) results can be made with simple (hand calculations) analyses
will be increasingly important. This will allow designers to have a real understanding
of the structural response, to identify critical regions and to perform a critical review
of automated results. In addition, good designs are, and will be, only possible on the
premise that engineers have a clear understanding and representation of the governing
load-carrying actions and load paths, and this is, after all, exactly the reason why stress
fields and strut-and-tie models were developed more than a century ago.
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10. Notations
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cross-section area of the reinforcement

shear span, distance between load and reaction resultant

minimum amount of reinforcement
area of effective stirrups
compression force

design value of a compression force
diagonal strut force

modulus of elasticity of steel
hardening modulus of reinforcement
design value of a force

force

web force

bending moment

axial load

tension force

design value of a tension force
shear force

design value of the shear force
design value of the shear strength
shear carried by stirrups

shear carried by critical loading zone
shear carried by aggregate interlock
shear carried by dowel action

shear span

maximum aggregate size

web thickness

effective depth pf section

bar diameter

concrete design bond strength

concrete strength measured in cylinder

design value of the uniaxial compressive strength of concrete

axial tensile strength of concrete
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f. mean value of axial tensile strength of concrete

f, characteristic compressive cylinder strength of concrete (at 28 days)

f tensile strength of reinforcement

f, yield strength

f design value of the yield strength of the reinforcement

e effective yield strength of bar-dowels

£ yield strength of stirrups

fr characteristic yield strength of reinforcement

h total depth of section

l, width of bearing area parallel to the axis of the member

Lo net anchorage design length

.. effective width of loading plate

l, length of dowels

l, cracked length along flexural reinforcement

Lo assumed distance between fictitious cracks in the pull-out tension stiffening
model

n modular ratio (=E/E)

n, number of bars

q, design value of a distributed load

s crack slip

5,5, crack spacing

S maximum crack spacing

S, theoretical maximum value of the crack spacing

t thickness of a member

w crack width

X depth of compression zone

z lever arm

z neutral depth

%) bar diameter

o angle of compression field

a, angle of critical crack

B strut inclination angle

A transverse displacement in the critical loading zone

g, principal tensile strain in section

g, principal compressive strain in section
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£ compressive strain at strength peak in the concrete

£, ultimate compressive strain in the concrete

£ average strain of reinforcement

€, average strain of reinforcement at yielding

£ average strain of reinforcement at maximum load

g, strain at maximum strength in the concrete model

€, reinforcement strain

€ €, reinforcement strain at direction x and y

€, e average strain along flexural reinforcement

£, €, reinforcement strain at maximum load

g, stirrup strain

£ longitudinal strain in section

g, €, reinforcement strain at yielding

nf. strength reduction factor accounting for the brittleness of higher strength
concrete

n, strength reduction factor accounting for transverse concrete cracking

v, unitary shear force

6. angle of g,

0, orientation of the reinforcing bar

0 crack orientation with respect to horizontal / longitudinal axis

An stress block factors

A crack spacing coefficient (=s /s )

p geometric reinforcement ratio

P, ratio of flexural reinforcement

p, stirrup ratio

P, minimum reinforcement ratio in uniaxial tension

Py effective reinforcement ratio

P minimum shear reinforcement specified by structural concrete codes

o. concrete stress

Ao, concrete stress variation

o, design value of a concrete stress

o, steel stress

o, reinforcing steel stress at the cracks

T, bond shear stress

T bond shear stress before yielding

T, bond shear stress after yielding
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11. Definitions

Chord

Compatibility-based

stress field

Compression field

Concrete cover

Deformation
capacity

Crack formation
phase

Effective tension
area

Effective depth

Elastic-Plastic
stress field

Exact solution

Headed bar
Hook

Internal forces

Lightweight

aggregate concrete

Linear member

Link

226

Compression or tension part of a member idealised as having a narrow
width and which interacts with adjacent membrane elements through
longitudinal shear.

Stress field in which the compatibility of deformations are satisfied.

Region of a stress field where concrete is subjected to uniaxial
compressive stresses.

Distance between the surface of a reinforcement bar or tendon
(including links and stirrups and surface reinforcement where relevant)
and the nearest concrete surface.

Ability of a member or part of it or a structure to deform while
maintaining its resistance.

Phase of the cracking process which occurs when forces are close to the
cracking forces and in which the full crack pattern is not yet developed.
It is typical of the type of cracking due to imposed deformations with
large crack spacings. An increase in the imposed strain will not increase
cracks width. Instead it will form new cracks.

Concrete area in tension around reinforcement within which the crack
opening is effectively controlled by the reinforcement (area of concrete
that needs to be tensioned up to the tensile resistance of concrete to
produce a new crack).

In a cross section, distance from the extreme compression fibre to
geometrical centroid of longitudinal tension reinforcement.

Compatibility-based stress field resulting from an elastic-plastic material
behaviour.

