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Preface

The fib Model Code 2010 was published finally in 2013. The somewhat limited space 
in that document resulted in the publication of this Bulletin which should serve as a 
supplementary source of knowledge in the field of serviceability limit states (SLS). The 
design philosophy of limit states requires the check of two kinds of limit states. The ultimate 
limit states guarantee the safety of structures. The serviceability limit states guarantee 
the proper function, durability and favourable appearance of concrete structures. If the 
serviceability limit states are not satisfied, the user will complain that the structure was not 
built correctly, since it will suffer from cracking, deformations or vibrations. If the criteria of 
ultimate limit states are not satisfied, in many cases, the user will not realize that the safety 
of his structure is not as good as he expected. Although there is no intention to denigrate 
the importance of ultimate limit states, the serviceability limit states have great importance 
for the correct design of durable concrete structures. 

In the last decades, there has been great pressure for cost savings in load-carrying 
concrete structures. Although the costs of a concrete structure of a typical building 
are about 20 to 25% of the total costs, there is a permanent pressure to save the cost 
of the steel and concrete resulting in the minimization of dimensions. The safety of 
structures can usually be kept within the code requirements, but the serviceability 
criteria are quite often violated, which may result in an incorrect function of structures 
in the future. The correct check of SLS criteria is rather sensitive if structures become 
more and more slender due to the reasons mentioned above.

This Bulletin provides explanation and extensive knowledge of the MC2010 sect. 7.6. 
The methods included in the following text should highlight the importance of SLS criteria 
and show in detail, how the brief information from MC2010 should be used. The detailed 
explanation of individual partial problems is supplemented by examples. Finally, additional 
information is provided above the scope of MC2010. 

The members of fib TG2.1 "Serviceability limit states", who put this document together, 
had long discussions on individual parts of this Bulletin. Now the final version is available, 
but it does not mean that all problems are solved. As an example, the shear effects on 
deflections, particularly in prestressed structures, are not solved completely. The economic 
design of watertight structures requires more precise criteria. The application of new 
materials such as fibre reinforced concrete and ultra-high performance concrete (UHPC) 
will require further adjustments in SLS criteria. The concrete cover layer of structures made 
of UHPC, to name one example, certainly need not follow the criteria of Eurocodes and 
MC2010. Further research in cooperation with other groups within the fib will define new 
values. It will be covered by the work of working groups of the fib in the future. 

Members of the TG2.1 believe that this Bulletin will contribute to improved design of 
concrete structures, in terms of SLS criteria, and that it will contribute to a better understanding 
of design approaches and methods included in MC2010. 

Jan L. Vítek

Chair of Commission 2 Analysis & Design
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1fib Bulletin 92: Serviceability limit states

1.	 Introduction*

Serviceability limit states criteria provide the limits which should guarantee the function, 
favourable appearance and the durability of concrete structures. They were developed 
within the limit state philosophy of design and they are used in the series of European 
codes. Members of fib commissions and task groups evaluated the rules of European codes 
and also the development of knowledge since completion of the CEB-FIP Model Code 1990 
and wrote the fib Model Code 2010, which covers the knowledge until 2010, although the 
final edition of MC2010 was printed in 2013. The authors of MC2010 required the text to 
be clear, but reasonably short and transparent for everyday application. Therefore, there 
is a great amount of knowledge and technical opinions, which could not be included in 
the Model Code directly. The members of TG2.1 "Serviceability limit states" decided to 
collect the knowledge which was discussed in the group during writing the MC2010 in the 
form of a separate Bulletin of fib, which is focused on the extension of the MC2010 and 
which contains the background knowledge on criteria of serviceability limit states. 

The Bulletin is divided into seven chapters. The major part is covered by chapters 4, 
5 and 6. Chapter 4 explains the rules which are included in the MC2010. It extends the 
knowledge and provides more detailed explanation to individual criteria which could not 
be included in MC2010.

Chapter 5 illustrates the application of the rules of MC2010 in examples. Six examples 
cover stress analysis and deflection analysis of a prestressed beam, crack width analysis 
of a partially prestressed beam, cracking due to shear, an example on cracking due to 
restrained deformation in interaction with mechanical loading, the design of a wall 
exposed to restrained deformation with respect to the crack width and finally examples 
of deflection analysis using general and simplified methods.

Chapter 6, called "Outlook in Serviceability Limit States" forms an extension of knowledge 
slightly above the contents of MC2010. The discussion on deflections of prestressed concrete 
beams takes into account also the shear effects and shows when the shear becomes more 
important. The criteria of slenderness limits used for preliminary estimates of deflections are 
specified in MC2010 for selected frequent combination of parameters. Section 6.3 provides 
wider view on the slenderness limits and shows its dependence on different input parameters.  

Crack width criteria should also guarantee the durability of concrete structures. 
Section 6.4 is focused on mutual relation of concrete cover and crack width. Usually 
thicker cover layer results in larger crack width, which need not mean reduced durability 
of the structure.

Finally, chapter 7 illustrates numerical analysis of serviceability limit states. Detailed 
analysis of cracked concrete structures requires sophisticated numerical models, so 
that reasonably correct values can be obtained. A successful application of numerical 
methods requires detailed knowledge of the computer codes used so that the correct input 
parameters are used and finally so that the obtained results can be correctly interpreted. It 
is important to note that sometimes the philosophy of limit states may be confusing, since 
there are characteristic, mean and design values of mechanical properties on one side 
and a great variety of load combinations on the other side. It is necessary to choose the 
right combinations, which provide the results which are then applicable for serviceability 

This chapter was mainly authored by Vítek. doi.org/10.35789/fib.BULL.0092.Ch01
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2 Introduction

criteria. It is expected that numerical methods will see a further development in the 
future leading to even more powerful tools. In the near future, the numerical methods are 
becoming a part of the wider system which is now known as BIM (Building Information 
Modelling). However, the role of a structural engineer, who is responsible for the design, 
is to find a reasonable balance between the computing effort and engineering judgment 
which should ensure the correct and robust design of structures.
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fib Bulletin 92: Serviceability limit states 3

2.	 Requirements for concrete structures in terms of SLS*

2.1	 Introduction

Serviceability limit states aim to ensure that concrete structures work without any 
problems for a complete length of their assumed service life. The basic requirements are 
briefly described in MC2010 sect. 3.3.1.12-1. While ultimate limit states deal with safety, 
where a necessary reserve is required, SLS deals with everyday function of structures. 
If requirements of SLS are not satisfied, the clients will recognise such a situation very 
quickly in contrary to violation of ULS, where the reduction of safety reserve may not be 
recognised at all, even for a long time period. If some of serviceability criteria are not 
satisfied, the structure remains safe, but can be repaired. However, on the other hand 
excessive deflections, which also can be observed also in completely safe structures, may 
disturb the use of the structure significantly, and the repair may be very sophisticated and 
expensive and also limiting for future use of the structure. 

Additionally, the serviceability criteria may be closely connected with durability of 
structures. In such cases, although the serviceability criteria are not satisfied, the structure 
may work completely correctly, but over time, corrosion of steel or any similar damage 
may result in reduction of service life. 

The serviceability criteria are therefore essential for a correct and reliable design of 
concrete structures. Their importance is very high; on the same level as the ultimate limit 
state criteria, or durability criteria, etc. Violation of them results in problems reported by 
the users, and eventually in large costs for repair. Also, the reputation of the consultant 
and building company suffers if the structure is built without satisfying the SLS criteria.

2.2	 Serviceability limit states criteria

According to MC2010 four groups of SLS criteria are applied in design. 

1.	Limitation of stresses

2.	Cracks in concrete elements

3.	Deformations (deflections, rotations, etc.) of concrete elements

4.	Vibrations of elements or structures

Depending on the character of the structure all or at least some of them have to be checked.

2.2.1	Stress limitation

Stress in concrete, reinforcing steel and prestressing steel has to be limited. The concrete 
stress in compression should not exceed the limit of about 0.45fc which is sometimes 
called a limit of microcracking of concrete. Internal damage may occur in concrete if the 
stress becomes higher. Although no visible damage is observed, the internal processes 
could reduce the strength of concrete under long-term load. Creep which is normally 

This chapter was mainly authored by Balázs and Vítek. doi.org/10.35789/fib.BULL.0092.Ch02
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Requirements on concrete structures in terms of SLS4

assumed to be linear with respect to the stress may become larger, i.e. non-linear. It can 
also happen that at higher long-term load, creep may increase after some time and result 
in failure of the concrete element. 

High compression in one direction may result in tension in the other direction. If the 
compressive stress is high, the tensile stress in the other direction may exceed the tensile 
strength of concrete and cracks may appear. 

Normally the stresses are calculated under simplified assumptions. The effects of 
eigenstresses in concrete sections due to non-uniform shrinkage and due to temperature 
distribution are not usually taken into account, but actually they contribute to the stresses 
developed by loads or by restrained shrinkage. Therefore, it is reasonable to keep the stress 
low which is guaranteed by the SLS criteria. The tensile stress in concrete is not limited, 
cracking is considered to be usual in areas exposed to tension. Exceptions may be expected 
for prestressed concrete structures, where cracking is sometimes excluded and compression 
reserve is prescribed (e.g. segmental structures without conventional reinforcement in joints).

Stress in reinforcement also has to be limited. High stress in steel may result in high 
tension in concrete and to extensive cracking. The stress in steel is often calculated on 
the basis of the factor α (α =Es/Ec). For long term load it is allowed to use a simplified 
approach, where α = 15, while α is actually variable (see sect. 4.1.1). The stress in steel 
also has to be limited due to the simplified analysis, but mainly it is necessary to avoid 
plasticity in steel (ss ≤ 0.8fyk). On the other hand, if an imposed deformation is applied the 
stress in steel may be allowed to be higher (ss ≤ fyk), since stress relaxation is assumed to 
take place over time.

Stress in prestressing steel should be also within reasonable limits. The limit of linearity 
should not be exceeded, which is given by the limit derived from the tensile strength 
or from the yield strength. Relaxation of stress and induced prestress losses represent a 
major threat for prestressed structures. In order to keep the stress relaxation reasonably 
low, it is worth to define the stress limits in prestressing steel rather conservatively  
(sp ≤ {0.75fpk; 0.85fp0.1k}). The prestress losses, which are essential for correct function of 
prestressed structures mainly with respect to the long-term performance, can be reliably 
defined if the stress is limited.

2.2.2	Cracking and crack width

Cracking is an inevitable feature associated with concrete and concrete structures. The three 
main reasons for the need to limit crack widths are appearance of the structure, function and 
durability of the structure. The first reason is preferably psychological, but it is very important 
for the clients who use concrete structures. The other two reasons are technical and the crack 
limits should ensure that the structure will work properly for the expected service life. 

It is important to note that the mechanism of crack origin and their development are 
sophisticated processes dependent on many material and structural parameters and 
environmental conditions. It is not possible to provide procedures for exact analysis 
of cracking. The procedures which are described in the following sections should be 
considered as practical and simplified approaches which should provide an approximate 
estimate of possible crack widths and which should indirectly ensure that the structure 
will satisfy the performance required by the client.
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fib Bulletin 92: Serviceability limit states 5

2.2.3	Deformations of concrete structures

Concrete structures developed originally from stone and masonry structures, which 
were considered to be rather stiff and which exhibited small deformations. Over time 
concrete parameters improved, and spans were significantly increased followed by reduction 
of dimensions, which resulted in slender beams and slabs. The criteria for deflections and 
rotations at the support areas then become essential for a correct design. Increasing strength 
of concrete and steel make it possible to design flexible and safe structures, where the 
criteria for deflection are governing for the dimensions design (similarly as is sometimes the 
case for steel structures). The stiffness of concrete structures and elements is also extremely 
important for redistribution of stresses in statically indeterminate structures. 

For prestressed structures the final performance is a result of the difference between 
the effect of loads and the effect of prestressing, which works in the opposite direction. 
The deformation of prestressed structures is therefore extremely sensitive to the level of 
prestressing, which must be carefully analysed. Many factors with a large statistical scatter 
influence the performance of structures. Typically creep and shrinkage of concrete, stress 
relaxation of steel, etc., have to be carefully considered. The uncertainty given by the nature 
of these phenomena should lead to a reasonably conservative design, which has a reduced 
sensitivity to these uncertain phenomena, which is called a robust design. 

Unfortunately, the reduction of costs, which is required by some clients, and insufficient 
experience of some consultants, result in design of extremely slender structural elements 
(typically the floors slabs and beams in buildings). Although they may satisfy the criteria of 
ultimate limit states, their insufficient stiffness may lead to damage in internal non-bearing 
structures. The deflections increase during the time, which requires repeated repairs of 
interior structures. A repair of concrete structures in terms of increasing stiffness is usually 
very costly or sometimes even impossible. The savings resulting in reduced stiffness are 
therefore rather dangerous, and finally may lead to depreciation of a complete structure.

The deformations must be limited because of appearance, proper function of a complete 
structure (including integrity of non-structural parts) and because of cracking which may 
appear if deflections become large.

2.2.4	Vibrations

Vibrations are typical for slender structures. They may result in discomfort of the occupants, 
in operation of machines and structural damage. It is necessary to keep vibrations within 
the limits specified for the structure under consideration. The dynamic modelling of the 
structure will determine natural frequencies and the critical performance of the structure 
may be determined on the basis of their comparison with excitation frequencies. 

2.3	 Analysis of Serviceability Limit States

In the MC2010, principles of design are described in section 4. The majority of design 
procedures are based on the partial safety format. However, this formulation is more suitable 
for ultimate limit state design. In the serviceability limit states the structural analysis is 
usually simplified using an assumption of the elastic behaviour, and the load combinations 
are close to the realistic load acting on structures. The load combinations are derived from 
the probabilistic analysis. However, most of loadings, especially in building structures, 
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Requirements on concrete structures in terms of SLS6

are defined by experience (residential buildings, offices), or they are defined by the user  
(e.g. business centres, archives, storage areas). Combinations of actions for serviceability limit 
states are defined in MC20102-1 sect. 4.5.2.5. The characteristic, frequent, and quasi-permanent 
combinations are usually used. A simplification is proposed (Eq. 4.5-24 and 4.5.-25).

Using a philosophy of partial safety factors, the action side is multiplied by safety factors 
equal to 1. The resistance of the structure also uses safety factors of unity, but sometimes the 
characteristic values of the strength are used (concrete in compression and steel), and the 
strength of concrete in tension is usually considered by the mean value (fctm). 

Prestressing is considered as a kind of loading, i.e. prestressing forces are regarded 
as an action on the structure. The prestressing level is basically given by the prestressing 
force reduced by the prestress losses. Prestress losses are calculated from the usual formulas 
and are assumed as mean values. For purposes of verification of serviceability limit states, 
the mean value of prestressing force is taken as design value (MC 20102-1, sect. 5.4.7.2). 
If the prestressing force is known (e.g. from the site measurements) the mean value of the 
prestressing force can be also used for the crack width analysis. In post-tensioned structures, 
the prestressing force is always measured on the site during the prestressing process, and the 
mean value can be used. For pretensioned elements, the production control in the precasting 
plant should also guarantee the prestressing level of the products, which could be used when 
the prestressing force is known.

In cases where the design value of the prestressing force or any variation on site would 
influence the behaviour of the structure in an over-proportionate way, the designer must 
take adequate precautions, e.g. providing spare ducts and anchorages for additional 
prestressing units (internal or external), which could be installed and stressed later during 
the service life of the structure.

2.3.1	Stress analysis

Stresses in the individual structural elements are usually calculated using elastic analysis. 
Non-linear analysis may be also used, but then the principle of superposition cannot be used 
and the analysis becomes sophisticated which is not necessary in most cases. Stresses in 
cracked elements are calculated under the assumption of the effective section in the stage II 
(i.e. the area of concrete under tension is excluded). The stresses induced by long-term load 
may be analysed using an effective modular ratio αe,ef = Es/Ec,ef  , which may be taken simply 
αe,ef = 15. Stress analysis is described in detail in the sect. 4.1.

2.3.2	Crack width analysis

Cracks in concrete are inevitable and their width is highly variable and dependent 
on many factors. The analysis takes into account only the most important of them. The 
theory of analysis of crack widths is partly based on the physical mechanism and partly 
on experimental results and experience. The calculated crack width according to the  
sections (4.2.1 – 4.2.6) represents so called design crack width (wd), which is calculated 
under the appropriate load combination and compared with a nominal limit value (wlim), 
which is specified as a design criterion. However, this procedure should ensure that the 
crack width will be in most of cases smaller than the limit value wlim, but some cracks 
may exceed this value. 
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It is also important to note that crack width analysis is based on very simplified 
approaches which do not take into account the detailed properties of concrete, the stresses 
due to non-uniform shrinkage and temperature distribution along the section of the 
concrete element, etc. The empirical models are based on a large number of experiments, 
where the specimens were loaded by forces and the crack widths were measured. The 
cracks induced by restrained deformations are important for appearance as well as for 
function of concrete structures; however, their analysis is rather unreliable due to a 
large variety of influencing factors, especially the degree of restraint. The design of e.g. 
watertight structures requires very detailed analysis and design (including technological 
and structural details). Some recommended procedures are described in the sect. 4.2.3, 
5.4 and 5.5., but also in specialist recommendations.

Cracks, which are important for appearance and durability, will be present for a long 
time, i.e. they are induced by long-term load in the analysis represented by a quasi-
permanent combination for reinforced concrete structures or by a frequent combination 
for prestressed structures. 

2.3.3	Deformation analysis

Analysis of deformations (deflections and rotations) is significantly influenced by cracks 
in concrete elements. If no cracking is assumed (prestressed structures) elastic analysis is 
completely appropriate. If the structure is cracked, the linear or non-linear analysis may be 
used. Non-linear numerical methods represent a higher level of analysis and the results are 
dependent on the accuracy of the applied procedure. General non-linear methods take into 
account the actual distribution of stiffnesses along the structure and then the distribution of 
internal forces as well as the deformations are analysed together. The application of non-
linear methods is not usual or necessary for ordinary structures. Routine structural analysis 
used to be based on elastic analysis, which results in internal forces distribution (bending 
moments, shear forces and axial forces). When these forces are known, the stiffness is 
reduced depending on the loading level and is analysed in individual sections or parts of 
the structure and then the deformations are calculated using the reduced stiffnesses of the 
structural system. Stiffnesses are reduced depending on cracking and creep of concrete. 
The shrinkage induced deformation should not be neglected particularly in elements with 
asymmetrical reinforcement at the top and bottom surface.

Deformations of reinforced concrete structures are significantly influenced by cracking, 
which has to be correctly considered in the analysis. In buildings deformations are often 
analysed in three stages. i) Total deflection which is a deflection of the structural element 
at the end of the service life related to the initial (designed) shape. ii) Long-term deflection 
increment from the time after the internal non-bearing structures are installed until the end of 
the service life. These two values of deflections are analysed under the long-term load i.e. the 
quasi-characteristic load combination. iii) The short-term deflection induced by short-term 
(applied load). This value is important for an instantaneous deformation of the structure. 

The serviceability check results in a statement that the calculated deformation vc ≤ vlim, 
where vc is a calculated deflection and vlim is an appropriate limit value. The simplifications 
accepted in some methods should provide results which are overestimated, i.e. their results 
are greater than the actual deformation of the structure. Then the criterion limiting the 
calculated deflection will guarantee that the actual deflection should be also smaller than 
the limiting value. 
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Cracking represents damage of the structural element which is a reason for reduction 
of stiffness and increase of deformations. Cracking may occur due to different reasons. 
Some cracks may appear during the construction process, then the structure is open to 
operation and it can be exposed to the maximum allowable load (e.g. characteristic 
combination of loads). After removing such a rather unfavourable load combination the 
cracks partly close. If the long-term deflection is calculated, the load under consideration 
(e.g. quasi permanent load combination) may be smaller than the load which could 
induce cracks earlier. Therefore, it is important for correct deformation analysis to take 
into account the most severe load which could have been active on the structure before 
or after and to consider the cracks induced by such load, when the stiffness is calculated. 
In the opposite case, it could be concluded that the long-term load would induce no 
or very little cracking and the stiffness would be overestimated and the deformations 
underestimated. It is also important to note, that the deflection analysis should provide an 
upper limit for the deflection, which should not be exceeded. If the long-term deformation 
is calculated, creep and shrinkage have to be taken into account. A detailed explanation 
of the deformation analysis is described in the sections 4.3 and 5.6.
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3.	 Design criteria of serviceability limit states*

Design criteria for verification of serviceability limit states were developed many 
years ago and they are based partly on experience, research results and sometimes on 
agreement between the client, consultant and contractor.

3.1	 Stress limits

Stress limits are specified almost exactly. The criteria are based on reasonable use of 
the material capacity.

Concrete short-term stress should not exceed 0.6fck. The long term stress in concrete 
should not exceed the limit 0.4fck. The mean strength is defined by Eq. 5.1-1 and 5.1-2 
(MC 20103-1) fcm = fck + 8 [MPa]. Table 3.1 shows the stress limits for short-term and long-term 
loads. and their comparison with the mean concrete strength. The stress limit of 0.6fckfor 
short-term load should avoid microcracking in concrete and also any development of 
cracks in the perpendicular direction. The stress limit of 0.4fck for long-term load should 
avoid the non-linear creep of concrete, which would lead to accelerated deformations of 
concrete elements. 

Table 3.1: Stress limits for selected concretes classes

Concrete Class C25/30 C35/45 C50/60 C120/140
fck          [MPa] 25 35 50 120
fcm         [MPa] 33 43 58 128
0.6 fck    [MPa] 15 21 30 72
0.4 fck    [MPa] 10 14 20 48

Stress limits for concrete in tension are not specified, since it is assumed that cracking 
is allowed, and therefore instead of a tensile stress limit, crack width limits are used. If 
cracks have to be avoided the decompression limit is required, i.e. no tension is allowed 
in the concrete section.

Stress limits in steel are specified depending on the steel yield strength. If the stress is 
induced by characteristic load combination the tensile stress in steel reinforcement should 
not exceed 0.8fyk. If the stress is induced due to entirely imposed deformation the stress 
limit may be increased to 1.0fyk. Stress verifications should be carried out for fatigue effects 
in partially prestressed members.

Stress limits for prestressing steel are defined in two stages (sect. 5.4.4.2 MC 20103-1). Stage 1 
specifies the maximum stress in prestressing steel before transfer of prestressing force to 
concrete (i.e. during prestressing operation). The lower of the following values is limiting.

This chapter was mainly authored by Balázs and Vítek.

σ
p0,max

= 0.8f
pk

  or  σ
p0,max

= 0.9f
p0.1k

In exceptional cases it is possible in stage 1 to allow even higher stress, up to 0.95fp0.1k. 
This allowance may be used if unexpected deviation of frictional behaviour on the site 
occurs, such that it may be impossible to obtain the required prestressing force under the 
limitation specified normally for stage 1.

(3-1)

doi.org/10.35789/fib.BULL.0092.Ch03
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Maximum stress in prestressing steel should not exceed the lower of the following 
values after transfer of the prestressing force to concrete (stage 2).

(3-2)σ
p0,max

= 0.75f
pk

   or   σ
p0,max

= 0.85f
p0.1k

This limit should ensure that permanent deformations will not occur in prestressing 
steel and also that the stress relaxation remains in reasonable limits.

3.2	 Crack width

The factors influencing allowable crack widths are not exactly defined as the limits of 
stresses. The maximum crack width is defined by appearance, by functional requirements, 
and by durability requirements. Appearance criteria are typically subjective and it is 
normally required that cracks should not be visible from a certain distance. 

Durability of structures requires limiting the crack width at the level of reinforcement, 
since there is a risk of corrosion. Depending on the concrete cover the crack width on 
the surface may be larger than that at the level of reinforcement. The crack width can 
be measured only at the concrete surface, which leads to the requirement of the limited 
crack width at the concrete surface. But both limits of the crack width (appearance and 
durability) are to a certain extent subjective and should be agreed with the owner. 

Functional limits of the crack width are important for structures which should be water or 
gas tight. In such cases special recommendations should be used for design (e.g. DAfStb3-2, 
DAfStb3-3, ÖVBB3-4, EN 1992-33-5). The crack width can be limited to smaller values 0.10 mm 
to 0.25 mm. Normally in dry conditions the cracks which would influence the structural 
performance of a typical structure would be significantly larger than the limits due to 
appearance and durability.

The crack width limits are a subject of discussion among technical experts. The 
actual cracks observed in some structures are often larger than limits recommended by 
codes or by MC20103-1. Some experts propose to allow cracks up to 0.5 to 0.6 mm. On 
the other hand, the methods of crack width analysis have a very limited accuracy and 
sometimes in spite of the design limiting the crack width, the measured cracks are much 
wider than expected. The experts who wrote the MC2010 decided to keep the limits of 
the crack width similar to those in European codes. Experience with corrosion of steel 
and with consequences of severe environmental conditions on concrete structures is a 
good reason for smaller allowable crack width. The crack width for RC structures under 
quasi-permanent load combination is limited to 0.3 mm in cases of exposure classes of 
environment (XC, XD, XF, XS, wlim = 0.3 mm). For exposure class X0 larger cracks limited 
by other criteria are allowed. When de-icing agents are used on the top of the tension 
zones, the limiting crack width should be discussed with the client. 

The crack width limits for prestressed concrete members were agreed in MC20103-1 
(Table 7.6-1), if no more precise data are available. The allowable crack width varies 
from 0.2 to 0.3 mm, depending on the exposure class of the environment and on 
the protection level of the prestressed reinforcement. In some more severe conditions,  
decompression is not allowed in the zone of the prestressing tendons. 
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3.3	 Deformation criteria

Deformation criteria are based on requirements which were briefly described in 
sect. 2.2.3. Three criteria may be necessary.

1.	The total allowed deformation of the structural member subjected to long-term 
load (quasi-permanent load combination)

2.	The deformation increment from the time of installation of internal non-bearing 
structures until the end of the service life induced by long-term load (quasi permanent 
load combination should be used)

3.	Instantaneous deformations induced by applied load (a suitable load combination 
should be discussed between the client and designer. If no information is available the 
characteristic or frequent load combination may be used (See sect. 7.6.2 MC20103-1). 

In buildings usually criteria 1 and 2 are essential; in bridges rather criteria 1 and 3 
become more important.

In order to satisfy the limits of deformations, all effects which can influence the deflection 
development have to be considered, cracking in particular. I.e., if the structure is cracked due 
to previous loading (during construction, or during earlier service life), the cracks have to be 
taken into account. E.g. if the structure is subjected to a maximum load which is allowed 
immediately after opening (i.e. characteristic load combination) the corresponding damage 
due to cracking should be considered in the deformation analysis. 

The calculated deformation which is compared with the deformation limit need not 
necessarily be a real deformation which can be expected to be measured on the site. It 
should be a limit which takes into account all effects which can realistically appear during 
the service life of the structure. It is the usual approach accepted for all verifications. The 
unfavourable combination of loads and other effects have to be checked and the limit 
criteria should be satisfied.

The deformation criteria should be specified by the owner in agreements with the 
consultant and the contractor. Appearance of the structure is a purely subjective issue; the 
function of the structure depends on the equipment inside the building or other structure 
and integrity with non-structural elements is also dependent on specific features of the 
structure under consideration. 

In ordinary buildings the integrity with non-structural parts of the structure seems 
to be the most severe limit for deformation of the concrete structure. Therefore, it is 
extremely important to check what materials and what structures will be used inside 
and then to specify the limits of deformation. The verification of deformations according 
to item 2 is important. 

Often there is an objection that the necessary criteria are not known in advance. 
Then it is a possibility to use the specific criteria which are rather moderate and which 
are prescribed in MC20103-1 and also in Eurocode 23-5. The total deflection of beams 
or slabs should not exceed the value of span/250 measured relatively to supports. 
In case of the cantilever, this limit is not applicable. It may be recommended before 
application of this rule to multiply the span of the cantilever by a factor of 2). This 
criterion is derived from the appearance of the structure. Long term deformation can be 
balanced by precambering, which is usual for bridges, but in buildings it is used only 
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sometimes for large spans. It is important to note that precambering does not contribute 
to compliance with item 2. 

If no data are available for the criterion under item 2, the MC20103-1 and Eurocode 23-5  
recommend value of span/500 (integrity with non-structural elements). This value is not 
conservative at all, and may not guarantee, that cracks (e.g. in partition walls) will not 
appear. Therefore, it is strongly recommended to check which structures and materials 
will be used inside the building. If there are doubts it is always recommended to satisfy 
the recommendations for the minimum depth of beams or thickness of the slab which is 
mentioned in the table 7.6-6 MC20103-1. 

Deformation limits for bridges are given in the specific codes. 

3.4	 Vibrations

Structures should be designed to avoid large deformations, large velocities and large 
accelerations during vibrations. It is necessary to design a concrete structure in such 
manner so that the unfavourable effects would be minimised. The natural frequencies of 
the structure should be outside the range of frequencies induced by possible loadings. 
Then the interference of the natural and forced vibration could be avoided. The natural 
frequencies of the designed structure can be calculated using its stiffness and weight 
distribution. The forced vibrations are briefly given in the table 7.6-7 MC20103-1 for most 
common situations. The comfort criteria and limit values for footbridges are given more 
in detail e.g. in fib Bull. 323-6 (2005), sect. 5.5.
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4.	 Rules and explanations*

This chapter will explain in more detail the background of individual rules applied in 
MC20104-1. Knowledge which could not be included in the MC2010 is presented here to 
a larger extent. It should help to understand the meaning of individual clauses in MC2010.

4.1	 Calculation of stresses

In service conditions Model Code 2010 requires the calculation of stresses in concrete 
and steel to avoid high levels of creep or unacceptable cracking. Under the quasi-
permanent load combination, limiting the concrete compressive stresses to a value equal 
to 0.4fck(t) means preventing non-linear creep that can lead to excessive long term 
deformations and serious consequences on prestress losses. Further cracks parallel to 
reinforcing bars may be observed when, in the presence of sustained and short term 
loads (or with the characteristic combination of actions), the stress level exceeds a critical 
value of 0.6fck(t). Limitation of the tensile stress in the ordinary steel to a limit of  
0.8fyk allows inelastic strains and large, permanently open, cracks to be avoided. In 
partially prestressed members stress verifications should be carried out for fatigue effects. 
Last but not least, the calculation of stresses in steel is also required for the calculation of 
crack widths, when these are determined directly or are checked indirectly, and deflections.

Stresses can be calculated applying the principle of superposition of effects if the section 
is uncracked, as often happens in the case of members subjected to an axial force with or 
without a moderate eccentricity (RC columns and walls) or whenever the maximum concrete 
tensile stress obtained on the basis of an uncracked section under the characteristic load 
combination does not exceed the mean concrete tensile strength, fctm. This is the case for 
fully PC beams which have to remain uncracked under the characteristic load combination 
or for partially PC beams under the quasi-permanent load combination. In aggressive 
environments, partially PC beams should also respect a limit state of decompression under 
the frequent load combination.

However, greater difficulties can arise in cracked sections in the presence of creep, 
shrinkage and variations in the elastic modulus of the concrete because of the non-
conservative nature of the system. The final configuration of the structure therefore depends 
on the evolution of the various phenomena, the histories of the actions involved and the 
need to satisfy compatibility conditions which, in indeterminate structures, continuously 
change the load effects along the structure. As a consequence, the relationships between 
actions and load effects, stresses and strains are not directly proportional and it is not 
possible to apply the principle of superposition of effects without losing the possibility of 
obtaining the solution in a closed form. 

In literature this problem of the calculation of stresses is solved through various methods 
with different levels of refinement4-2. In the following the various aspects that are involved 
in the calculation of stresses in structures are considered taking into account, first, the case 
of RC sections and, after, PC sections.

This chapter was mainly authored by Bisch, Caldentey, Duarte, 
Debernardi, Fehling, Guiglia, Mari Bernat, Taliano, Torres, 
Vítek and Vrablik. doi.org/10.35789/fib.BULL.0092.Ch04
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4.1.1	RC sections

4.1.1.1	 Load and creep effects on an uncracked RC section in composed bending

The effects of the load and the creep on an uncracked RC section can be evaluated 
through the effective modulus method and combined with those due to shrinkage by 
applying the superposition of the effects, because the reacting sections remain unchanged.

4.1.1.2	 Creep effects on a cracked RC section in composed bending

The creep effect on a cracked, simply reinforced, RC section subjected to bending is 
demonstrated in Fig. 4-1, where the stress and strain configurations at times t0 and t are 
shown. Times t0 and t represent the age of concrete at the time of loading and the time being 
considered, respectively. The analysis is carried out under the main hypothesis of linear 
concrete stresses of the compressed zone of the section. Because of creep, the compressive 
strains of concrete fibres increase in time leading to an increase of the curvature of the 
section and the strain of steel. The higher tensile strains are associated with a higher stress 
on steel and, therefore, a greater resultant stress in the concrete is required for equilibrium. 
But, if the bending moment remains constant between t0 and t, e.g. due to quasi-permanent 
loads, the internal lever arm of the tensile and compressive resultants have to be reduced. 
This means that the neutral axis moves towards the bottom, the compressive depth of 
concrete increases and the maximum concrete stress decreases. Finally, at time t the neutral 
axis (the level where the concrete stresses are equal to zero) does not coincide with the 
level where the strains are equal to zero. The presence of compressive steel is however 
favourable to the behaviour of the RC section, reducing the increase of deformations of the 
section and partly providing the required compressive resultant.

Fig. 4-1 Stresses and strains at times t0 and t, due to creep effect, in presence of constant load effects

4.1.1.3	 General method and refined approach

The most general and refined approach for the evaluation of creep and shrinkage effects 
consists of the incorporation of the constitutive relation for concrete for each part of the 
section into a step-by-step incremental numerical solution (see MC20104-1, sect. 7.2.4.11). 
For each time-step, the solution is achieved by imposing the equilibrium and congruence 
conditions and requires an iterative calculation. This method leads to laborious analyses and 
a consequent calculation effort that is in general justified only in structures sensitive to the 
time-dependent behaviour of concrete, where a particular accuracy is required.
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A more affordable solution of the problem consists of the method proposed in the CEB 
Bulletin d'Information no. 235[4-2]. In this case the problem is solved through a calculation 
method of stresses on RC and PC cracked or uncracked sections developed by means of a 
refined analytical model, based on the method of imposed deformations, able to properly 
take into account the presence of various stages of the construction and several tendons 
prestressed in different phases. 

The basic assumptions include:

-- if the tensile stress (positive sign) in the concrete does not exceed the strength 
value fct, the section is uncracked.

-- if the section is cracked, the concrete in tension is neglected.

-- the traditional hypothesis of superposition and linearity of creep apply.

-- in service conditions, steel has linear elastic behaviour characterized by the modulus 
Es, and the prestressing tendons are also subjected to relaxation.

-- plane section before loading remain plane after loading.

-- the stress diagram in the uncracked concrete is linear.

The analysis is carried out by the method A.A.E.M. (Age Adjusted Effective Modulus – one 
study addresses this4-4 (MC20104-1, sect. 7.2.4.10), represents an approximate algebraic 
formulation that offers a very good accuracy in particular in the case of evermore 
increasing stresses in the concrete.

4.1.1.4	 Simplified n-method

In practice, the calculation of stresses is usually performed with a simplified method, 
commonly known as the “n-method”. It consists of considering the effects of permanent and 
variable actions in a single stage, applying the customary elastic formulae and modifying the 
modular ratio, ae = Es /Ecm, in order to take into account in a global way the elastic and creep 
effects. Because the time-dependent effects play a different role depending on the type of the 
loads (permanent and variable loads, instantaneous and sustainable loads) the modular ratio 
ae can assume different values as a function of the load combination considered.

In the presence of long term loads (quasi-permanent load combination), an effective 
modular ratio ae,ef may be adopted on the basis of the definition of the effective elastic modulus 
of concrete, Ec,ef, according to the Effective Modulus method4-5:

(4-1)
E
c,ef

=
E
c
t
0( )

1+
E
c
t
0( )

E
c,28

⋅ϕ t;t
0( )

The approximation of this approach is due to the fact that the maximum concrete 
stress on the section is assumed constant between t0 and t and equal to the final value as 
well as the geometry of the section (position of the neutral axis). This brings the n-method 
to underestimate the effects of creep. This means that the final value of the concrete stress 
is higher than the corresponding value obtained with the general method.

When long and short term loads act simultaneously (characteristic load combination) 
it is not possible to calculate separately the effects of long and short term loads with the 
relevant values of the modular ratio and then apply the principle of superposition of 
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effects. In fact, the basic assumption for the application of the principle of superposition, 
that means the linearity of the behaviour, is not valid anymore. The application of the 
n-method requires adoption of a new value of the modular ratio, which is intermediate 
between the values pertaining for long and short term loadings, intended to represent 
in a global way the effects on the section due to both long and short term loads. This 
intermediate value should take into account the influence of the elastic modulus of 
concrete and the expected creep deformation (creep coefficient j), thus it should be fixed 
as a function of the strength of concrete. Moreover, the redistribution of the stresses is 
significantly affected by the different amount of sustained and short term loads, therefore 
the modular ratio should be defined on the basis of the variable-to-permanent load ratio.

In order to take into account the creep effects under the characteristic load combination, 
Model Code 20104-1 (on the left hand side, which includes comments, page. 476) allows 
consideration of a constant conventional value of the modular ratio, equal to 15, where 
more than 50% of the stress arises from the quasi-permanent load. Otherwise, creep 
effects may be neglected.

The effect of shrinkage represents an additional difficulty of calculation because of its 
complex interaction with the elastic and time-dependent effects of the loads, in particular 
for cracked sections. A drastic simplification can be obtained by calculating separately 
the effects of creep and shrinkage4-5. Under this assumption the n-method can be applied. 
The shrinkage acts on the section as an imposed deformation uniformly distributed on the 
compressed concrete, which actually varies in time due to the effect of creep. This leads 
to another uncertainty on the most appropriate height of the compression zone to be 
used. In accordance with the simplified method for the calculation of the curvature due 
to shrinkage (MC20104-1, sect. 7.6.5.2.2), in the presence of quasi-permanent loads the 
effect of creep and shrinkage can be calculated adopting the effective modular ratio ae,ef. 
The resulting approximation is due to the fact that the depth of the compressed zone 
is assumed to be constant and equal to that which is defined at time t. However, this 
methodology allows taking into account the interaction between creep and shrinkage, 
although in an implicit and simplified form. Finally, the stresses due to creep and shrinkage 
are determined by applying the principle of superposition of effects and this introduces a 
further approximation to the n-method because the principle of superposition of effects 
is actually no longer valid for cracked sections. On the other hand, in the presence of the 
characteristic loads the effects of creep, sustainable and instantaneous loads and shrinkage 
are obtained referring to a conventional value of 15 of the modular ratio. Finally, as above, the 
stresses due to creep and shrinkage are determined by applying the principle of superposition 
of effects.

4.1.1.5	 Critical aspects connected to the n-method and to the choice of the 
conventional modular ratio

The use of the n-method associated with these values of the modular ratio leads to non-
negligible differences in the calculation of the maximum concrete stress, if compared 
to the refined method. In this respect, let us consider a rectangular cross section with  
b = 300 mm, h = 500 mm, d’ = 50 mm, As = 1500 mm2, A’s = 500 mm2, assuming 
the constant ratios Mqp/MRd = 0.53, Mchar/MRd = 0.69, where Mqp, Mchar, MRd are the 
applied bending moment in the quasi-permanent, characteristic and ultimate limit stat 
combinations respectively. In order to allow for the effect of creep, the shrinkage is not 
considered here.
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Three concrete strengths are considered (fck = 20, 50, 90 N/mm2); for each example, the 
stresses on the concrete, the tension reinforcement and the compression reinforcement 
obtained by means the n-method are compared with those obtained with the refined 
calculation. The calculation is here based on the above mentioned refined approach 
proposed in the CEB Bulletin d'Information n. 2354-3 and adopts the Age Adjusted Effective 
Modulus method.

For each of the three concrete strengths considered, the final creep coefficient at time 
t1 at which the quasi-permanent load combination is applied (j (t1; t0) = 2.90, 1.55, 0.95 
respectively) is determined assuming a conventional value of the nominal size h0 equal 
to 100 mm and a relative humidity of 60 %. At time t2, that occurs immediately after time 
t1, it is assumed that the characteristic load combination is applied.