The kinematically admissible mechanism whose internal stress state
does not violate the yield condition.

Reinforcing bar with head attached at one or both ends.
End stretch of a reinforcement bar, bent at not less than 150°.

Resultant of stresses in cross section of a member (axial force, shear
force, bending moment, torsion).

Concrete having a closed structure and a density of not more than
2'200 kg/m?, consisting of or containing a proportion of artificial or natural
lightweight aggregates having a particle dry density of less than 2'000 kg/m?>.

Structural element, straight or curved, with one dimension significantly
larger than the others (such as beams and columns).

Reinforcement bent to form single or multiple legs that surrounds
longitudinal reinforcement. Links may be closed or open with sufficient
anchorage at their ends.
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Loop

Lower-bound
solution

Minimum
reinforcement

Nodal regions

Node

Ordinary
reinforcement

Plain
reinforcement

Plain or lightly
reinforced
concrete members

Prestressed
reinforcement

Reinforcement

Rigid-Plastic stress
field

Shear
reinforcement

Stabilised cracking

Stirrup

Stress field
Strut

Strut-and-tie model
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U-shaped reinforcement bar where both legs transmit their forces to
other reinforcement or to concrete through bond.

Any statically admissible stress state that does not violate the yield
condition (i.e. a solution satisfying the lower-bound or static theorem
of limit analysis). A lower-bound solution allows determining a failure
load lower or equal than the one corresponding to the exact solution
according to limit analysis.

Reinforcement that avoids brittle failure after cracking, provides good
serviceability behaviour and ensures sufficiently deformation capacity
in order to conduct a design based on the theory of plasticity.

Region of a stress field where the force is transferred amongst
concurrent compression fields and/or ties.

Point of intersection of struts and/or ties transferring forces amongst them.

Reinforcement which is not prestressed. Where not specified otherwise,
it is made of reinforcement steel.

Reinforcement with a smooth surface.

Structural concrete members having no reinforcement (plain concrete)
or less reinforcement than the minimum amounts prescribed.

Reinforcement made of strands, wires or bars subjected to a prestressing
process. Where not specified otherwise, it is made of prestressing steel.

Assembly of bars and/or tendons, prestressed (prestressed
reinforcement) or not (ordinary reinforcement), embedded in or
connected to concrete members. Where not specified otherwise, it is
made of steel and is bonded to the concrete.

Stress field resulting from a rigid-perfectly plastic material behaviour
with no tensile strength for concrete.

Stirrups, links, headed bars or bent-up bars specifically placed to resist
action effects caused by shear and torsion.

Phase of the cracking process in which the crack pattern is fully developed.
An increase in the actions will normally result in an increase in the crack
opening. This type of cracking is typically associated with applied external
loads, when such loads are sensibly above the cracking loads.

Reinforcement bent to form double or multiple legs that surrounds
longitudinal reinforcement. Stirrups may be closed or open with
sufficient anchorage at their ends.

Stress state in a structure equilibrating the external actions.
Resultant of a compression field, part of a Strut-and-tie model.

Model composed of the resultant forces of a stress field with struts for
the compression fields and ties for the tension reinforcement.
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Tendon In post-tensioned applications, the tendon is a complete assembly
consisting of anchorages, prestressing steel, and sheathing with coating
for unbonded applications or ducts with grout for bonded applications.
In pre-tensioned applications, the tendon is an individual element of
prestressed reinforcement.

Tension stiffening  Influence of the concrete tensile strength between two cracks on
member stiffness, which is typically relevant for serviceability, load-
deformation and deformation capacity aspects.

Tie Concentrated or distributed reinforcement carrying tension forces.

Transverse Reinforcement arranged perpendicular to the bar considered. In

reinforcement linear members, it can consist of stirrups, links or hoops enclosing the
longitudinal reinforcement considered.

Upper-bound Any kinematically admissible deformation state for which the rate of

solution work of the external loads exceeds the rate of internal dissipation (i.e.

a solution satisfying the upper-bound or kinematic theorem of limit
analysis). Also formulated as: Any kinematically admissible mechanism
which satisfies the kinematic condition of limit analysis (action equals
the strength in the plastic regions).

An upper-bound solution allows determining a failure load higher or
equal than the one corresponding to the exact solution according to
limit analysis.

Wall Planar member (plane, curved or segmented) with a length not more

than 4 times its thickness carrying mainly in-plane forces (see also
Diaphragm).
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26  Influence of material and processing on stress corrosion cracking of prestressing steel —
case studies
Technical report (44 pages, ISBN 978-2-88394-066-6, October 2003)
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Recommendation (80 pages, ISBN 978-2-88394-070-3, January 2005)
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34  Model Code for Service Life Design
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Abstracts for fib Bulletins and lists of available CEB Bulletins and FIP Reports are available on the
fib website at www.fib-international.org/publications.
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