First example:

fck = 20 N/mm2 ⇒ Ecm = 30 kN/mm2, ae = Es /Ecm = 6.7, j (t1; t0) = 2.90, ecs(t1; t0) = -0.50 mm/m

MRd = 258.3 kN/m,   Mqp = 141.5 kN/m,   Mchar = 184.5 kN/m

From the effective modulus method (EMM), Eq. (4.1.1-1):   ae,ef  = 26.0

Stresses (in N/mm2) and per cent differences compared to the refined method are:

Table 4-1 Results of the first example

Quasi-permanent load combination Characteristic load combination

t = t1,  M = Mqp t = t2,  M = Mchar

Refined method E.M. Method Refined method ae = 15

Stress Stress          % difference Stress Stress    % difference

N/mm2 N/mm2                % N/mm2 N/mm2              %

sc(t) -7.7 -8.7 +13.5 % -12.5 -14.7 +17.3 %

ss(t) 242.6 237.5 -2.1 % 312.0 307.2 -1.5 %

s’s(t) -266.4 -264.0 -0.9 % -287.5 -251.1 -12.7 %

Second example:

fck = 50 N/mm2 ⇒ Ecm = 37 kN/mm2, ae = Es /Ecm = 5.4, j (t1; t0) = 1.55, ecs(t1; t0) = - 0.36 mm/m

MRd  = 272.8 kN/m,   Mqp = 149.4 kN/m,   Mchar  = 194.8 kN/m

Table 4-2 Results of the second example

Quasi-permanent load combination Characteristic load combination

t = t1,  M = Mqp t = t2,  M = Mchar

Refined method E.M. Method Refined method ae = 15

Stress Stress          % difference Stress Stress    % difference

N/mm2 N/mm2                 % N/mm2 N/mm2              %

sc(t) -11.7 -12.3 9.0 % -17.2 -15.5 -10.1 %

ss(t) 251.2 248.8 -1.6 % 325.0 327.1 0.6 %

s’s(t) -188.4 -187.7 -0.6 % -206.8 -233.6 13.0 %

Stresses (in N/mm2) and per cent differences compared to the refined method are – see 
Table 4-2.
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Third example:

fck = 90 N/mm2 ⇒ Ecm = 44 kN/mm2, ae = Es /Ecm = 4.5, j(t1; t0) = 0.95, ecs(t1; t0) = -0.23 mm/m

MRd = 278.9 kN/m,   Mqp = 152.7 kN/m,   Mchar = 199.2 kN/m

From the effective modulus method (EMM), Eq. (4-1):   ae,ef = 8.9

Stresses (in N/mm2) and per cent differences compared to the refined method are:

Table 4-3 Results of the third example

Quasi-permanent load combination Characteristic load combination

t = t1,  M = Mqp t = t2,  M = Mchar

Refined method E.M. Method Refined method ae = 15

Stress Stress          % difference Stress Stress    % difference

N/mm2 N/mm2                 % N/mm2 N/mm2              %

sc(t) -14.8 -15.2 3.0 % -20.8 -15.7 -24.5 %

ss(t) 253.4 252.3 -0.4 % 328.7 336.5 2.4 %

s’s(t) -132.9 -132.7 -0.2 % -149.0 -213.4 43.2 %

Some general considerations can be derived from the analysis of the results of the 
three examples:

a) The application of the simplified method allows for evaluating stresses in the tension 
reinforcement with a good accuracy the, in both the quasi-permanent and characteristic 
load combination;

b) Under the quasi-permanent load combination the simplified method leads to an 
over-estimation of the concrete stress, in particular for cases with low concrete strength; 
the scattering on the stress of the compressive reinforcement is generally not significant; 

c) Under the characteristic load combination, the simplified method leads to an under-
estimation of the concrete stress and an over-estimation of the stress of the compressive 
reinforcement; the scattering is increasingly significant for high concrete strength.

A more general comparison between the simplified and refined calculation can be 
carried out by means of a parametric analysis that takes into account all the main involved 
parameters, as performed in this study4-6. The main results are shown in Fig. 4-2, in term 
of per cent differences in case of a RC simply reinforced section, for different values of the 
concrete strength. The calculation methods are applied on the basis of non-dimensional 
parameters of the width and the height of the section, the depth of the compressed zone, 
the areas of tensile and compressive reinforcements and the load effects. The quasi-
permanent load is assumed equal to the 70 % of the characteristic one, the geometric 
reinforcement ratio of tension steel is 0.5 %, the creep coefficient is varying from 2.9 
to 0.9 as a function of concrete strength, while shrinkage is absent. The corresponding 
concrete stresses are overestimated by the n-method based on the effective modular ratio, 
under the quasi-permanent load combination, up to 20 % for low strength concretes. 
Under the characteristic load combination, they are usually underestimated, up to more 
than 20% for high strength concretes. As far as the stresses on steel are concerned, the 
results show small differences that are on average smaller than 3 %.
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Fig. 4-2 Differences on concrete stresses (in %) using the n-method and the refined method as a function 
of the concrete strength (quasi-permanent and characteristic load combinations)

Moreover, it is interesting to note that the “traditional” value of the modular ratio equal 
to 15 under the characteristic load combination does not take into account that for high 
strength concrete the instantaneous value of modular ratio reduces and at the same time 
the creep effect decreases. 

These aspects lead to exploration of the possibility of the definition of a more gradual 
variation, under the characteristic load combination, of conventional modular ratio achar 
as a function of the concrete strength, in order to reduce the scattering of the n-method if 
compared to the refined one, in particular for the characteristic combination.

On the basis of experimental and theoretical research, the École des Ponts et Chaussées 
published a guideline for the extension of the calculation rules to the high strength 
concrete4-7 in which a different value of modular ratio is proposed respectively for normal 
(achar = 15) and high (achar = 9) strength concrete (see Table 4-4).

Moreover, in one study4-6, a recalibration of the modular ratio values as a function of 
the main parameters involved is proposed, based on an extensive and refined numerical 
analysis. The basic idea was to find appropriate values of the modular ratio suitable 
for the quasi-permanent or the characteristic load combinations which, applying the 
n-method, lead to reduction of the differences in the stresses on concrete between the 
“improved n-method” and the refined method. Therefore, the general expressions of the 
conventional value of the modular ratio a for the two load combinations are given as a 
function of the following parameters: the Es/Ecm ratio, the creep coefficient j (t1, t0) and 
the quasi-permanent load-to-characteristic load ratio l. In particular for the characteristic 
load combination, a simplification can be obtained referring to the values of the creep 
coefficient j (t1, t0) shown in Fig. 4.1.3 for each concrete strength and a given quasi-
permanent load–to–characteristic load ratio l (here l equal to 0.4 - 0.6 - 0.8): in this 
way the modular ratio αchar can be further simplified and expressed as a function of the 
strength of the concrete for each l-value, as shown in Table 4-4 (in the following called 
“improved modular ratio”).

The comparison of the above mentioned proposals is shown in Fig. 4-3, in which the 
conventional value of the modular ratio αchar (characteristic load combination) as a function 
of the concrete strength, according to the Model Code 20104-1, the Bulletin des laboratoires 
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des Ponts et Chaussées – n. s. XIX, 19964-7 and the “improved modular ratio” based on this 
study4-6 is represented. The conventional values are also compared with the instantaneous 
value                  and the effective value                              of the modular ratio.α
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Fig. 4-3 Conventional value of the modular ratio αchar (calculation of stresses under the characteristic 
load combination) as a function of the concrete strength and the relevant creep coefficient, according to: 
MC20104-1, Bulletin des laboratoires des Ponts et Chaussées – n. s. XIX4-7 and “improved modular ratio”4-6. 
Comparison with the instantaneous and the effective value of the modular ratio

In synthesis the calculation of stresses in service conditions can be made, in a simplified 
manner, adopting the n-method according to the following procedure (see Table 4-4):

-- quasi-permanent load combination: the effective modular ratio ae,ef may be adopted 
on the basis of the definition of the effective elastic modulus of concrete, Ec,ef, according 
to the Effective Modulus method.

-- characteristic load combination: the conventional value of the modular ratio αchar 
may be defined with different levels of accuracy, according to the above mentioned 
different proposals, as a constant value or as a function of the concrete strength.

The Table 4-4 describes the procedure of calculation in the two load combinations and 
shows the practical values of modular ratio to be applied according to the different proposals.
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Table 4-4 Effective value of the modular ratio ae,ef for the calculation of stresses under 
the quasi-permanent load combination. Conventional value of the modular ratio αchar 
for the calculation of stresses under the characteristic load combination, according to 
Model Code 20104-1, Bulletin des laboratoires des Ponts et Chaussées – n. s. XIX4-7 and 
“improved modular ratio”4-6 proposal

calculation of 
stresses under 

the quasi-
permanent load 

combination

αe,ef = ES / Ec,ef

calculation 
of stresses 
under the 

characteristic 
load 

combination

fck (N/mm2) 20 25 30 40 50 60 70 80 90

Model Code 2010 15(*)

Bulletin n. XIX 
Lab.P.C.1996

15 9

“improved
modular ratio“

l = 0.4 10.5 9.9 9.1 7.8 7.0 6.5 6.0 5.7 5.4

l = 0.6 13.7 12.7 11.5 9.8 8.6 8.0 7.2 6.9 6.4

l = 0.8 22.0 19.9 17.5 13.7 11.5 10.4 9.1 8.6 7.8

(*) (if more than 50% of the stress arises from the quasi-permanent load)

4.1.2	PC sections

4.1.2.1	 General aspects

In general terms the calculation of stresses in PC sections can be carried out with the 
same conceptual approaches of RC sections and thus shares the same difficulties. The effect 
of time-dependent losses of prestressing represents an additional difficulty of calculation 
because of its complex interaction with the effects of the loads. The effects of the rheological 
properties of the materials can show a significant influence on the prestress losses and thus 
can severely affect the long-term deflection and service behaviour.  Long-span prestressed 
elements can be particularly sensitive to prestress losses because the dead load is large if 
compared to the total load. For this reason, the theoretical evaluation of the effects due 
to creep and shrinkage of concrete and relaxation of prestressing steel is a very important 
aspect of the design in order to ensure proper service behaviour of the structure.

The stress limitation in prestressed structures at SLS involves the compressive stress in 
concrete, the tensile stress in ordinary and prestressing steel and the tensile stress in concrete.

Limiting the concrete compressive stresses to a value equal to 0.4fck(t) under the quasi-
permanent load combination means preventing non-linear creep that can lead to excessive 
long term deformations and serious consequences to prestress losses. Furthermore, the 
formation of cracks parallel to reinforcing bars may be generally avoided when, in the 
presence of sustained and short term loads (or with the characteristic combination of 
actions), the stress level does not exceed a critical value of 0.6fck(t).

The limitation of the tensile stress in the prestressing steel to a limit of 0.75fpk allows 
large inelastic strains to be avoided.

Further stress limits should be respected for transient situations (i.e. transfer of prestressing 
and construction phases): the stress limits for the prestressing reinforcements are given in 
Model Code 20104-1, sect. 5.4.4.2, while the maximum compressive stress on the concrete, 
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in general, have to be limited within the value of 0.4 ÷ 0.6fck(t) depending on the duration 
of the loading.

In the sect. 7.6.3.2 of Model Code 20104-1 the “limit state of decompression” is introduced, 
defined as the state where the section under consideration of a beam is compressed and 
the extreme fibre concrete stress is equal to zero. The limit state of decompression should 
be required if cracking or reopening of cracks has to be avoided, under a given load 
combination, for specific design purposes. Nevertheless, tensile stresses in concrete or even 
cracking in PC members are in some cases admitted by Model Code 20104-1, according 
to the experimental evidence that a properly limited cracking does not reduce their 
functionality, durability and appearance. In particular, cracking is allowed for unbonded 
prestressing steel in presence of all exposure classes and for bonded prestressing steel in 
exposure classes X0, XC (MC20104-1, sect. 7.6.4.3). For bonded prestressing steel type PL1 
(i.e. post-tensioned or pre-tensioned reinforcement without special layers for corrosion 
protection, see MC20104-1, sect. 5.4.3.3) subjected to aggressive exposure classes (XD, 
XF, XS) and bending, no tension is allowed in a distance of 100 mm from the duct or the 
perimeter of the prestressed reinforcement towards the tension face (this value may be 
reduced for thin elements). 

It is important to consider that the ordinary reinforcement is more effective than 
prestressing steel to control the cracks width. For this reason, at all regions where 
tension is expected to develop in the concrete in the SLS (due to imposed or restrained 
deformation, combined or not combined with direct loading), a minimum amount of 
ordinary reinforcement should be placed, to ensure that the reinforcement does not 
yield immediately after cracking in the SLS. Furthermore, the cracking has to be limited, 
where permitted, by applying the procedures and the limits described in 7.6.4 of Model 
Code 20104-1 and considering the ordinary reinforcement.

In synthesis the calculation of stresses relates to sections which are uncracked under 
the characteristic load combination (this is the case of fully PC beams) or cracked 
(partially PC beams).

The distribution of stresses in a section of a PC element is significantly influenced by 
the various phases of construction and application of prestress and by the typology of 
prestressing reinforcement (i.e. pre-tensioned reinforcement, bonded or unbounded post-
tensioned reinforcement). Therefore, the calculation requires considering different steps 
in which the active section changes and the various actions are applied, referring to a 
more or less complex scenario that includes most of the following phases:

-- Time t0 is the time in which the prestressing is applied to the element. Prestressing 
and self-weight are simultaneously acting on the beam. In pre-tensioned members the 
active section comprises the concrete and the ordinary and prestressing reinforcement. 
In post-tensioned members the active section comprises the concrete and the ordinary 
reinforcement and the calculation is performed assuming that the duct is not yet 
grouted. The section is usually uncracked.

-- Time t1 is the time in which the remaining quasi-permanent load is applied on 
the beam; for bonded post-tensioned members this step is generally considered 
after the grouting of the duct, thus the prestressing steel is bonded to the concrete; 
therefore the centroid, the area and the second moment of inertia of the section in 
this case is changed. The section is generally uncracked.
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-- Time t2 represents the final time when the time-dependent effects (prestressing 
losses due to creep, shrinkage and relaxation) are completely developed (quasi-
permanent load combination). The section is generally uncracked.

-- At the time t3, the variable load is applied. The section can be cracked or uncracked 
depending on whether a fully PC or a partially PC beam is considered. In general, the 
verification should consider the most unfavourable condition determined in short and in 
long terms respectively. Usually the most unfavourable time t3 corresponds to the end of 
the service life, when the prestressing is minimized due to the maximum prestress losses.

Fig. 4-4 Stresses and strains at times t1 (application of quasi-permanent load just after the grouting of the 
duct), t2 (after long term development of time-dependent effects) and t3 (application of variable loads), in a 
section of a partially-prestressed post-tensioned beam

The evolution of stresses and strains in a section subjected to bending of partially-
prestressed beam with bonded prestressing reinforcement is exemplified in Fig. 4-4, where 
the phases between time t1, t2 and t3 are considered. The applied bending moment in the 
period t1 - t2 is considered as constant.

At time t3, just after the time t2, an increase of external bending moment ΔM, corresponding 
to short-term variable load, is applied. In the phase t1 - t2, because of creep and relaxation 
of prestressing steel, the strain of concrete fibres increases in time while in prestressing steel 
decreases, leading to an increase of the curvature of the section. It can be noted that in 
this phase the evolution in time of the stresses and strains in concrete due to the creep are 
affected by the variation of the stress in prestressing steel due to relaxation. In a reciprocal 
manner, the stress in prestressing steel varies according to a relaxation law that depends on 
the initial stress and thus is affected by the variation of stresses and strains in the concrete. 
Therefore the creep of concrete and the steel relaxation interact in a complex manner with 
each other and with the effects of the loads. 
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At the time t3 the instantaneous increase of bending moment DM due to variable load 
is applied and the section is cracked. The variation of the stresses on the section should 
balance the variation of the external bending moment but, due to the change of the active 
section, the stresses are not linear.

According to Model Code 20104-1, sect. 7.2.4.2, the level of refinement of the 
analysis has to be appropriate to a series of design aspects such as the design stage, 
the sensitivity of the structure to time-dependent effects, and the reliability of the 
information on material properties.

In general terms the calculation can be based on the general assumptions of visco-
elastic behaviour of materials, uncracked or fully-cracked section depending on whether 
the tensile stress in concrete exceeds the mean concrete tensile strength, fctm, and perfect 
bond between concrete and ordinary or bonded prestressing steel after grouting. The 
hypothesis that plane section before loading remains plane after loading is generally 
accepted in a large number of cases, except for particular situations such as, for example, 
bridge box sections in which a significant shear-lag effect is expected.

4.1.2.2	 General method and refined approach

In rigorous terms, according to the considerations exposed in the previous paragraph, 
the calculation of the variation of stresses and strains from the time t1 should take into 
account an evolution that occurs over time in the materials. For this purpose it is necessary 
to refer to the general approach that incorporates the constitutive relation for creep and 
shrinkage of concrete and steel relaxation for each part of the section, considering a series 
of time-steps, and performing for each step a numerical solution that matches both the 
equilibrium and congruence conditions. This method can be typically incorporated in the 
FEM approach and allows consideration in a detailed manner of not only the complex 
interaction between the load effects and the time-dependent properties of materials 
but also the redistribution of the effects due to external loads that occurs in statically 
indeterminate structures. Nevertheless, it must be considered such laborious analyses 
and consequent calculation effort is in general justified only in structures sensitive to the 
time-dependent behaviour of concrete, where a particular accuracy is required.

A more affordable solution can be obtained by adopting the method proposed in 
the CEB Bulletin d'Information No. 2354-3, already described in the present text in the 
section about RC sections. The creep effects are treated with an approximate algebraic 
formulation of A.A.E.M. method (Age Adjusted Effective Modulus – Model Code 20104-1, 
sect. 7.2.4.10) and the analysis of the section is carried out by the method of imposed 
deformations. In this form the calculation procedure is rather general and able to properly 
consider a series of cases not covered by more simplified approaches, such as: 

-- the presence of various stages of the construction;

-- the presence of several tendons set in different levels and prestressed in 
different phases;

-- the presence of a section made with different mechanical and thermo-
hygrometric properties.

The solution is in closed form in the case of uncracked sections but it requires an iterative 
calculation with one unknown when the section is cracked. Nevertheless, the calculation 
procedure can be easily implemented in an automatic spreadsheet and represents an 
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affordable tool for cases in which the simplified methods are not applicable or a particular 
accuracy is required.

4.1.2.3	 Simplified method

In order to reduce the calculation efforts required by the refined approaches described in 
the previous paragraph, in many practical cases it is possible to introduce further simplified 
assumptions that lead to a more affordable solution while maintaining an acceptable accuracy. 

The basic idea is to consider a series of phases from the initial time t0 to the long-term 
time t3 (when the time-dependent effects are completely developed), through a series of 
elastic analyses of the uncracked section and applying the superposition of the effects. The 
creep effects can be treated with an approximate formulation of A.A.E.M. method and, 
under certain geometrical and mechanical simplified assumptions, the prestressing losses 
can be derived in a closed form. After the time t3, the application of the variable loads can 
lead to an increase of stresses without exceeding the mean concrete tensile strength, fctm, 
and thus the phase can be interpreted as a further elastic phase on which the superposition 
of the effects applies, or can lead to the cracking of the section: in this latter case a means of 
calculation can be adopted in order to assimilate the nonlinear redistribution of the stresses 
over the section to a pseudo linear-elastic behaviour. In the following a short description of 
the different phases and their simplified treatment is carried out.

4.1.2.3.1	 Calculation of stresses after the application of the prestress

After the evaluation of the initial prestress losses (just the transfer of prestress for pre-
tensioned members and after the release from the anchorages for pre-tensioned members) 
it is possible to define the effective stress in each point along the cable. The calculation 
of stresses on the section at time t0 is carried out considering the elastic behaviour of 
concrete, taking into account the effective value of the elastic modulus of concrete at the 
considered time Ec = Ec(t0).

After the time when the prestressing reinforcement is bonded to the concrete, no differences 
between the post-tensioned and pre-tensioned elements are considered, except for the 
anchorage zones. When further loads are applied (i.e. the remaining quasi-permanent load, 
time t1), the section is generally required to be uncracked: if such a hypothesis is satisfied, 
the increment of stress can be evaluated on the basis of the elastic formulae referring to the 
transformed section (considering both the ordinary and the prestressing reinforcement) and, 
according to the superposition of the effects, the final stress can be determined as the sum of 
the two contributions. 

In the case of statically-indeterminate structures the external bending moment in each 
section does not depend only on the applied load but also on the hyperstatic effect 
of prestressing. Nevertheless, this contribution can be easily evaluated with the usual 
computational techniques, if linear elastic behaviour of the structure is assumed.

4.1.2.3.2	 Calculation of stresses due to long-term effects

Let us consider that the stresses on the section at the previous step t1 are known (due to 
the quasi-permanent load, see stresses in time t1 of Fig. 4-4) and that in the time t1-t2 the 
external load remains constant. Due to the effects of creep and shrinkage, with concrete 
and steel relaxation, losses in the prestressing steel and a redistribution of stresses over 
the section occur.
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If the prestressing steel consists of only one bonded cable set at the distance zcp 
from the centroid of the concrete section and no ordinary reinforcement is present, the 
application of the A.A.E.M. method and the consideration of the perfect bond of prestressing 
reinforcement as well as the equilibrium conditions allow determination of the prestressing 
loss Dsp,c+s+r through the following equation (CEB-FIP Model Code 1990, 19934-8):

(4-2)Δσ
p,c+s+r =

ε
cs
⋅E

p
+σ

c
t
1( )Ep

⋅ϕ t
1
,t

2( )
E
c

+ Δσ
rel

t
1
,t

2( )

1+
E
p

E
c

A
p

A
c

1+
A

c

J
c

z
cp
2

⎛

⎝⎜
⎞

⎠⎟
1+ χ ⋅ϕ t

1
,t

2( )⎡⎣ ⎤⎦

where: 

ecs is the shrinkage strain, in absolute value; 

j(t2;t1) is the creep coefficient at a time t2 and load application at time t1;

c is the ageing coefficient (can be assumed equal to 0.8);

Dsrel is the absolute value of the variation of stress in the tendons, at time t2, due to the 
relaxation of the prestressing steel;

Ep is the modulus of elasticity for the prestressing steel; Ec: modulus of elasticity for 
the concrete;

Ac is the area of the concrete section; Ap: area of the prestressing tendons; 

Jc is the second moment of area of the concrete section;

zcp is the distance between the centre of gravity of the concrete section and the tendons.

The variation of the stress in the prestressing reinforcement obtained with Eq. 4-2 causes a 
change of the stress distribution on the section: the equilibrium condition requires a variation 
of the resultant of stresses on the section equal to the variation of the prestressing force caused 
by the stress losses DP = Dsp,c · Ap.

The stress variation on the concrete at y level can be determined by applying the variation 
of the prestressing force, at the distance zcp from the centroid, on the section (excluding the 
area of the prestressing reinforcement)

(4-3)Δσ
c
y( ) = ΔP

A
P
*
+
ΔP ⋅z

cp

J
C
*

y

being A*P and J*C the transformed area and second order moment of the section (excluding the 
area of the prestressing reinforcement). The superposition of the effects of this stress variation 
with the stress distribution at t1 allows determination of the final stresses on the section at t2.

Eq. 4-2 is derived for an uncracked section with bonded prestressing reinforcement set 
at distance zcp from the centroid of the concrete section (without ordinary reinforcements); 
in a simplified way it can be extended to cases in which several prestressing reinforcements 
are set in different levels but they can be represented by a unique resultant reinforcement. 

In the case of the presence of several tendons set at the top and the bottom levels of 
the section or if they are prestressed in different phases, Eq. 4-2 cannot be applied and a 
more refined approach has to be adopted. 
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Moreover Eq. 4-2 is not valid for sections made from different concretes and does not 
take into account the ordinary reinforcements. 

4.1.2.3.3	 Calculation of stresses due to variable loads

Variable loads act on the structure with higher intensity (characteristic combination) 
varying in each section the previous stress distribution due to the quasi-permanent 
actions, that we assume are known. The characteristic load combination thus produces 
an increment of the axial force and bending moment on the section ΔN, ΔM in addition 
to the quasi-permanent load combination that causes the stress variation in concrete:

(4-4)Δσ
c
y( ) = ΔN

A
C ,trans

+ ΔM
J
C ,trans

y

where AC,trans and JC,trans represent the transformed area and second order moment of 
the section (including the area of the prestressing reinforcement and referring to the 
instantaneous value of the elastic modulus Ec(t3) at the time t3 being considered).

The resultant total stress distribution on the concrete can be obtained, according to 
the superposition of the effects, by the sum of this contribution with the previous stress  
Dsc + sc(t2) and, in an analogous way, on the reinforcements. If the maximum positive stress on 
the concrete does not exceed the mean concrete tensile strength fctm, the section is uncracked 
and the solution previously found is applicable. If not, the section is cracked and the previous 
solution has to be considered no more valid. At the same time a solution can be determined 
by applying a superposition of fictitious load effects2 according the following procedure.

Let us consider the known distribution of stresses on concrete sc(t2) and on the 
reinforcements ss(t2), sp(t2) at time t2 (Fig. 4-5a); it can be seen that, due to creep and 
shrinkage, the diagram of stresses in the uncracked concrete continues to be linear while 
the diagram relative to steel stresses is no longer such.

The latter distribution of stresses can be broken down into an initial linear portion 
consisting of the stressessc(t2) andss(t2),sp(t2) (Fig. 4-5b),ss(t2),sp(t2) which are 
proportional to the concrete stress at the same level through the modular ratio (ae) and 
another portion including the stress in the reinforcements Dsp(t2) =ss(t2) -ss(t2) (Fig. 4-5c). 

The “elastic” portion of diagram of Fig. 4-5b has as resultant the axial forceN and the 
bending momentM with respect to the external load effect reference axis. The final stress 
distribution on the concrete can thus be evaluated by means of an elastic calculation, 
applying on the cracked section the fictitious axial force N*=N+ ΔN and the bending 
moment M* =M+ ΔM (Fig. 4-5d). The final stresses in the reinforcements are given by:

(4-5)

(4-6)

σ
s
t
3( ) = σ s

t
3( ) + Δσ

s
t
2( )

σ
p
t
3( ) = σ p

t
3( ) + Δσ

p
t
2( )
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Fig. 4-5 Stresses due to the variable load in a cracked section

4.1.2.4	 Particular cases

4.1.2.4.1	 Load in different stages

In the previous paragraphs the time-dependent effects are considered in a unique time-
step t1-t2; actually in  several practical cases the quasi-permanent actions are applied in 
a series of time-steps t1a, t1b, etc. that should be taken into account in the calculation. 
In rigorous terms, the calculation of the variation of stresses and strains from the time t1 
should consider the evolution that occurs with continuity in time in the materials, requiring 
the application of a general iterative method. However the simplified calculation can be 
applied if, as a major simplification, the total creep coefficient j (t1, t2) and the shrinkage 
strain esh(t1, t2) are divided into partial shares relative to each time-step:

step t1-t1a: (t1, t1a); esh(t1, t1a);

step t1a-t1b: j (t1a, t1b) = j (t1, t1b)- (t1, t1a); esh (t1a, t1b) = esh (t1, t1b)- esh (t1, t1a);

step t1b-t2: j (t1b, t2) = j (t1, t2)- (t1, t1b); esh (t1b, t2) = esh (t1, t2)- esh (t1, t1b);

As regards to prestressing losses, it is possible to determine the variation of stress in 
the tendons due to relaxation in each time-step Dsrel(t1, t1a), Dsrel(t1a, t1b), Dsrel(t1b, t2) and 
to calculate the total losses in the different phases by application to each step Eq.4-2. 
This procedure does not take into account the influence of the variation of stresses in the 
prestressing tendons due to external load effects.

The simplified method described in the previous paragraphs considers a time-step t1-t2 
where the effects of the sustained loads are assumed as constant, as happens in statically-
determinate structures. To the contrary, in a statically-indeterminate structure the effects of 
the external loads and the reactions in general depend on the stiffness of the structure and 
thus, due to the rheological properties of the materials, vary in time. In order to take this 
aspect into account it is necessary to adopt a general methodology, dividing the time-step 
in an appropriate series of ranges in which the effects can be considered as constant. For 
each range the solution should be determined by means of an iterative calculation that 
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satisfies both the equilibrium and compatibility conditions. However in some practical 
cases, as a simplification, it is possible to refer to the principles of linear viscoelasticity 
valid for homogeneous structures. With this assumption, in a statically-indeterminate 
structure with rigid restraints and constant load the load effects are constant in time and 
the calculation of stresses described in the previous paragraphs can be adopted.

4.1.2.4.2	 Structures with unbonded tendons

In the previous section the calculation of stresses and the evaluation of losses due to long-
term effects were illustrated with reference to the case of bonded prestressing reinforcement.

In the case of use of unbonded prestressing reinforcement, the calculation of stresses and 
the evaluation of losses due to long-term effects must take into account that the stress variation 
in the tendon is no longer linked to the local strain variation in each section but depends on 
the total length variation that is produced on the entire cable, between anchorages.

For this purpose the calculation of the stresses on the section can be developed by 
referring to the RC section without prestressing reinforcement, taking into account the 
equivalent effect of the prestress (axial force and bending moment).

Due to the effects of creep and shrinkage, with concrete and steel relaxation, losses in 
the prestressing steel and a redistribution of stresses over the section occur.

According to Model Code 20104-1, sect. 5.4.6.1, the time-dependent losses are 
calculated by considering both the reductions of stress due to the steel relaxation 
and to the reduction of strain, caused by the deformation of concrete due to creep 
and shrinkage, under quasi-permanent actions, occurring along the whole structure 
between the anchorages of the tendons.

The prestressing loss Dsp,c+s+r can thus be evaluated through the following equation:

(4-7)Δσ
p,c+s+r =

E
p

Δε
x
⋅dx∫

l
p

+ Δσ
rel

t
1
,t

2( )
being: 

Ep is the modulus of elasticity for the prestressing steel; 

Dsrel is the absolute value of the variation of stress in the tendons, at time t2, due to the 
relaxation of the prestressing steel;

lp is the total length of unbonded prestressing tendons, between the anchorages;

Dex is the concrete strain variation at the tendon level due to creep and shrinkage (after 
the application of prestress); the concrete strain variation can be evaluated by applying 
the AAEM method, through the following equation:

(4-8)Δε
x
x( ) = ε

c,creep
x( ) + εcs

= σ t
1( )ϕ t

1
,t

2( )
E
c

+
Δσ

c

E
c

1+ χ ⋅ϕ t
1
,t

2( )⎡⎣ ⎤⎦ + εcs

ecs is the shrinkage strain, in absolute value; 

j(t2;t1) is the creep coefficient at a time t2 and load application at time t1.

The integrations are made over the projected length of the unbonded tendons from 
anchor to anchor.
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The variation of the stress in the prestressing reinforcement causes a change of the stress 
distribution on the section. It can be noted that, in the same way of the case of bonded 
prestressing reinforcement, the evolution in time of the stresses and strains in concrete due 
to the creep and the steel relaxation interact with each other in a complex manner and with 
the effects of the loads.

In a simplified way, in many practical cases it is possible to introduce the analogous 
simplified assumptions considered in the section 4.1.2.3. The stresses are thus calculated 
with the elastic analysis of the uncracked section and applying the variation of the 
prestressing force ΔP = Δσp,c ⋅ Ap, at the distance zcp from the centroid, on the section of 
concrete excluding the area of the prestressing reinforcement.

4.2	 Cracking

This section 4.2 deals with cracks induced by bending and shear in reinforced and 
prestressed structures. Attention is given also to the avoidance of cracks without calculation 
and to cracking in orthogonally reinforced elements. Cracks induced by deformation restraint 
are also mentioned.

4.2.1	Bending cracks

4.2.1.1	 Background 

The main background to the MC 2010 formulation for crack width goes back to the 
drafting of EN 1992-1-14-9 and the discussions which took place within the Project Team when 
drafting chapter 7 Serviceability Limit States (SLS) with respect to the influence of cover on 
crack width. At that time, two established formulations were competing side by side: the 
formulation of MC 19904-8 which took no explicit account of cover and the formulation of 
ENV 1992-1-14-10 which provided a formulation consisting of a sum of terms, dating back 
to the formulation originally proposed by Ferry-Borges. This second formulation took into 
account cover, implicitly assuming a fixed value of 25 mm and the f/ref ratio.

MC 1990 was a rational expression based on theory. Its formulation could be derived from 
the equilibrium of the bar between the cracked cross section and the point of zero slip.

(4-9)w
k
= l

s,max
ε
sm
− ε

cm
− ε

cs( )
In Eq. (4-9), ls,max denotes the maximum length over which slip between steel and concrete 

occurs and is taken as twice the transfer length, ls, esm is the mean tensile strain of reinforcement 
within ls,max, ecm is the mean tensile strain of concrete within ls,max, and ecs is the shrinkage 
strain. This last term increases the crack width since ecs is to be taken as a negative strain.

The formulation for the transfer length can be derived from simple equilibrium conditions. 
From equilibrium of the bar (see Fig. 4-6), it is possible to derive Eq. (4-10).
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Fig. 4-6 Equilibrium of the bar between the section of the crack and the section of no-slip

(4-10)
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In Eq. (4-10), ss2 is the tensile stress of reinforcement determined assuming a fully cracked 
(State II) section, ssE is the tensile stress of reinforcement at the section of no slip, As is the 
bar area, f the bar diameter, ls the transfer length and tbms the bond stress. The transfer length 
is defined as the distance from the crack in which a stress equal to the tensile strength of 
concrete is transferred to the effective concrete area surrounding the reinforcement. The 
concept of effective area takes into account the fact that it is not necessary to transfer 
to concrete by bond a force equal to the full area of concrete times the concrete tensile 
strength to generate a new crack, when the area of concrete is very large. This is because 
the distribution of stresses is not uniform in the concrete surrounding the bar. A crack can 
originate due to high local tensile stresses near the bar and then propagate until it reaches 
the surface. Equilibrium can then also be expressed with respect to the cross section of the 
crack and that located at the end of the transfer length: both sections must resist the same 
force. This condition leads to the formulation for the transfer length included in MC 19904-8 
for stabilized cracking (see Eq. (4-11) and Fig. 4-7).
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Fig. 4-7 Equilibrium between the section of the crack and the section of no-slip

Even though MC 19904-8 provides different expressions for single crack formation 
and stabilized cracking, the above formulation is actually applicable to both cases, the 
difference in formulation being only formal. MC 1990 introduces the fact that, for single 
crack formation ssE is equal to ae ⋅ fctm. This way of presenting the model is unfortunate since 
it makes very similar problems look very different, and for this reason this approach has 
been abandoned in MC 20104-1. Eq. (4-11) is therefore valid both for stabilized and single 
cracking. The expression of MC 1990 can be obtained from the same equations as follows:

(4-12)
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In MC1990 the effect of cover was not introduced explicitly, due to the lack of a 
theory which could provide its influence so clearly as the above expressions prove the 
influence of f/ref. 

The outcome of the discussions in the Project Team for EN 1992-1-14-9 was a compromise 
between those who did not want to include cover at all, arguing that cover was already 
taken into account in the definition of the effective tensile concrete area, and those, led 
by Andrew Beeby who argued, based mainly on empirical evidence, that cover was the 
only important variable affecting crack width and that f/ref did not play a role at all. This 
point of view was expounded in a notorious article which fueled a heated debate after its 
publication in fib’s Journal Structural Concrete4-11.

While studying the problem of cracking for EN 1992-1-14-9, the team lead by Hugo 
Corres, from the Structural Concrete Research Group of UPM, drafted a large data base 
including a large amount of experimental evidence4-12 (later referred to as UPM data 
base), including tests from taken from several references4-13, 4-14, 4-15, 4-16, 4-17, 4-18, 4-19, 4-20, 4-21. 
When reviewing this evidence, it was hoped that some answers would be found which 
might settle the matter of cover vs. f/ref.
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4.2.1.2	 The problem with data bases

Data bases are tricky to use, mainly due to lack of homogeneity in the measurement 
criteria used in different Laboratories and also because test reports are not always well 
detailed so that it is not easy to understand what the measuring procedure really was. In 
the case of crack measurement, subjective factors play a main role. It is seldom established 
exactly how cracks are measured. The truth is that cracks vary with the development 
of tests. They open and close and it is seldom easy to tell at which point the crack is 
largest. In many occasions cracks can subdivide or converge and follow rather crooked 
paths. Furthermore, optical means, used traditionally to measure crack width, put a great 
amount of stress in the eye of the person making the measurements, so much so, that it 
can be stated that the reliability of crack measurements can be questionable and errors 
in measurement can be large. 

Looking first at crack spacing, it is clear that crack spacing evolves throughout a test, 
until crack stabilization is reached. It has even been argued that stabilization may be 
never attained. However, it is a fact that even though some cracks may appear at late 
stages, for members in which tension stiffening effects are limited (large reinforcement 
ratios and relatively large stresses – 250 to 300 MPa), the number of cracks is fairly 
stable up to failure, and the error in the mean crack spacing is not large even if a small 
percentage of cracks form at later stages.

Assuming this is so, actually measured values of mean crack spacing and values estimated 
from the measured crack widths should be approximately the same. The estimated (or inferred) 
value of the crack spacing is based on the definition of the crack width as shown in Eq. (4-13), 
where TS is used to denote tension stiffening effects.

(4-13)

In Fig. 4-8, a comparison between the measured value of the mean spacing between 
cracks, measured at the end of the test sm and the minimum value of (wm ⋅ 

Es)/(ss ⋅ 
TS) is 

provided for tests measurements having a geometric reinforcement ratio greater than 
1.5% and a tensile stress larger than 250 MPa, taken from the UPM data base. (From 
experience, a geometric reinforcement ratio of 1.5% is considered sufficiently large to 
attain stabilized cracking for a stress of 250 MPa.) In the evaluation of tension stiffening, 
the model proposed by Model Code 904-8 was used. As can be seen, if the tests conditions 
are properly restricted, acceptable results are obtained. Even so, scatter is still very wide 
and correlation is statistically significant but still rather low.
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Fig. 4-8 Comparison of inferred and measured crack spacing for conditions restricted to cases in which 
tension stiffening effects are small4-12

When trying to estimate the effect of f/ref on inferred crack spacing some tendency is 
observed, but the best word to describe this relationship would be scatter (see Fig. 4-9). 
Of course, one might think that this dispersion can be a consequence of the effect of 
cover, which is not explicit here and would affect the relationship.

Fig. 4-9 Effect of f/ref on inferred crack spacing for conditions restricted to cases in which tension stiffening 
effects are small4-12
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One way to find out if the reason for the observed dispersion is or is not the effect of 
cover is to fragment this function into groups such that the variation of cover is very small 
in each group. As it turns out, this is not of much help in being able to conclude that f/ref 
is really a significant factor (see Fig. 4-10).

Fig. 4-10 Effect of f/ref on inferred crack spacing for conditions restricted to cases in which tension stiffening 
effects are small4-12 – Segmented by cover intervals

Given this experience, the conclusions of fib T 2.1 “Serviceability Models” Group 
regarding data bases considering cover influence were the following:

-- Due to lack of homogeneity of data, no clear conclusions could be drawn from 
the lumping together of heterogeneous data

-- No tests were found at the time of writing this document in which either cover 
was kept constant with a significant variation of f/ref or f/ref was kept constant with 
a significant variation of cover, this being difficult since ref depends on cover.

For these reasons an ad hoc experimental program was designed allowing to:

-- Separate the effects of cover and f/ref 

-- Ensure homogeneity in data and full information on how tests were performed

-- Provide data regarding a seldom studied problem: the influence of stirrups. Should 
codes take them into account?

-- Address the issue of flexure vs. tension

4.2.1.3	 Ad hoc experimental program

Given the state of the matter as described in the previous paragraph in which the lack 
of homogeneity and the large scatter does not lead to experimentally prove or disprove 
that cover or f/ref are both important parameters to be considered independently in crack 
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spacing models a specific, ad hoc, experimental program was undertaken at the Structure’s 
Laboratory of the Civil Engineering school of the Polytechnic University of Madrid4-22. 

4.2.1.3.1 Test description

In order to cover the concerns described at the end of the paragraph 4.2.1.2, 12 beams 
were tested covering a wide range of practical situations: 

-- High (1.5%) and low (0.3%) reinforcement ratios

-- Large (70mm) and small (20mm) covers

-- No stirrups, high stirrup spacing (30 cm) and low stirrup spacing (10 cm)

The tests involved 1:1 scale beams (b ⋅ h=0.35 ⋅ 0.45) with a long constant bending 
zone using the setup shown in Fig. 4-11.

Fig. 4-11 Test setup

The main design parameters from the point of view of cracking are shown in Table 4-5. 
These parameters cover a wide range of practical situations. The beam cross sections are 
shown in Fig. 4-12.

Fig. 4-12 Beam cross-sections
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The specimens were coded as XX-YY-ZZ with XX referring to the bar diameter (12 or 25), 
YY referring to cover (20 or 70) and ZZ referring to stirrup spacing (00 for no stirrups, 10 
and 30, for 10 cm spacing and 30 cm spacing, respectively).

Table 4-5 Main design parameters of the tested beams (* hef ≤ (h-x)/3).

ID f [mm] c [mm] f/reff [mm] st [mm]
25-20-00 25 20 460 -
25-20-10 25 20 460 100
25-20-30 25 20 460 300
12-20-00 12 20 882 -
12-20-10 12 20 882 100
12-20-30 12 20 882 300
25-70-00 25 70 473(*) -
25-70-10 25 70 473(*) 100
25-70-30 25 70 473(*) 300
12-70-00 12 70 1172 -
12-70-10 12 70 1172 100
12-70-30 12 70 1172 300

4.2.1.3.2	 Test results

Test results regarding crack spacing are shown in Table 4-6.

Table 4-6 Test results. Mean (sm) and maximum (smax) crack spacing

Beam ID f [mm] c[mm] f/reff [mm] st [mm] sm [mm] smax [mm]
25-20-00 25 20 460 - 130.5 234
25-20-10 25 20 460 100 114 230
25-20-30 25 20 460 300 152 258
12-20-00 12 20 882 - 173 269
12-20-10 12 20 882 100 182 320
12-20-30 12 20 882 300 274 358
25-70-00 25 70 473 - 227 423
25-70-10 25 70 473 100 188.5 460
25-70-30 25 70 473 300 200 442
12-70-00 12 70 1172 - 235.5 412
12-70-10 12 70 882 100 259.5 381
12-70-30 12 70 1172 300 280.5 383

Influence of concrete cover

From the results of Table 4-6, some of the questions raised before could be answered. 
It can be observed that the specimens 25-20-ZZ and 25-70-ZZ have practically the same 
f/ref ratio, but very different covers. They can therefore be used to investigate whether or 
not cover should be considered as a parameter independently from f/ref. The answer to 
this question is given in Fig. 4-13: a larger cover provides a much larger crack widths for 
the same stress.
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Fig. 4-13 Effect of cover on crack width. A very clear pattern is observed on specimens with nearly the same 
effective concrete area. (Results have been corrected by subtracting the increase in crack opening due to 
shrinkage using the formulation of MC 20104-1 for all models)

The explanation of what is observed in Fig. 4-13 is very clear when looking at the 
crack patterns of these beams: increase in cover results in a clear increase in crack 
spacing (Fig. 4-14).

Fig. 4-14 Crack patterns of beams 25-20-00 and 25-70-00

5.34 m SPALLED AREA (FAILURE)

BUCKLED 12 mm BAR

25-20-00
FACE B

Fig. 4-13 is also very interesting from the practical point of view. It shows that for the 
common serviceability range of stresses, between 200 and 300 MPa, while the maximum 
crack opening is acceptable for a small cover, it clearly exceeds the commonly accepted limits 
for the 70 mm cover (wmax>0.6 mm). Cover values of up to 70 mm are not uncommon since 
they are prescribed for elements concreted against the ground, such as piles or embedded 
walls. Such covers are prescribed to ensure adequate durability. However, as it turns out 
they also increase very much the crack width which is commonly regarded as pernicious for 
durability. Increasing the reinforcement in order to reduce the crack width does not seem like 
a good answer since, as can be seen, the cross section is already heavily reinforced and also, 
this does not seem reasonable from the point of view of economy and sustainability. 

Regarding the physical explanation of why cover affects crack spacing and crack 
width, two effects can be considered. The first is the need to diffuse the tension stresses 

25-70-00
FACE B

5.34 m

BUCKLED 12 mm BARS

SPALLED AREA / LARGE CRACK (FAILURE)
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transmitted by bond from the surface of the bar to the centre of the effective concrete 
area. This effect is shown in Fig. 4-15.

Fig. 4-15 Effect of cover explained as the need to transfer the tensile stresses from the bar surface to the centre 
of the effective concrete area in order to produce a new crack

The second explanation is based on experimental evidence which shows that the crack 
opens, non-linearly, from the bar surface, where it is minimum, to larger and larger values 
as the measurement is taken further away from the bar. Evidence of this is given in the two 
studies4-23, 4-24. This fact can be explained from another study4-25, which, early on, showed 
that, at the level of reinforcement, a large number of secondary cracks form which do not 
make their way to the concrete surface. The implication is that at the bar surface the crack 
widths are small because the difference in strain between concrete and steel is distributed 
over a large number of closely spaced secondary and primary cracks. However, further 
from the bars, secondary cracks start to close and the difference in strain between concrete 
and steel concentrates in the passing cracks explaining the increase in their width. The 
practical consequence is that in order to control surface cracks to low limits it is necessary 
to provide closely spaced reinforcement and covers which are not very large4-26.

Fig. 4-16 Results showing the growth of cracks with distance from the bar surface4-23
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Understanding why cracks increase in width when measured further away from the 
bar surface is useful to analyse the bearing of crack width on durability. Is a large crack 
necessarily a durability hazard, even when it is a consequence of having a large cover?

Fig. 4-17 is meant to help answer this question. As it can be seen, two elements are 
represented, one with a large cover (top) and one with a smaller cover (bottom). It can 
be seen that in the one with a large cover, secondary cracks close before reaching the 
surface. Therefore, on the surface, crack width and crack spacing in the specimen with the 
larger cover are doubled with respect to the one with the smaller cover. In the specimen 
with smaller cover, the secondary cracks in the beam with large cover actually become 
primary cracks and cracking would seem to be better controlled. This is certainly the case 
if crack width is being limited for aesthetic reasons. However, from a durability point 
of view, the crack opening at the level of the reinforcement would be the same and, if 
anything, the element with a large cover would be better protected.

Fig. 4-17 As the cover becomes larger, a smaller number of secondary cracks make their way to the surface 
thereby increasing the observed crack spacing and surface crack width

This observation suggests that the allowable crack width cannot be independent of 
the cover. It seems that current crack width limits have been fixed considering normal 
covers, although no one is quite sure which ones. A reasonable guess can be 25 mm, as 
this was the implicit cover taken in the crack spacing formulation of ENV 1992-1-14-10. 
One possible solution to this problem is to keep current crack width limits but make the 
calculation of the expected characteristic crack width using a nominal cover, c0, not the 
real value, in the cases where the limiting condition is durability, not appearance, such 
as in piles or embedded retaining walls.

Influence of f/ref

The influence of the f/ref ratio on crack spacing is a direct consequence of the definition 
of the transfer length and can be easily derived from the equilibrium of the bar between 
a crack and the zero slip section and from the equilibrium of the two sections, as already 
shown in paragraph 4.2.1.1. The influence of this factor on crack spacing can easily 
be compared by counting the number of cracks in specimens having the same cover. 

srm

srm

This document is the intellectual property of the fib – International Federation for Structural Concrete. All rights reserved. 
This PDF of fib Bulletin 92 is intended for use and/or distribution solely within fib National Member Groups.

fib



fib Bulletin 92: Serviceability limit states 41

Fig. 4-18 shows this comparison. A clear influence can be seen with the crack spacing 
increasing with the value of f/ref. These results seem to show a larger influence of this 
parameter for a smaller cover. This seems logical since crack spacing can be modelled as 
the sum of the effect of cover and the effect of f/ref, as shown in Eq. (4.2.1-6) where k1 
and k2 are calibration constants.

(4-14)s
m
= k

1
⋅c + k

2

φ
ρ
ef

As a cover becomes larger the relative importance of the second term in f/ref, 
becomes smaller.

Fig. 4-18 Influence of f /ref on mean crack spacing

It must be also noted, however, that for small amounts of reinforcement, which may 
coincide with small values of f /ref, the effect of this parameter can be masked by tension 
stiffening effects, which will be larger for elements with smaller reinforcement ratios. 
Thus it can be seen that in some tests elements with larger f /ref ratios and the same cover 
have smaller crack widths than element with smaller values of f /ref. One such example is 
given in Fig. 4-19, where beams reinforced with 4f25 and f /ref ratio of about 460 have 
a larger crack width for a stress under 250 MPa than elements reinforced with 4f12 and a 
f /ref ratio of about 880. This fact is important in interpreting tests and also in comparing 
results from data bases, and can be an important source of scatter.
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Fig. 4-19 How tension stiffening can mask the effect of f/ref . Larger crack widths are observed for members 
with a f/ref  of 460 than for members with a f/ref  of 882. The reason is that tension stiffening effects are larger 
for members with lower reinforcement ratios. Results have been corrected by subtracting the increase in crack 
opening due to shrinkage using the formulation of MC 20104-1 for all models

Effect of the presence of stirrups

Most cracking tests which are carried out avoid the presence of stirrups, because they 
influence the cracking pattern. There are some examples of cracking tests in which the 
crack spacing closely mirrors the position of the stirrups4-27. This type of result has made 
the fact that cracking models included in codes do not consider the presence of stirrups 
rather puzzling for some. For this reason, the UPM tests studied this parameter. 

The main conclusions from this study were the following:

-- Stirrups can induce the formation of cracks. This effect is stronger with smaller 
covers. However, it is not correct to assimilate crack spacing and stirrup spacing. 
Cracks sometimes develop between stirrups and sometimes they do not develop at 
stirrup locations. Transfer length clearly still plays a role in crack formation.

-- Although stirrup spacing has a significant effect on the mean crack spacing (and, 
thereby, on mean crack width), the test results show that their influence on the 
maximum crack spacing (and, thereby, on maximum crack opening) is much less. 
This is very clear in specimens with large covers.

-- Since code are concerned with limiting the maximum crack width (not the mean 
crack width) and this value is not greatly influenced by the presence of the stirrups, 
it is logical that that code models do not consider stirrup spacing as a variable.

-- The rather common belief that crack spacing and stirrup spacing are equal in 
beams with transverse reinforcement should be challenged. This experience seems 
to come from the older structures with very low concrete covers, which is not the 
case for contemporary structures.

Tension vs. flexure

EN 1992-1-14-9 considers that the transfer length in bending is half that in tension because 
the force needed to crack the same concrete area in tension is also half due to triangular force 
distribution. Analysis of the data base could not provide evidence to support this point of view.
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Fig. 4-20 Volume of tension stresses to be transferred from the cracked section to concrete in order to produce 
another crack, according to the formulation of EN 1992-1-14-9

In EN 1992-1-14-9, this effect is considered by coefficient k2 in the formula reproduced 
in Eq. (4-15), where k3 and k4 are calibration constants and k1 accounts for the bond 
properties of reinforcement.

(4-15)s
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k2 is taken 0.5 in bending and 1.0 in tension, thus implying that the transfer length for 
members in tension is double that of members in flexure.

MC 19904-8, on the other hand, takes a remarkably different approach and makes no 
difference between flexure and tension. The theory is formulated for a tie, and reinforcement 
in flexure is seen as a tie with a slightly variable tensile force, as shown in Fig. 4-21.

Fig. 4-21 In MC19904-8, flexure is seen as developing an equivalent tie around the reinforcement with slightly 
variable stress along the effective concrete tension area

In the UPM tests, cracks were measured both at the side of the beam and at the most 
tensioned face of the beam, always in correspondence with the tension reinforcement, 
as shown in Fig. 4-22. Since lateral and top covers were the same, if MC 19904-8 was 
correct, the same values of cracks and derived crack spacing would have been measured 
at both locations. This was not the case. Cracks were consistently larger when measured 
at the top of the beam than when measured at the side of the beam and the difference 
grew with the cover.
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Fig. 4-22 Location where crack widths were measured

It was found that the difference could be virtually eliminated by multiplying the value 
measured at the side by (h-x)/(d-x), as suggested by BS 5400, so that wtop~wside×(h-x)/(d-x). 
This can be seen very clearly in Fig. 4-23. In order to avoid distortions due to differences 
in the placement of stirrups, the series are separated in three groups according to stirrup 
spacing. Within each series, with constant stirrup spacing, it can be seen that the correlation 
between wm,top/wm,side and the factor (h-x)/(d-x) is very high and the slope of the correlation 
lines is also close to one.

This result shows that there is a difference between bending and tension, since, in tension, 
the ratio wm,top/wm,side would be expected to be equal to 1.00 from symmetry considerations.

It must also be noted that this effect, due to curvature, is unfavourable with respect 
to bending whereas the effect shown in Fig. 4-20 and considered in EN 1992-1-14-9, is 
favourable with respect to bending. Both effects are therefore opposed and tend to offset 
each other. This might be one of the reasons for which no clear effect regarding which is 
worse, bending or tension, can be seen from the results of the data base.

Fig. 4-23 Location where crack widths were measured
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4.2.1.4	 New model proposal and calibration

From the discussion above it seemed clear that the model for cracking to be included 
in MC 20104-1 had to include a term directly depending on cover. Furthermore, the large 
amount of scatter inherent to the phenomenon of cracking hinted at the difficulty in 
calibrating complex models. For these reasons, the simple additive model of Eq. (4-16) 
was chosen to be calibrated against a select subgroup of tests from the data base, where 
k is a calibration factor.

(4-16)s
max

= 2 k ⋅c + 1
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The second term is direct consequence of classical bond theory and coincides with the 
formulation of MC 19904-8. The problem was therefore to calibrate the constant k.

Given the large scatter of data base results, and given that it was believed that a part of 
this scatter could be attributed to errors in the measurement of crack width, it was decided 
to use in this calibration only tests in which the actually measured mean crack spacing, 
and the inferred mean crack spacing, obtained by indirect means from the measured 
crack width were fairly similar. The condition established for this was to tolerate a 20% 
difference (see Eq. (4-17)), where TS is a factor accounting for tension-stiffening effects, 
determined according to Model Code 19904-8.

(4-17)
0.8 ≤

w
m
⋅E

s

σ
2
⋅TS

s
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≤1.25

Only 65 tests from the data base complied with this condition, including those of the 
following researchers:

-- 8 out of 294-13,

-- 14 out of 544-14,

-- 5 out of 154-15, 

-- 3 out of 214-16,

-- 22 out 1164-20,

-- 1 out of 74-21,

-- and the 12 tests4-28

The relationship between measured and inferred crack spacing for these tests is 
represented in Fig. 4-24. A slope of the correlation line close to 1.00 can and a high value 
of R2 be observed.
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Fig. 4-24 Correlation between measured and inferred crack spacing in selected tests

Since the most reliable experimental values are mean values, these were the values which 
were used for calibration. However, Eq. (4-16) should really be interpreted as providing a 
value for the characteristic the crack spacing, even though it is formulated as a maximum 
crack with equal to twice the transfer length. For the purposes of calibration, this situation 
had to be addressed and an expression for the mean crack spacing was needed. If in MC 
20104-1, srmax is really a characteristic value, then it is reasonable to assume that its value 
should be about 1.70 times the mean crack spacing4-11. Since srmax is formulated as twice 
the transfer length, sm can be equated to about 1.17 times the transfer length (see Eq. (4-18).

(4-18)s
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With this definition, the values of srmax and sm can be formulated according to Eq. (4-19).
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Calibration of the model was performed in accordance with the bottom expression of 
Eq. (4-19).

With these premises, it was found that the best value for k was very close to 1.00. This 
being a round number, it was adopted for the code formulation.

srmax
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Fig. 4-25 Comparison of crack spacing estimated according to the calibrated model and measured for 
65 selected tests

Fig. 4-25 shows the comparison between measured crack spacing and that estimated 
with the calibrated model of MC 2010 for the 65 selected tests. As can be seen the slope 
of the correlation line is closer to 1.00 and the coefficient of determination R2 is decent.

Fig. 4-26 Comparison of crack spacing estimated according to calibrated model and measured for all tests 
in data base, according to MC 1990 and MC 2010

Fig. 4-26 shows the same comparison for all the tests in the data base and compares 
the performance of MC 20104-1 to that of MC 19904-8. As can be seen, MC 19904-8 
underestimated the crack spacing, and this is the main correction introduced into  
MC 20104-1 by adding the term considering cover.
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4.2.2	Shear cracks

4.2.2.1	 Theory of shear crack appearance

The place of first crack initiation on concrete beam depends on the value of bending 
moment and shear force in the area. Where bending moment reaches significant values 
and shear force is very small, bending cracks occur when the axial stress in the external 
fibres of the cross section exceeds the tensile strength of concrete. 

At the area where both the bending moment and shear force are relatively large, the 
resulting bending cracks develop and they change their slope, which explains the effort 
to resist shear force. For prestressed beams (in comparison with conventional reinforced 
beams) cracks are relatively low-inclined.

For thin walled concrete elements at the area with a small bending moment and 
relatively high shear force, it is possible to observe the formation of shear cracks. This is an 
area in the wall near the support, where the principal tensile stress exceeds the maximum 
tensile strength of concrete. Very often these cracks are observed earlier compared to the 
first bending cracks initiation at the midspan.

Fig. 4-27 The scheme of cracks of concrete element - cracks due to bending; shear cracks developed from 
bending cracks; cracks due to shear force at element walls

For prestressed concrete, additional compression stresses exist in the element. These 
additional compressive stresses cause later appearance of cracks in comparison with 
reinforced concrete elements. Generally, if the main tensile stress σ1 reaches the value of 
concrete tensile strength, the concrete crack begins to form (and propagates in a direction 
perpendicular to the direction σ1). 

The effect of prestressing on the formation and direction of the crack could be described 
from the behaviour of small segment located in the central axis of the uncracked beam. 
By using Mohr's circle formulation, the direction of principal stresses could be found.

If a concrete element is not prestressed (element with no compressive force due to 
prestressing), the principal stress σ1 is equal to shear stress and it has an inclination angle 
(related to beam axis) equal to 45° (Fig. 4-28). If this principal stress value exceeds the 
appropriate tensile strength of the concrete, then cracks appear. The crack direction is 
perpendicular to the principal tensile stress direction, i.e. at an angle of 45° to the beam axis.

This document is the intellectual property of the fib – International Federation for Structural Concrete. All rights reserved. 
This PDF of fib Bulletin 92 is intended for use and/or distribution solely within fib National Member Groups.

fib



fib Bulletin 92: Serviceability limit states 49

Fig. 4-28 Scheme of principal stresses for reinforced concrete and for prestressed concrete

Basic formulation for principal stress calculation (for 2 dimensional problems) is given by:

(4-20)σ
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For prestressed concrete elements the prestressing (compressive force) causes reduction 
of principal tensile stress σ1. The angle between principal tensile stress direction and beam 
axis is increasing. That is why also the inclination of cracks is higher and reinforcement 
for shear force is more effective.

4.2.2.2	 Serviceability limit states – shear cracks in accordance with 
standard design criteria 

4.2.2.2.1	 Assessment according to Eurocode

Eurocode 1992-24-29 for design of concrete bridges introduces the direction-dependent 
tensile strength fctb in the informative appendix QQ. This material characteristic reduces 
normal tensile strength fctm due to the acting principal compressive stress.
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First, it is necessary to determine the direction-dependent tensile strength fctb:

(4-21)

where

fctb		  is tensile strength before crack creation at dual axis stress;

fck		  is compressive cylindrical concrete strength at age 28 days; 

fctk;0,05	 is 5% quantile of tensile concrete strength;

σ3		  principal stress in compression (positive value).

The requirement for crack creation is then described by the condition σ1 > fctb according 
to the EC. The tensile strength before crack creation at dual axis stress fctb is decreasing 
with increasing value of principal stress in compression σ3.

Fig. 4-29 The effect of principal compression stress value for tensile concrete strength at dual axis stress

4.2.2.2.2	 Assessment according to the Model Code

There are no special requirements for computational method for shear cracks considering 
biaxial stress distribution. In the Model Code4-1, the method is described for determination 
of the shear capacity of prestressed beams without bending cracks. These formulae are 
based on the design tensile strength of concrete. These formulae analyse only one cross-
section located in distance h/2 from the face of the support. The assessment of the crack 
origin in an arbitrary point of the web is possible, but the MC20104-1 does not specify the 
direction-dependent tensile strength. It does not allow for the assessment of the crack origin 
in different points of the web along the length of the beam. Thus, the only alternative is to 
compare the principal tensile stress with the mean value of the tensile strength fctm. It is clear 
that cracks appear much later, when comparing calculations according to MC4-1 with the EC. 

σ1 > fctm condition for the crack origin according to MC

SLS checks in accordance with the MC 20104-1 requirements is also possible by a 
numerical simulation. It is not allowed to use principles based on one directional stress 
distribution for the assessment of a concrete element with shear force and bending 
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moment acting together. It is necessary to determinate conditions for biaxial stress and 
strain distribution and also conditions for biaxial failure. 

The strength of material (concrete) for multi axial stress distribution is described by the 
surface of failures based on material strength in uniaxial stress distribution. MC20104-1 for 
example defines the failure condition as follows:

(4-22)

where

fcm		  compressive strength of concrete – mean value;

fcmb		  compressive strength of concrete for biaxial stress distribution – mean value;

I, J		  invariants of stress tensors;

fctm		  tensile strength of concrete - mean value; 

α, β, λ	 coefficients.

This failure condition is helpful for using in numerical calculations. The formulation is 
given by one study4-30.

Fig. 4-30 Definition of failure surface4-30

The formulation for tensile strength in dual axis stress distribution is:

(4-23)

where

fctm		  tensile strength of concrete – mean value;

fctmb		 tensile strength of concrete for biaxial stress distribution – mean value;

σ2		  principal stress in compression;

fc		  compressive characteristic concrete strength.
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Fig. 4-31 Strength of concrete under biaxial stress state

4.2.3	Cracks induced by deformation restraint

Without action of loads, reinforced concrete members may crack due to e.g. shrinkage 
or temperature when their deformation is restrained. Cracking is capable of reducing the 
forces arising in such a case. In order to ensure the limitation of crack widths, the imposed 
deformations should be distributed across a sufficient number of cracks. Thus, additional 
cracks should appear after the formation of a first crack. This can be assured by sufficiently 
strong reinforcement that is capable of transfer by bond the tensile forces necessary to 
promote cracking at a different position within the structure or the structural member.

Under this condition, the basic behaviour of reinforced concrete elements as shown in 
Figs. 7.6-1 and 7.6-2 (in MC 20104-1) can be used to assess the acting forces in the case 
of restrained deformation. Starting from the example of a prismatic reinforced concrete 
bar with imposed deformation or restraint of axial shortening (e.g. due to shrinkage, 
temperature decrease), it becomes evident that after onset of cracking new cracks will 
be formed. This enables distribution of the imposed deformation to a sufficient number 
of cracks. After formation of the first or a subsequent crack, the force drops down and 
rises again until formation of the next crack. As depicted in Fig. 7.6-1, the normal force 
at crack formation will increase only slightly until the end of the crack formation phase. 
While Figure 7.6-1 shows a certain increase of the normal force up to a maximum value 
of Nr  = Ac·fct,max (1+αE·ρs,ef) ≈ Ac·fct,max, Fig. 7.6-2 uses a simplified approach assuming  
Nr  ≈ Ac·fct,max =const.

The end of the crack formation phase marks the end of the plateau with (approximately) 
constant normal force acc. to Fig 7.6-2 and will be reached at a strain corresponding to

                            .

Taking b = 0.6 as proposed by MC 20104-1 for short term loading,		     is 
obtained. 

In order to be able to open new cracks after the first crack, the reinforcement must not 
be ruptured. Furthermore, in order to control crack widths effectively, the reinforcement 
shall not yield in any cracked section. Thus, assuming that the steel stress in the cracked 
sections shall not exceed the yield stress and assuming the characteristic yield stress fyk 
to be around 500 MPa, the end of the crack formation phase can be expected at about  
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εsm ≈ 0.7...0.9% fy = fyk = 500 MPa for practical cases. Except for large imposed deformations 
as e.g. due to high temperature changes, this value is high enough to justify the cracking 
force Nr to be considered as the relevant normal force for check of crack widths. This 
leads to the requirement of a minimal reinforcement of minAs ≥ fct⋅Ac/fy. For limitation of 
the crack widths w to a specified value, lower steel stresses ss(w) ≤ fy may also have to be 
ensured. Thus, for crack width limitation, As(w) ≥ fct ⋅ Ac/ss(w) must be provided.

If imposed strains exceeding εsm ≈ 0.7...0.9% have to be taken into account, a significant 
increase of normal force after the end of the crack formation phase can be expected 
which has to be considered e.g. by nonlinear structural analysis. In such a case, the 
minimum reinforcement as calculated above will not be sufficient.

On the contrary, there are also other exceptions from the “normal” case of considering 
the cracking force Nr as the decisive force for cases with restraint action:

1.	free deformation is limited by other criteria, such as e.g. friction forces, forming 
a restraint. As an example for this, there are foundation mats with moderate length 
and/or relatively low friction between soil and concrete;

2.	 in addition to the reinforcement introducing tensile forces by bond action, other forces 
are being introduced into the structural member, e.g. by interaction with neighbouring 
elements (example: newly poured wall with shrinkage on already hardened foundation 
mat with older concrete having less shrinkage after time of pouring of wall);

3.	 thick R/C members with concentrated arrangement of reinforcement where primary 
cracking with a bundle of secondary cracks occur (see Fig. 4-32).

In addition to Figs. 7.6-1 and 7.6-2, Fig. 4-32 according to one study4-31 shows 
the behaviour of a prismatic reinforced concrete bar subject to imposed elongation 
considering the effect of shrinkage of concrete. Since the rebars do not shrink, an internal 
restraint between concrete and steel exists. It leads to tensile stresses in the concrete even 
without external restraint or the action of external forces. Consequently, the first crack has 
to be expected at a smaller value of tensile normal force than for the (theoretical) case of 
zero shrinkage.

Fig. 4-32 Force - elongation relationship for prismatic reinforced concrete bar considering influence of shrinkage
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Note that ε*cs denotes the shrinkage strain under consideration of the reduction due 
to creep / relaxation of concrete. Fig. 4-33 demonstrates the same effect for the case of 
shrinkage action in a R/C beam. Since the reinforcement in the bending tensile zone does 
not shrink as much as the concrete of the compression zone, a positive curvature exists 
even without a bending moment due to loading.

Fig. 4-34 shows examples of tests with thick reinforced concrete members where the 
formation of crack bundles has been observed in the region with concentrated reinforcement. 
Fig. 4-35 depicts the flow of forces inside a diaphragm element with concentrated 
reinforcement, which leads to the effect of crack bundles.

Fig. 4-33 Moment - curvature relationship for prismatic reinforced concrete beam considering influence of 
shrinkage on bending

Fig. 4-34 Experimental results for thick R/C members with concentrated reinforcement
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Fig. 4-35 Stress trajectories for thick R/C members with concentrated reinforcement

In order to capture the effect of crack bundles (see item 3 as mentioned in the list above) 
the bond force -being introduced by the concentrated reinforcement- necessary to form 
secondary cracks adjacent to a primary crack (throughout the whole cross section) must 
be known. In this regard, an effective concrete area may be defined. This area should be 
determined such that it represents that portion of the cross section that will have the same 
cracking load as the bond force being necessary to form a secondary crack. 

As a result from nonlinear FE-models, one study4-32 proposes to calculate the height of 
the effective tensile area as m*(h-d). The factor m can be obtained from Fig. 4-36.

Fig. 4-36 Factor m as multiple of (h-d) for calculation of height of effective tensile area Act,eff
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For practical purposes, the effective height of the tensile area heff may be selected to 
be 2.5 times (h-d). For thick members with concentrated reinforcement, the transmission 
length may become small in relation to the member thickness. Relations depicted in 
Fig.4-37 may be proposed for the limit cases of pure axial tension and bending:

Fig. 4-37 Recommendation for selection of effective depth for axial tension and bending

4.2.4	Cracks in prestressed concrete structures

The main difference between cracking of reinforced concrete structures and prestressed 
concrete structures comes from the fact that bond properties of prestressing are weaker 
than those of reinforcing steel. In order to take into account this difference as well as that 
of the differing effective perimeters of both types of reinforcement in concrete elements 
containing both plain and prestressed reinforcement, MC 20104-1 proposes to determine an 
equivalent area of prestressing by multiplying the actual area Ap by the square of factor x1, 
defined in Eq. (4-24).

(4-24)ξ
1
=

τ
bmp

τ
bms

φ
s

φ
p,ef

tbmp/tbms is the ratio of bond strength of prestressing and bond stress of plain reinforcement 
and is a factor which is typically less than 1.0. This value is given in Table 7.6-3 of MC 20104-1 
as a function of the type of prestressing steel and reproduced here in Table 4-7.

Table 4-7 Bond factors tbmp/tbms for different types of prestressing steel

Surface condition Pretensioned steel Posttensioned steel No bond
Smooth wire 0.40 0.20 0

Strand 0.60 0.40 0
Indented wire 0.80 0.60 0

Ribbed bar - 1.00 0

With regard to equivalent diameter to be used for prestressing reinforcement, MC 20104-1 
provides the formulation of Eq.(4-25).

(4-25)φ
p,ef

=
4A

p

u
p

Ap is the total area of prestressing and up is the total equivalent perimeter of prestressing 
steel (see Eq. (4-26)).
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(4-26)
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The value of the transfer length can be derived once again as in paragraph 4.2.1 for a 
section with a combination of plain and prestressing reinforcement, taking into account 
the different bond properties and equivalent perimeters of reinforcing and prestressing 
steel. It will be shown that the expressions obtained are equivalent to applying the same 
methodology outlined in 4.2.1 with the only modification of considering an area of 
reinforcement equal to the sum of As and (x1)

2Ap.

Referring now to Fig. 4-38, the equilibrium of the bar between the cracked section 
and the section of no slip – just before a new crack forms – is represented here for 
a tie having a combination of plain and prestressed reinforcement. The force in the 
prestressed reinforcement is that due to the deformation plane (ApDsp2 at the crack and 
ApDspE at the section of no slip) plus the force due to the prestressing of the reinforcement 
(Ap ⋅ Ep ⋅ e0, e0 being the pre-strain applied to the prestressing reinforcement at the time 
of calculation – that is normally subtracting prestressing losses).

Fig. 4-38 Equilibrium of the bar between the cracked section and the section of no slip for a section combining 
plain and prestressed reinforcement

As in paragraph 4.2.1, parallel to Eq.(4-10), the equilibrium of the prestressing 
reinforcement can be written as given in Eq. (4-27), and the transfer length can be 
expressed in terms of the variation of stress in the prestressed reinforcement.

(4-27)
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The value of ls, is of course the same when considering the equilibrium of the prestressed 
bar and that of the plain reinforcement bar present in the same element. It is the definition 
of ls, that allows derivation of the equation of the equilibrium between axial forces at the 
section of the crack and at the section of zero slip right before the formation of a new 
crack, at which time the tensile stress of concrete in the effective concrete area is equal 
to the mean tensile strength of concrete (see Fig. 4-39 and Eq. (4-28)).

Fig. 4-39 Equilibrium between the section at the crack and the section of no slip just before the formation of a 
new crack

(4-28)
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As can be seen, Eq. (4-28) is the same as that derived before for a reinforced concrete 
section changing only the definition of the steel ratio by considering the area of prestressing 
steel with a reduced value. 

This is also true when calculating the value of the difference between the mean strain 
of reinforcement and the mean strain of concrete, esm-ecm, as it will now be shown. For 
a reinforced concrete section, without prestressing, this difference can be evaluated as 
shown in Eq. (4-29), where b is an empirical factor. This equation is expressing the fact 
that the mean strain in steel along the transfer length is the stress at the crack minus a 
fraction b of the variation of the strain between the crack and the section of no slip, and 
that the mean strain in concrete along the transfer length is also a fraction b of the strain 
at the section of no slip (fctm/Ec), since the concrete strain at the crack is zero. In Eq. (4-29), 
ae is the modular ratio equal to Es/Ec. 
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By combining the first expression of esm-ecm with the result derived from the equilibrium 
between the section of the crack and the section of no slip (see also Eq.(4-11)), the expression 
included in MC 2010 for reinforced concrete sections (Eq. 7.6-5 of MC 20104-1) is obtained 
(albeit simplified since here, for the sake of simplicity, shrinkage has not been considered).

(4-29)
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The same line of reasoning can be applied to sections with a combination of plain and 
prestressed reinforcements. As can be seen by Eq. (4-30), the correction of ref for rs+p,ef 

also is sufficient to correct the formula for mean differential strain in order for it to be 
applicable to sections combining both types of reinforcement.

(4-30)

Note that if no reinforcing steel is provided, Eq. (4-28) is modified as shown in Eq. (4-31), 
so that the general formulation can be applied with the condition fs=fp,ef.
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4.2.5	Control of cracking without calculation

MC 20104-1 provides two tables which allow indirect verification of the SLS of cracking 
(wd) by limiting the stress in reinforcement at the crack, ss2, and either the maximum 
diameter (Table 7.6-4 of MC2010) or the maximum spacing between bars (Table 7.6-5 
of MC 2010): fulfilling one condition implies the fulfilment of the other. These tables are 
derived for reinforced concrete elements of rectangular cross section subjected to bending, 
although their application is also generalized in MC 2010 to prestressed elements.

The tables have been derived from the cracking model, already described above, by 
assuming a value for the crack width opening wd = wlim, and solving the equation giving 
the crack width opening for fs (see Eq. (4-32)).

(4-32)
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In order to obtain values of fs,max as a function of ss2, from this formula, some  
assumptions must be made regarding the rest of the variables involved. These assumptions 
are the following:

-- wlim = 0.3 mm

-- The reinforcement provided is the minimum reinforcement necessary to obtain a 
stress in steel at the crack equal to ss2 when the section cracks. This is equivalent to 
assuming ss2 = ssr. This value of the reinforcement is given by Eq. (4-33).

(4-33)ρ
ef
= ρ

ef ,min
=
f
ctm

⋅k
c
⋅k

σ
s

h
cr

2.5 h− d( )
In Eq. (4-33), kc is a factor taking into account the stress distribution, taken as 0.4 for 

bending, k is a factor taking into account the reduction of tensile strength due to self-
equilibrating stresses, and is taken a 0.93 for an assumed depth of 400 mm, hcr is the 
depth of the section with tensile stresses before cracking, and is taken as h/2 (bending, 
rectangular section), 2.5(h-d) is the height of the effective concrete section and (h-d) is 
assumed to be approximately 0.10 h. The concrete strength is assumed to be 30 MPa and 
the mean tensile strength is therefore 2.9 MPa. With these assumptions, the expression of 
ref is that given in Eq. (4-34).
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-- Cover is taken as 25 mm

-- The value of maximum diameter is given for stabilized cracking in structures 
subjected to repeated loading (b = 0.4 and tmbs = 1.8fctm → 4tbms/fctm = 7.2)

-- The modulus of elasticity of steel is taken as 200 GPa, and the modulus of concrete 
is that corresponding to a 30 MPa concrete, that is 33.6 GPa. Therefore, the modular 
ratio, ae, is equal to 5.95.

With all these assumptions Eq. (4-32) is transformed into a direct relation between φs,max 
and ss2 only (see Eq. (4.2.5-4)).

(4-35)
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The values obtained from Eq. (4-35) have actually been rounded a bit on the unsafe 
side in Table 7.6-4 of MC 20104-1 as can be seen from Table 4-8 and Fig. 4-40.

Table 4-8 Comparison between table 7.6-4 of MC 20104-1 and Eq. (4-32)

Formula MC2010
ss2 [MPa] ref,minvalid fs,max[mm] fs,max[mm] Ratio Form/Table

160 1.35% 40.93 40 1.023
200 1.08% 25.25 30 0.842
240 0.90% 17.01 20 0.851
280 0.77% 12.17 14 0.870
320 0.67% 9.10 10 0.910
360 0.60% 7.02 8 0.878
400 0.54% 5.56 6 0.927
450 0.48% 4.28 4 1.070
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Fig. 4-40 Comparison between table 7.6-4 of MC 20104-1 and Eq. (4-35)

With regard to MC 20104-1 Table 7.6-5, it can be obtained from Table 7.6-4. Since 
each value of stress is related to an amount of reinforcement given by Eq. (4-34), given 
an assumed height of h = 400 mm, a certain spacing between bars implies a certain 
diameter, as shown in Eq. (4-36).
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The values obtained from Eq. (4-36) fit very well with those of Table 7.6-5 of MC 20104-1, 
assuming the theoretical value of fs,max (Eq.(4-35)) as can be seen from Table 4-9 and Fig. 4-41.

Table 4-9 Comparison between table 7.6-5 of MC 2010 and Eq. (4-36)

Formula MC2010
ss2 [MPa] ref,minvalid fs,max [mm] ss,max [mm] smax [mm]

160 1.35% 40.93 975 300
200 1.08% 25.25 464 300
240 0.90% 17.01 253 250
280 0.77% 12.17 151 150
320 0.67% 9.10 96 100
360 0.60% 7.02 65 60
400 0.54% 5.56 45 -
450 0.48% 4.28 30 -
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Fig. 4-41 Comparison between table 7.6-5 of MC 20104-1 and Eq. (4-36)

4.2.6	Cracks in orthogonally reinforced elements

This part is a contribution to the analysis of cracking (crack width, spacing and orientation) 
in elements reinforced in two orthogonal directions, with a crack pattern in a different 
direction. This particularly concerns reinforced concrete shear walls and thin webs, where 
only the membrane effects are considered.

4.2.6.1	 Citation of the fib Model Code for Concrete Structures 2010

For this particular problem, the text of the fib Model Code 2010 is as follows:
Sect. 7.6.4.4.3 Orthogonal reinforcement directions

MAIN PROVISIONS

If the cracks in a member reinforced in two orthogonal directions are expected to form at 
an angle which differs substantially (> 15°) from the direction of the reinforcement, the 
approximation by Eq. (7.6-8) and (7.6-9) may be used to calculate ls,max and wd.

EXPLANATIONS

When a more refined model is not available, the following expression for ls,max may be used: 
where:

l
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l
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+ sinθ
l
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⎝
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⎞

⎠
⎟

−1

w
d
= 2l

s,max,θ ε⊥ − εc,⊥( )

7.6-8

q denotes the angle between the reinforcement in the x-direction and the direction of the 
principal tensile stress.

lx,k , ly,k denote the slip lengths in the two orthogonal directions, calculated according to Eq.(7.6-4)

The design crack width can then be calculated from:

7.6-9

where:

ε
⊥
 and εc,⊥ represent the total mean strain and the mean concrete strain, evaluated in the 

direction orthogonal to the crack (Figure 7.6-6).
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Fig. 4-42 Fig. 7.6-6 from MC20104-1 Basis for calculation of crack width for reinforcement deviating from the 
direction orthogonal to the crack

It is noted that in tie beams, the mean total deformation equals the mean deformation 
of the reinforcement. It will be shown below that this is not the case in the situation under 
consideration. It can be noted at this stage that, as there is no rebar in the orthogonal 
direction, εs,⊥ does not exist.

The situation considered in this paragraph is mainly that of a considerable influence of 
shear in a panel, where a “strut and ties” model is acceptable as indicated in Fig. 4-42. 
In this model, struts are limited by inclined cracks and tensile forces are balanced by 
orthogonal bars through the crack. It does not cover all the possible situations of stresses.

Alternate models have been developed in the recent years, for instance with different 
distributions of stresses in the struts; criticisms have also been brought to such models; some 
references are listed below. In spite of these reservations, for the sake of simplification, the 
code gives a general guidance to deduce cracks widths from this model; more detailed 
guidance is given below. This leads to reasonable results, comparable to experimental 
observation. However, as the subject is complex and not completely precise, further 
research is necessary for a better assessment of cracking in such situations.

4.2.6.2  Structural analysis

The first step in the assessment of cracking is to perform a structural analysis. In most 
cases, analytical models are not applicable and a FEM analysis should be performed.

It is necessary to have in each finite element a good evaluation of mean strains or 
stresses or both.

When the strain is imposed in the panel, e.g. due to shrinkage or temperature variation, or 
when the panel deformation is restrained by the rest of the structure, then Eq. (7.6-9) applies.

When the deformation of the panel is not restrained by the rest of the structure, then 
two cases may be considered:

-- Where the structural analysis takes into account a realistic RC behaviour, it can 
be considered that the mean total deformation ε

⊥
  obtained is representative of that 

of the reinforced concrete material; then the computed deformations can be used 
directly in Eq. (7.6-9) to calculate the crack width; εc,⊥ may be an output of the FEM 
analysis or can be evaluated using the method given below.
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-- Where the structural analysis is performed with a linear elastic model or more 
generally if the computed deformations are not realistic and if the calculated stresses 
may be accepted as a sufficient approximation, then 'realistic' deformations are 
calculated from these stresses. A simplified method is presented below.

In general, when a nonlinear behaviour is taken into account, the analysis allows proper 
assessment of the distribution of the stresses, as the variations of stiffness in the various 
structural components are included, together with the effects of the boundary conditions. 
But the quality of the local results for crack width is highly variable depending on the 
constitutive model used; this type of model is often not accurate enough locally to directly 
use the results in terms of local deformation, at the scale of crack spacing. This justifies 
using the stresses for cracking assessment.

Often, a linear elastic model gives acceptable results for the stress distribution, provided 
that the distribution of stiffness is properly assessed, which is sufficient for a good assessment 
of cracking according to the procedure below.

4.2.6.3 Validity of the strut and tie model

The condition for application of Sect. 7.6.4.4.3 of the fib Model Code 20104-1 is that 
the physical model shown in Fig. 7.6.6 (strut and ties) can actually develop. This supposes 
that cracks can actually exist and that struts can be drawn according to continuous and 
smooth lines, oriented to the compressive trajectories in the uncracked stage (based on 
the structural analysis). This also supposes that one of the principal stresses is tension 
and the other compression. The existence of cracks can be checked from the structural 
analysis either:

-- locally, when the principal tensile stress is higher than fct;

-- globally, whenever the structural element under consideration can be assimilated 
to a linear element (beam or column); in that case, when the shear force applied 
to a section is lower than VRd,c (Sect. 7.3.3 fib Model Code 20104-1), cracking is not 
influenced by shear and may occur due to bending moments, generally applied to 
one of the main directions x or y.

It is clear that the existence of skew cracking depends mainly on the relative amplitude 
of shear to normal forces applied to planes perpendicular to x and y. So the application 
of the proposed method is limited to angles higher than 15° in the Model Code. When 
the model cannot apply, other models should be used (direct tension, bending…). This 
is particularly the case when both principal stresses are tensions, which may happen 
in some situations; then the strut and tie model cannot apply; these situations are not 
covered by the Model Code in Sect. 7.6.4.4.3.

4.2.6.4 Crack angle

According to the Model Code, the direction perpendicular to the principal direction of 
tensile stress gives an acceptable value for the crack angle q. Note that it is an approximation, 
as the crack angle should in principle be obtained from the concrete intrinsic curve.

Generally, representative structural models provide the right order of magnitude of the 
angle of the cracks, compatible with the required accuracy.

Two families of models for cracked reinforced concrete exist: “fixed crack” or “rotating 
crack”. The method proposed below for crack width assessment is of the type “fixed 
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crack”; then, once the crack appears, its angle remains constant when the load increases. 
A consequence is that when the loads increase proportionally after cracking, the principal 
directions of stress do not change; on the contrary, principal directions of strains will change.

4.2.6.5 Slip lengths and cracks spacing

In the proposed physical model, the calculation of crack width according to 
formula (7.6-4), is based on a “virtual” slip length ls,max,q in the direction perpendicular 
to q, obtained from the slip lengths lsx,k and lsy,k of the bars in the x and y directions 
respectively, according to formula (7.6-8 of fib Model Code 2010) (Fig. 4-43). Cracks 
are randomly distributed; mean and characteristic values of crack spacing may be 
defined when cracking is stabilised.

Fig. 4-43 Crack spacing

Indeed, there is a point between cracks where there is no slip between concrete and 
reinforcement; when the spacing between two cracks is lower than two times the slip 
length, then this point may be assumed to be on the centreline between the cracks, by 
symmetry, but this is a simplification. When cracking is stabilised and cracks regularly 
distributed, there is a random relationship between the mean spacing between cracks and 
the virtual slip length: srm ≈ 2ls,max,q /1.7 (the Model Code assumes that the ratio between 
the maximal and the mean values of spacing is 1,7). Then the pattern of Fig. 4-43 applies, 
but with mean cracks spacing in lieu of slip length. 

The geometrical projections 2lsx,k and 2lsy,k defined in Fig. 4-42 are linked to 2ls,max,q and 
the observed q angle, by the equations:

(4-37)l
s,max,θ = l

sy ,k
cosθ = l

sx,k
sinθ

Formula (7.6-8) is a direct consequence of Eq. (4-37), assuming that lsx,k and lsy,k are the 
slip lengths along the bars in the x and y directions respectively; this is a strong physical 
hypothesis4-33 which is consistent with the model when cracks are parallel and regularly 
distributed. However, it is clear that this relationship cannot apply when the angle is too 
close to 0° or 90°.

Slip lengths in the x and y directions are calculated using formula (7.6-4) for each 
layer of bars. In this formula, the first term is directly proportional to the cover and, in the 
second term, the cover may be involved in the term fs/rs,ef in the case of thick elements. 
Taking the mean cover between each layer of rebars or the cover of each layer separately 
leads approximately to the same spacing ls,max,q, so both hypotheses are acceptable.

With his Cracked Membrane Model, Kaufmann4-34 demonstrated that formula (7.6-8) is 
an envelope of a more refined formula and gives a conservative value. However, formula 
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(7.6-8) is a good approximation for crack angles in the vicinity (≈ ± 20°) of the optimum 
angle qopt defined by              . For angles outside this interval, Kaufmann's formula may 
be used for a better assessment.

From experimental results it can be deduced that Ac,eff used to calculate lsx,k and lsy,k 
according to Figure 7.6-4 c may be too approximate in the case of thick elements; however, 
the value of ls,max,q finally obtained by eq. 7.6-8 is an acceptable approximation, with the 
conditions given above.

4.2.6.6 Optimum design of reinforcement for cracking

In the frame of the model considered, it can be shown that, for the combination of 
actions which results in cracking in direction q, when the two layers of bars in orthogonal 
directions are designed so that             , then crack width is minimised and an error of 
assessment of the angle does not result in a significant error on the evaluation of crack 
spacing, or on crack width.

This conclusion does not necessarily apply to other combinations of actions, e.g. those 
which determine the sections of bars for resistance, if they are different.

4.2.6.7 Crack width

According to formula (7.6-9), the design crack width is determined as the product of 
two times the virtual slip length ls,max,q with the difference between mean total strain ε

⊥
 and 

mean concrete strain εc,⊥ in the direction perpendicular to the crack.

For the application of the formula, q can be taken as the angle of the direction perpendicular 
to the principal direction of tension if the combination of loads considered corresponds to that 
which creates the crack (this situation is assumed below). For other combinations of loads, 
the angle and the crack pattern are already known and only the mean deformations should 
be calculated; in that case, the procedure given below should be adapted for considering the 
force tangential to the crack. In any case, it is necessary to determine first the combination of 
loads which defines the cracking pattern.

Once the angle of the crack is known, the mean stresses in bars and concrete may be 
obtained using the results of the FEM analysis. For instance, if the membrane tensor is 
calculated in the x and y axis, the force Nr applied on a unit length of crack is:

l
sx,k

l
sy ,k

= cot gθ
opt

l
sx,k

l
sy ,k

= cot gθ
opt

(4-38)N
r
=N

xx
sin2θ +N

yy
cos2θ − 2N

xy
sinθ cosθ

Fig. 4-44 Balance of forces in the crack
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In the crack, this force is balanced by the tensions in the reinforcement (Fig. 4-44). In 
the usual hypothesis of a free crack, the total tangent force is 0 (principal direction). This 
allows the calculation of the forces in the reinforcement by unit length of crack:

(4-39)
F
sx
=N

r
sinθ

F
sy
=N

r
cosθ

⎧
⎨
⎪

⎩⎪

It is noted that if a tangent force exists (other combinations of loads), it can be easily 
added to these expressions. Also, aggregate interlock and dowel effect can be taken into 
account at this stage, but it leads to non-linear expressions.

The mean deformations εs,x and εs,y of the rebars are then obtained, taking into account 
the area of reinforcement crossing the unit length of crack and the force transferred to 
concrete by tension stiffening: 

(4-40)ε
s,x

=
N

r
− 2β ⋅ f

ct
⋅h

eff

2h
eff
⋅ ρ

sx,eff

;ε
s,y

=
N

r
− 2β ⋅ f

ct
⋅h

eff

2h
eff
⋅ ρ

sy ,eff

where heff is the effective thickness around each layer of bars, as defined in Fig. 7.6-4 c 
of the Model Code. Eq. (4.2.6-4) supposes that there are layers of bars on both surfaces 
of the wall; in that case 2heff cannot be higher than the total thickness of the wall tc. The 
compression N// in the strut parallel to the crack is deducted from the FEM analysis:

(4-41)N
/ /
=N

xx
cos2θ +N

yy
sin2θ + 2N

xy
sinθ cosθ

N// is negative in this model. The total mean deformation of concrete εc,⊥ in the direction 
perpendicular to the crack is due to the tension stiffening between cracks and to the Poisson 
effect due to the compression N// in the strut, but the latter may often be neglected:

(4-42)ε
c,⊥ = 1

t
c
⋅E

c

2β ⋅ f
ct
⋅h

eff
−ν ⋅N

/ /
⎡⎣ ⎤⎦ ;εc,/ /

= 1
t
c
⋅E

c

−2ν ⋅β ⋅ f
ct
⋅h

eff
+N

/ /
⎡⎣ ⎤⎦

The distortion εc,nt of concrete can be neglected, although it is not strictly zero.

However, a distortion exists through the crack as part of the total strain tensor. ε
⊥
 should 

be evaluated taking into account this distortion. In fact the deformation of the bars is not 
linear, because of the distortion through the crack (Fig. 4-46).

Fig. 4-45 Compatibility of deformations Fig. 4-46 Simplified (and exaggerated) distortion 
of the bar in the vicinity of the crack due to 
compatibility of deformation when the crack opens
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In the physical model proposed by the fib Model Code 20104-1, when the crack pattern is 
stabilised, there is no slip between the bars and the concrete in points O, Mx and My (Fig. 4-45). 
Then, sr is either the distance between cracks or 2 ls,max,q, whichever is the lower.

The mean strain tensor er due the opening of the crack (without consideration of the 
concrete deformation) may be calculated, considering a displacement at crack with a 
tangential component u and a normal component (the crack width) w:

(4-43)

ε
r ,xx

= − u
s
rx

cosθ + w
s
rx

sinθ = − u
s
r

cosθ + w
s
r

sinθ
⎛

⎝⎜
⎞

⎠⎟
sinθ

ε
r ,yy

= u
s
ry

sinθ + w
s
ry

cosθ = u
s
r

sinθ + w
s
r

cosθ
⎛

⎝⎜
⎞

⎠⎟
cosθ

ε
r ,xy

= 1
2

ς
y

s
rx

+
ς
x

s
ry

⎛

⎝
⎜

⎞

⎠
⎟ =

u
2s

r

cos2θ − sin2θ( )− w
s
r

sinθ cosθ

where srx and sry are defined on the figure. εr,xx is the elongation in straight line of the 
segment OMx and is different from the elongation of the rebar εs,x which includes a 
distortion (Fig. 4-46).

The deformation εr⊥ perpendicular to the crack is then obtained by the usual tensorial 
relationships:

(4-44)ε
r ,⊥ = ε

r ,xx
sin2θ + ε

r ,yy
cos2θ − 2ε

r ,xy
sinθ cosθ = w

s
r

The total mean deformation is obtained in adding the mean deformation of concrete, 
yielding formula (7.6-9) of the fib Model Code 20104-1.

But there is still no direct link with the deformations of the bars given by Eq. (4-40). 
When there is no tangential displacement u at the crack, the elongation of each bar is 
the crack width w. When there is a tangential displacement (Fig. 4-46), the elongation is   
             , which can be assimilated to w only when u is smaller. In that case, two conditions 
of kinematic compatibility are derived:
u2 +w 2

(4-45)
ε
c,/ /

cos2θ + ε
c,⊥ sin

2θ( )srx +w = ε
s,x
⋅ s

rx

ε
c,/ /

sin2θ + ε
c,⊥ cos

2θ( )sry +w = ε
s,y
⋅ s

ry

These relations are compatible when the arrangement of bars is optimised as given 
above. Otherwise, u cannot be neglected and the complete nonlinear equations should 
be used. Assuming a linear approximation, this leads to an alternative – approximate –
expression for the crack width:

(4-46)w = s
r
ε
s,x
sinθ + ε

s,y
cosθ − ε

c,/ /
cosθ + sinθ( )sinθ cosθ − ε

c,⊥ sin3θ + cos3θ( )⎡
⎣

⎤
⎦

where the mean strains in bars and concrete are given by Eq.(4-40) and Eq. (4-42). In this 
expression, the influence of the concrete deformation is small and can be neglected. It 
can be considered as a conservative evaluation (at least for low values of crack width), as 
aggregate interlock and dowel effects are not considered. Finally:

(4-47)w ≈ s
r
ε
s,x
sinθ + ε

s,y
cosθ( )
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In addition, it is observed that the strain compatibility also imposes a variation of distortion 
along the crack: referring to Fig. 4-45, it is noted that the distance between Mx and My should 
remain constant when the concrete deformation is neglected. Adding the mean concrete 
deformation to εr,xy, this leads to the following relationship between the distortion and the 
crack width:

(4-48)α = 2ε
xy
= u
s
r

cos2θ − sin2θ( )− 2
w
s
r

− ε
c,/ /

− ε
c,⊥( )⎡

⎣
⎢

⎤

⎦
⎥sinθ cosθ

that characterises the deformation of the wall. The compression in the strut (negative) 
increases the distortion.

4.3	 Deflections of concrete structures

The importance of deflection control has progressively increased in the last decades 
due to changes introduced in the design methodology of flexural members, becoming in 
most cases a critical factor. Progressive refinement in the ultimate limit design of flexural 
members, reduction in overall safety factors, increase in strength of materials without 
significant increment of the stiffness, and generalization of the use of members working 
in flexure (in substitution of other structural configurations) have allowed a reduction in 
the stiffness that is often the cause of problems associated with deflections. Furthermore, 
design requirements related to architectural, aesthetics or functionality of buildings and 
infrastructure usually tend to increments of the span lengths and reduction of depths, 
leading to higher span-to-depth ratios, a factor directly related to deflection control. Also, 
increases in the construction speed may cause premature cracking as well as higher time-
dependent deformations due to early permanent loading.

Deflections must be limited mainly to avoid detrimental effects on the following aspects:

-- Appearance of the structure (aesthetics, confidence of users)

-- Integrity of non-structural parts (brittle partitions or finishes)

-- Proper functioning of the structure or equipment (machinery, doors, windows)

-- Excessive vibrations (comfort, functionality of devices)

Several types of deflection can be considered for calculation purposes:

-- Instantaneous (or immediate) deflections: Cracking of concrete as well as dead 
and live load are considered. Time-dependent effects such as creep and shrinkage 
of concrete and relaxation of prestressing steel are not taken into account.

-- Long-term deflections: Time-dependent effects are considered. Only permanent 
(or quasi-permanent) affect this type of deflections. Cracking due to short-term load 
should be taken into account.

-- Total deflections: Instantaneous plus long-term deflections.

-- Deflection occurring after attachment of non-structural elements: Part of the total 
deflection that takes place after construction of elements that may be damaged by 
excessive deflections.

To avoid excessive deflections design codes and regulations limit their allowable 
design values as a fraction of the span of the element. For instance, a limit of span/250 
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is indicated in the fib Model Code 20104-1 for the deflection due to quasi-permanent 
loads to avoid impairing of appearance and general utility of the structure. Likewise a 
limit of span/500 for quasi-permanent loads is said to be appropriate for the deflection 
increment after the installation of parts susceptible to being damaged. Other limits may 
be considered, depending on the sensitivity of the adjacent parts.

It must be taken into account that actual deformations may differ considerably from 
calculated values. Some of the parameters involved in deflection calculation present high 
scatter, such as the tensile concrete strength, and this is especially important for loads 
close to the cracking moment. Other parameters may be difficult to assess due to the 
number of influencing factors, as is the case for creep and shrinkage of concrete. 

Long-term deflections of reinforced concrete beams due to creep and shrinkage of 
concrete may be significant, especially for cracked beams, and can cause damage in 
structural and non-structural elements. Creep and shrinkage of concrete are influenced by 
the environmental conditions, the size of the element, the water/cement ratio, the type of 
cement, and on the curing conditions. Creep also depends on the level of applied stress, 
on the duration of the sustained load and on the age of concrete at the time of loading. 
In addition, deflections due to creep and shrinkage depend on the cracking level, on 
the amount of tensile and compressive steel, on the geometry and support conditions 
of the structure and on the construction sequence, among other factors. If deflection of 
a composite structure is computed, account shall be taken of curvatures resulting from 
differential shrinkage of precast and cast-in-situ components.

One of the most effective ways to limit excessive deflections is to provide sufficient stiffness 
of the beam. Such a minimum stiffness is related to the span/effective depth ratio, ℓ/d, to the 
reinforcement ratio and to the support conditions, as will be shown later in this document.

For deflection calculations the CEB-FIP Model Code 19904-8 included a simplified 
method that corresponded to the formulation of the so-called “Method of global 
coefficients”, proposed in the CEB Design Manual Cracking and Deformations4-5 that was 
derived from the CEB bilinear method, after several simplifications and parametric studies. 
The method provided the following expressions to estimate the long-term deflections in 
RC flexural members:

(4-49)

(4-50)

a = a
c

1+ϕ( )  for M <M
cr

a = a
c

h
d

⎛
⎝⎜

⎞
⎠⎟

3

η 1− 20ρ
m
'( )  for M ≥M

cr

where M is the bending moment at mid span of a beam or slab and at the fixed end of 
a cantilever, under the frequent combination of actions; a is the long-term deflection; 
ac is the instantaneous elastic deflection, calculated with the rigidity Ec·Ic of the gross 
section, neglecting the reinforcement; j is the creep coefficient; h is the total depth of 
the beam; d is the effective depth of the beam; r’m is the geometrical mean percentage of 
compressive reinforcement, along the beam length; h is a factor taking into account the 
effects of cracking and creep that depend on the geometrical mean percentage of tensile 
reinforcement along the beam length rm.

This method sacrificed accuracy in favour of simplicity, since it did not explicitly 
include the creep coefficient and shrinkage strain and, therefore, the effects of concrete 
strength (high strength concrete has usually less creep and shrinkage than conventional 
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concrete), the environmental conditions or the age at loading. In addition, it cannot be 
used to evaluate deflections at any instant of the service life of the structure, but only at 
long-term, nor to evaluate deflections under the effect of loads applied at different times. 
These considerations are important, for example, when evaluating deflections in high-
strength concrete elements, or when estimating the deflections after installation of the 
non-structural elements susceptible to being damaged.

The formulation introduced in the fib Model Code 20104-1 is based on that of Eurocode 24-9. 
It derives from the interpolation procedure in the CEB Manual on Cracking and Deformation4-5 
for calculation of mean curvatures also included in the MC904-8, taking into account tension-
stiffening. Long-term effects due to creep can be calculated using the Age-Adjusted Modulus 
Method4-4, 4-35, although for deflections an effective modulus is used, while effects of shrinkage 
are estimated at the section level. 

Although also a simplification, this methodology allows taking into account main material 
properties and also considering the effects of environmental and loading conditions.

4.3.1	Calculation of deflections due to bending

4.3.1.1	 General Method 

Deflections due to bending can be estimated by double integration of flexural curvatures 
along the member axis, taking into account the support conditions and the stiffness at 
each section, which depends on the internal forces (N,M), the amount of longitudinal 
reinforcement and the state of cracking at each section. For statically determinate structures, 
the internal forces at each section are known, since reactions are obtained directly from 
equilibrium with external loads. However, for statically indeterminate structures, the 
distributions of internal forces are not known a priori, since reactions depend on the 
deformation of the structure and consequently on the distribution of stiffness along the 
members, which is a function of the force’s distribution. Therefore, an iterative procedure 
is necessary in order to correctly obtain a distribution of forces along the element which 
fulfil equilibrium, compatibility and materials constitutive equations and to accurately 
calculate the deflections. Thus, non-linear analysis methods, taking into account the 
effects of cracking, non-linear stress-strain relationships, second order effects in axially 
loaded slender members and other non-linear effects must be performed. In order to trace 
the complete load-displacement curve through the elastic, cracked and ultimate load 
ranges, incremental procedures are necessary together with iterative methods

In addition, the time-dependent effects of creep, shrinkage and relaxation, must be 
considered in order to estimate the delayed deflections, either by a time step analysis 
or by using the ageing coefficient concept. In structures where the construction process 
requires an accurate estimation of deflections, a step by step analysis should be performed 
including the sequence of loading and possible changes in geometry, structural scheme, 
support conditions and the evolution of material properties with time.

In statically indeterminate structures, for usual reinforcement ratios and distributions, 
the cracked stiffness of the hogging and sagging zones, which depend on the amount of 
longitudinal reinforcement, are not very different. Therefore, the distribution of bending 
moments obtained elastically is similar to the actual one, and can be used in a nonlinear 
sectional analysis to obtain the curvature and, by double integration, the deflections.
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4.3.1.2	 Structural analysis

In general, the Finite Element Method (FEM) is the more versatile method to analyse any 
kind of structure, by adopting the most suitable type of element for the problem studied. 
Beam-columns, straight or curved, with constant or variable cross section dimensions, 
can be used for analysing  planar or spatial beams, columns, arches, frames or structures 
similar to them; planar 2D elements can be used for analysing plane stress or plane strain 
problems, either walls, beams, joints or other D regions; plate and shell elements can 
be used for analysing slabs and shells subjected to membrane and out-of-plane forces, 
and solid elements can be used for massive structures or regions such as slab-column 
connections where stresses in the three dimensions are comparable.

The displacement formulation is the most common because its suitability for numerical 
analyses. In such formulation, the displacement field inside the element is obtained by 
interpolating the nodal displacements using shape functions. The accuracy of the solution 
will strongly depend on the accuracy of the shape functions to reproduce the actual 
displacement field inside the element. This aspect is not obvious, since cracking, yielding 
or other non-linear effects can take place only in some parts of the element. In such 
cases, a refinement of the finite element mesh is necessary in certain parts (for example 
near the cracking points or near the plastic hinge zones). However, in the case of frame 
structures, since once the element end forces are known, the distribution of internal 
forces can be accurately known, since it depends only on equilibrium and geometrical 
aspects. Therefore the use of flexibility-based beam-columns finite elements4-36, in which 
forces are interpolated “exactly” from the end forces, are specially suitable for analysing 
such types of structures. In such cases a small number of larger elements can be used, 
although more time is required for integration along the element length.

Since most typical structures can be assimilated to frames, either planar or spatial, 
in the following a description of the most important aspects of a general model for the 
analysis of 2D and 3D concrete frames is provided. The general methodology is illustrated 
following the framework of a numerical model that takes into account the material and 
geometric non-linearity’s, the time-dependent effects, the phased construction and their 
interaction4-37, 4-38, 4-39. Such a model, which has been experimentally verified with tests 
results4-40, will be used in the examples of the next sections to compare the results of 
simplified models with those of the general model. 

The model is applicable to three-dimensional reinforced and prestressed concrete 
frames subjected to any load, imposed movements and temperature histories under 
dominant flexure. Each member can be subjected to biaxial bending, axial load, torsion 
and skew shear forces. For this purpose, one-dimensional beam-column finite elements 
with a constant cross section of arbitrary shape are used. In order to properly evaluate 
the section mechanical properties at any instant and at any load level, the cross section 
is divided into a discrete number of concrete, steel or FRP filaments4-41 made of their 
respective materials (see Fig. 4-47a). It is assumed that perfect bond exists between all the 
materials in a section. The filaments are considered to be subjected to a uniaxial state of 
normal stresses and the deformations due to shearing strains are neglected.

This document is the intellectual property of the fib – International Federation for Structural Concrete. All rights reserved. 
This PDF of fib Bulletin 92 is intended for use and/or distribution solely within fib National Member Groups.

fib



Rules and explanations74

Fig. 4-47 a) Filament beam element  b) External and internal degrees of freedom

Uniaxial constitutive equations are used for concrete and steel and FRP laminates. A 
parabolic stress-strain relationship with a descending post-peak linear branch, unloading 
parallel to the initial modulus of deformation and crushing is considered for concrete in 
compression Fig. 4-48a. Cracking and tension stiffening with a hyperbolic descending 
branch after cracking are considered in tension. Unloading in tension occurs with a 
degraded stiffness back to the residual strain. An elastic-plastic model with strain hardening 
is assumed for reinforcing steel. Unloading and reloading take place parallel to the initial 
branch and following a kinematic hardening rule as shown in Fig. 4-48b. The FRP laminate 
is considered elastic up to its rupture (see Fig.4-48c).

Fig. 4-48 Constitutive models for the structural materials: a) Concrete b) Steel c) FRP laminate

a) b) c)

The total strain at a given time and point in the structure e(t), is taken as the direct sum 
of mechanical strain em(t), and non-mechanical strain enm(t), consisting of creep strain 
ec(t), shrinkage strain es(t), ageing strain ea(t), and thermal strain eT(t).

(4-51)ε(t) = εm(t)+ ε nm(t)

(4-52)ε nm(t) = ε c(t)+ ε s(t)+ ε a(t)+ εT (t)

Creep strain of concrete, ec(t), is evaluated by an age-dependent integral formulation 
based on the principle of superposition.

(4-53)ε c(t) =
o
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where c(t,t-t) is the specific creep function, dependent on the age at loading t, and s(t) 
is the stress applied at instant t. The integral in Eq. (4-53) can then be approximated by a 
finite sum involving incremental stress changes over the time steps. The adopted form for 
the specific creep function c(t,t-t) is a Dirichlet series4-42.

(4-54)c τ ,t −τ( ) = a
i
τ( )

i=1

m

∑ 1− e−λi t−τ( )⎡
⎣

⎤
⎦

in which the values of m, li and ai(t) are coefficients to be determined through adjustment 
of experimental or empirical creep formulae. It is considered that sufficient accuracy is 
obtained using three terms of the series (m = 3), and adopting li  = 10-i. The creep and 
shrinkage models used are those provided by the CEB-FIP Model Code 19904-8. The use 
of a Dirichlet series enables obtaining the creep strain increment at a given instant by a 
recurrent expression that only requires to store the stress and an internal variable of the 
last time step,  thus avoiding the need to store the entire stress history. 

The Hermitian 13 degrees of freedom finite (DOF) element beam is used, having three 
displacements and three rotations at each end and an axial displacement associated to 
an internal node placed at the element mid length (see Fig. 4-47b) This incompatible 
axial displacement degree of freedom un, that is eliminated by static condensation, is 
necessary for the correct modelling of the bending stiffness and to take into account the 
shifting of the neutral axis due to cracking and other material non-linearity in a reinforced 
concrete beam. The displacement fields of the beam element on its local x-axis are cubic 
polynomials for the end transverse displacements and rotations, linear functions for the 
end axial displacements and rotations, and quadratic for the intermediate axial DOF.

There is a discrete number of pre-stressing steel tendons in the frame, each of which has a 
given profile and constant sectional area along its length. A pre-stressing tendon is modelled 
by a discrete number of pre-stressing segments, each of which is straight and spans a frame 
element. The location of the two end points of a pre-stressing steel segment in a frame element 
is defined by the local eccentricities ey and ez at each end, as shown in Fig. 4-49.

Fig. 4-49 Prestressed beam element

The axial strain εx at any point within the beam element can be obtained by assuming the 
Navier’s plain section hypothesis. The elastic stiffness of a beam element is then obtained 
by the following known expression:

(4-55)K
e
=

V
BT ⋅E ⋅B ⋅dV∫∫∫
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where E represents the material tangent modulus associated with either flexural or torsional 
degrees of freedom, and B is the matrix relating nodal displacements and strains at the 
Gauss points. The beam geometric stiffness obtained by considering the second order terms 
in the strain-displacement relationship is added to the elastic one, to get a better approach 
of the element stiffness in those cases where second order effects may be relevant.

The element internal resisting load vector due to stress in the concrete and steel filaments, 
can be evaluated by:

(4-56)

in which Tx is the torque in the beam and Bq is the component of the B matrix associated 
with the torsional degree of freedom. The equivalent load vector due to non-mechanical 
strain enm, is calculated by the equation:

(4-57)

The material properties of the concrete and the reinforcement at any time and load 
level depend on the non-linear stress-strain relationship, cracking, yielding and crushing 
of the concrete and yielding of the steel. The element stiffness matrix and the internal 
forces at any time are evaluated by integrating, over the volume of the element, the 
contribution of each concrete and reinforcement filaments over the sectional area and of 
each pre-stressing steel segment within the element. Numerical integration is performed 
by Gaussian quadrature using two Gauss points.

In order to incorporate the non-linear and time-dependent behaviour of a concrete 
structure, the time domain is divided in time intervals and a step forward integration is 
performed in which increments of displacements and strains are successively added to 
the previous total as time progresses. 

A number of construction steps are defined along the time domain. A construction step is a 
situation of the structure in which any change to its geometry, loading or boundary conditions 
takes place. For each construction step, the pre-stressing, external joint loads, temperature 
distributions, short time stress-strain curves, time-dependent materials properties and structure 
scheme are given.

The time elapsed from one construction step to the next is subdivided into time 
intervals, separated by time steps. At each time step the material properties, the stiffness 
matrix and the load vector are updated. Increments of non-mechanical strains Dεnm are 
evaluated, due to creep and shrinkage of the concrete, relaxation in the prestressing 
steel and temperature changes which occurred during the time interval from tn-1 to tn. The 
equivalent joint load increments DRnm at time tn, summed for the concrete, reinforcing 
steel, prestressing steel and FRP reinforcement, are then calculated from their respective 
non-mechanical strain increments Dεnm . Thus, at a time tn , the load increment DRn to 
be applied to the structure is obtained by adding the external joint load increment DRi

n and 
the unbalanced load Ru

n-1 left over from time tn-1 to the equivalent joint load increments 
DRnm due to non-mechanical strains:

(4-58)ΔR
n
= ΔR

n
i + ΔR

n
nm +R

n−i
u

The total load obtained at each time step is divided into load increments, so that the 
load-displacement curve can be traced along the elastic, cracking, inelastic and ultimate 

Ri =
V
BT ⋅σ ⋅d ⋅V + Bϑ ⋅Tx ⋅dx

L
∫∫∫∫

Rnm =
V
B∫∫∫

T
⋅E ⋅ ε nmd ⋅V
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ranges. At each load step, the load vector is updated and a direct stiffness finite element 
method based on the displacement formulation is used, in which the resulting equilibrium 
equations will be non-linear for the current state of material properties and geometry. 
An iterative procedure is used in which tangential equilibrium equations are solved for 
global displacement increments at each iteration. At the beginning of any iteration, all the 
joint displacements, total strains, total non-mechanical strains and stresses at every point 
in the structure are known.

The increments of strain at any concrete, steel or FRP filament are obtained by first 
transforming the increment of global displacements to element local coordinates and, 
then, by means of the incremental form of the strain-displacements equations. Total 
strains are obtained by adding the increment of strain to the previous total. Mechanical 
strain is calculated by subtracting non-mechanical strain from total strain, and stress is 
calculated by the stress-strain curve. The internal resisting load vector is obtained from 
Eq. (4-56), and the unbalanced load vector is obtained by subtracting it from the current 
total external load vector. 

A tri-linear model is used to represent the torsional response of a reinforced or pre-
stressed concrete beam in terms of torque-twist relationship, as suggested by one study4-43. 
Torsion and bending are considered uncoupled. 

To account for geometric nonlinearity, an updated Lagrangian formulation is used, in 
which the direction of the local reference system is continuously updated as the structure 
deforms. The continuously changing displacement transformation matrix for each element 
takes into account the effect of geometric nonlinearity along with the nonlinear form of 
the strain displacement relationship.

The effect of pre-stressing is introduced in the structure as an equivalent load vector 
obtained by equilibrating the forces of the pre-stressing tendons. The pre-stressing forces at 
each point along the tendon have taken into account the pre-stressing losses due to friction 
and anchorage slip. The increment of strain Dεp at any segment, which varies as the structure 
deforms, is obtained from compatibility considerations. Then the corresponding stress sp 

is obtained by the stress-strain relationship of pre-stressing steel and the stress relaxation 
is subtracted. Relaxation under variable stress is taken into account by the fictitious stress 
method, proposed by one study4-44. Once the pre-stressing segment force P is known, consistent 
loads and moments at the two end nodes are evaluated. Pre-tensioned and post-tensioned 
structures can be analysed by adequately considering the instants of stressing, transfer and 
bond to account for the stresses in the steel and in the concrete and to add the stiffness of 
the tendons to the member stiffness after bond exists. 

The present model has been designed to simulate most of the structural changes that 
take place during the construction process and along the entire service life of structures. At 
each construction step, changes in the longitudinal or transverse geometry of the structure 
can be accounted for by adding or removing elements or filaments of the cross section. 
Prestressing tendons and stays can be stressed, unstressed or removed at any time. External 
supports and connections between elements can be modified at any time.

The model has been implemented into a computer program called CONS, written 
in FORTRAN language, which can be run on personal computers. The general scheme 
of the program is schematically presented in Fig. 4-50, in which the general input data  
(1) includes geometry of the structure, finite element mesh, support conditions, materials 
properties, reinforcement, pre-stressing layout, construction steps, environmental conditions, 
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convergence criteria and output control information. At each construction step input data 
(2) includes variations on the geometry, boundary conditions, loading, and pre-stressing, 
as well as the number of time intervals between construction steps and load factors for 
load steps.

Many other models have been developed for the non-linear, time-dependent and 
segmental analysis, including or not their interaction effects. Among them, several are 
worth mentioning4-45, 4-46, 4-47, 4-48. General methods are also described in other studies4-5, 4-49.

Fig. 4-50 Flow chart of the nonlinear structural analysis model CONS

START
INPUT GENERAL DATA (1)

CONSTRUCTION STEPSNCS=NCS+1

INPUT CONSTRUCTION STEP DATA (2)

TIME STEPSITIME=ITIME+1

LOAD STEPS
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UPDATE STIFFNESS MATRIX

ITER=ITER+1

LOAD VECTOR R 
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4.3.1.3  Deformations at sectional level

4.3.1.3.1	 Assumptions and equations

Given the sectional forces (axial forces and bending moments) referred to a reference 
system, the sectional deformations (axial strain and curvature) with respect to the same system 
of reference are to be obtained. The problem can be solved using the most general numerical 
procedures developed in the previous section. Nevertheless analytical methods have been 
proved to be a suitable and powerful methodology for the serviceability analysis of concrete 
structures with the assumption of some generally accepted simplifications4-50, 4-51. Once 
the sectional deformations are obtained, appropriate integration along the member allows 
obtaining member displacements. 

Applying principles of structural analysis of equilibrium and compatibility at a member 
level, these methodologies can be implemented for the analysis of concrete frames using 
matrix stiffness of finite element methods4-47, 4-52.

The assumption of plane sections hypothesis is accepted, the effects of cracking of concrete 
are taken into account, and the principles of linearity between instantaneous and creep 
strains and superposition of strains at any instant produced by stresses applied at different 
ages are accepted to evaluate the long-term sectional deformations. For cracked sections non-
linear behaviour must be taken into account and equations must be solved using a proper 
procedure, usually based on non-linear iterative and/or incremental sectional analysis.

Although the procedure can be implemented for the more general case of sections of 
any shape with forces acting at any point4-53, for the sake of simplicity the particular case 
of a section subjected to a normal force and a moment acting at an axis of symmetry, 
caused by applied loads, prestressing, creep, shrinkage and relaxation is described.

The method can apply to cracked or uncracked reinforced or prestressed concrete elements 
with steel or FRP reinforcement. The strain distribution ε(y) over the cross section, having 
a vertical principal axis, under axial load N applied at the reference axis O and bending 
moment M, is defined by the axial strain, εo, at O and the curvature, y (Fig. 4-51, Eq. 4-59).

Fig. 4-51 Sectional forces and deformations

Materials (concrete and reinforcement) are assumed to behave linearly in compression 
and tension, although concrete in tension is ignored in the fully cracked state (Eq. 4-60). 
The increments of deformations and stresses are given by:

(4-59)

(4-60)

Δε y( ) = Δε
0
+ yΔψ

Δσ y( ) = E ⋅ Δε y( )

0
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y
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0

This document is the intellectual property of the fib – International Federation for Structural Concrete. All rights reserved. 
This PDF of fib Bulletin 92 is intended for use and/or distribution solely within fib National Member Groups.

fib



Rules and explanations80

The principles of linear viscoelasticity are accepted even though concrete fibres near 
the neutral axis can become cracked with time, since their contribution to the sectional 
response is very small. 

The total strain at any concrete point at age t, loaded at age t0 with an instantaneous 
stress s(t0), subject to continuous monotonic variation, can be calculated by:

(4-61)Δε t( ) = ε
cs

t,t
0( ) +σ t

0( ) J t,t0( ) + σ t( )−σ t
0( )⎡⎣ ⎤⎦

1
E
c
t
0( ) +

χ t,t
0( )φ t,t

0( )
E
c,28

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

where εcs(t, t0) is the free shrinkage of the concrete in the time t – t0; sc(t0) is the concrete 
stress applied at age t0; J(t, t0) is the creep function; Ec(t0) and Ec,28 are the modulus of 
elasticity of concrete at time t0 and 28 days, respectively;  j  (t, t0) is the creep coefficient 
at time t, when the load is applied at t0; and c(t,t0) is the ageing coefficient, which can be 
assumed equal to 0.8.

From Eq. (4-61) an age-adjusted effective modulus of concreteEc (t, t0) can be 
defined to obtain the strain increment between t and t0 due to the increment of stresses 
s(t) - s(t0), given by:

(4-62)
E
c
=

E
c
t
0( )

1+
E
c
t
0( )

E
c,28

χ t,t
0( )φ t,t

0( )
Values for relaxation of tensile stress in prestressing steel at constant strain and temperature 

are given by the intrinsic relaxation, Dsp. For non-constant strain, a simplified procedure 
can be used based on a reduced relaxation value Dspr = cr ⋅Dsp, where cr can be assumed 
equal to 0.8. 

From sectional equilibrium the resultant forces are given by:

(4-63)

(4-64)

and substituting Eq. (4-60) into (4-63) and (4-64), and taking also into account time-
dependent effects due to creep, shrinkage and relaxation, leads to:

(4-65)

where DN0 and DM0 are equivalent (restraining) forces required to prevent the free 
development of the aforementioned time-dependent effects.

Taking into account the definition of first, B, and second moment, I, of a section about 
an axis through the point O:

(4-66)

Eq. (4-65) may be rewritten as:
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in which A, S and I are, respectively, the cross-sectional area of the transformed section and 
its first and second moments about a horizontal axis through O. For reinforced concrete 
members Eref is usually taken as the modulus of elasticity of concrete (or one of the 
concretes in case of composite section), Ec, and the properties of the transformed section 
are calculated using the area of each material multiplied by the ratio of its modulus of 
elasticity to that of the reference concrete. For cracked sections only the area of concrete 
in compression is included in the transformed section. 

4.3.1.3.2	 Instantaneous and long-term deformations

Calculation of instantaneous deformations is performed assuming a zero value for DN0 
and DM0 in Eq. (4-67), leading to:

(4-68)

in which Eref has been adopted as Ec. From previous equations it can be seen that when 
the reference point O coincides with the centroid of the transformed section (B = 0) the 
system is uncoupled, Dεo only depends on DN and Dy depends on DM. Likewise, when the 
reference point O coincides with the neutral axis (Deo = 0) curvature only depends on DM.

From Eq.(4.3-20), strain and curvature is obtained by:

(4-69)

(4-70)

The strain and stress at any point and material at a vertical distance y from the horizontal 
reference axis can be obtained using Eqs. (4-59) and (4-60).

The increment of axial strain DeO and curvature Dy with time, due to creep, shrinkage 
and relaxation of prestressing steel, can be calculated by:

(4-71)

(4-72)

whereA,S and I are, respectively, the cross-sectional area of the age-adjusted transformed 
section and its first and second moments about a horizontal axis through O. These properties 
have to be calculated using the age-adjusted effective modulus of concreteEc.

DN0 and DM0 may be calculated as follows:

(4-73)

(4-74)

where Ac, Ic and Bc are referred to the concrete section, Aps is the total area of prestressing 
steel and yps is the vertical distance from the horizontal reference axis to the position of 
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the equivalent prestressing tendon and ε0 and y are the instantaneous axial strain and 
curvature obtained as described above. Dspr is the absolute value of the loss of tensile 
stress in the prestressing steel due to relaxation (reduced relaxation).

For any prestressed or non-prestressed section the mean curvature (instantaneous or long-
term) can be obtained from interpolation between the values of deformation of the uncracked 
section and the fully cracked section applying the procedure described in Section 4.3.1.4.2.1.

4.3.1.4	 Simplified methods

4.3.1.4.1	 Introduction 

Although the general method is the most accurate for calculation of deflections, it does 
not represent an efficient tool during the design phase, because is time-consuming and 
involves a lot of work for input data and for interpretation of results. During the design phase, 
simplified expressions are required based on the mechanics of the problem, which include 
the most important parameters governing the structural behaviour, in order to achieve a good 
approximation of the instantaneous and delayed deflection value, using few calculations.

Some of the most well-known simplified formulations are based on interpolation of the 
results obtained assuming the member totally uncracked (state I) or fully cracked (State II). In 
this way the fact that along the member there are sections which are cracked and other which 
are uncracked is taken into account. 

The method of interpolation of deflections4-5, and the expression proposed by one study4-54 
for interpolation of the stiffness are the most representative. Equivalent stiffness methods 
are another simplified methodology for obtaining instantaneous deflections. Empirical 
correlations based on experimental campaigns like the ACI time-dependent expression 
for delayed deflection is also known worldwide.

In the following, the interpolation method, valid for the calculation of instantaneous 
and long-term deflections, adopted in the Eurocode EC24-9, 4-29 and incorporated to the fib 
Model Code 20104-1, will be briefly explained. In addition, a simplified method for the long-
term deflections proposed by one study4-55, based on an assumption of the time-dependent 
sectional behaviour in accordance with experimental observations will be presented.

4.3.1.4.2	 Instantaneous deflections 

Cracking of concrete takes place at relatively low load levels, so that in most cases beams 
are cracked in service conditions. Cracking produces a significant change in the sectional 
response, reducing dramatically the stiffness and incrementing the curvature with respect 
to un-cracked sections. In order to satisfy equilibrium between forces (N,M) and internal 
stresses, and compatibility of deformations (plane sections, perfect bond), the neutral axis 
depth decreases and the stresses both in concrete and in the reinforcement increase.

In the case of beams free from cracks, the most important factors governing the 
instantaneous deflections are the elastic modulus of concrete, the inertia of the cross 
sections, the element span length and the support conditions. The amount of steel, for 
usual ratios, does not have much affect on the inertia.

However, in a cracked element the amount of longitudinal tensile reinforcement plays 
an important role in the stiffness of the section because a) the neutral axis depth depends 
on n and r, n = Es/Ec is the modular ratio between steel and concrete and r = As/b ⋅ d is 
the reinforcement ratio), and b) because the direct contribution of the steel to the inertia 
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is much more important than in un-cracked sections related to the concrete contribution. 
In addition, bond characteristics also affect the stiffness of a cracked beam, since stresses 
are transferred to concrete in tension between cracks, thus contributing to the stiffness 
of the element (tension stiffening).This fact is especially relevant for load levels slightly 
higher than the cracking load, since the contribution of tension stiffening is comparable 
to that of the steel.

Since the cracking moment of a section depends on the tensile strength of concrete, which 
is a parameter with a large scatter, errors in the estimation of deflections in lightly loaded 
beams, but cracked, can be considerable. In addition, when using a limited number of 
representative sections of the element to calculate deflections, (usually the sections subjected 
to maximum positive and negative moments) the error made can be significant. Moreover, the 
concrete tensile strength can be affected by early age stresses resulting from the restraint to the 
volume changes that develop during the hydration process of cement, or from non-uniform 
distributions of early age shrinkage, increasing the uncertainty in the calculation of deflections.

4.3.1.4.2.1 Interpolation method

The deflection interpolation method is based on an extrapolation of the mean 
curvature concept of cracked element, which takes into account the tension stiffening, 
to obtain deflection.

The mean curvature (y) can be approximated by interpolating the curvatures in the 
fully cracked (yII) and uncracked (yI) sections:

(4-75)ψ =ψ
II
⋅ζ + 1−ζ( )ψ I

The curvature at an uncracked or a cracked section can be expressed in terms of the 
bending moment and flexural rigidity or in terms of strains. Fig. 4-52 represents the mean 
behaviour of a cracked reinforced concrete flexural member.

Fig. 4-52 Moment versus curvature in a reinforced concrete member in flexure

Since the deflection is very sensitive to the curvature of the determinant section, the 
interpolation of curvatures can be approximately extended to interpolation of deflections 
as follows:

(4-76)y
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where yinst is the instantaneous deflection and yI and yII are both the deflections calculated 
using the un-cracked (gross or homogeneous) and the cracked section properties, respectively. 
Factor z is the interpolation factor, which takes into account the tension stiffening contribution 
to the stiffness of the element. Factor b is a coefficient accounting for the influence of the 
duration and repetition of loading on the degradation of tension-stiffening. The value of b is 1 
for first loading and 0.5 for sustained loads or multiple cycles of repeated loading. In general, 
the expression for the interpolation factor is:

(4-77)ζ = 1− β
σ

sr

σ
s2

⎛

⎝⎜
⎞

⎠⎟

2

where ssr and ss2 are the stresses at the tensile reinforcement calculated in state II,  
under the cracking moment, Mcr, and under the maximum moment, M, applied at the 
section, respectively.

In the case of beams without axial load, Eq.(4-77) can be replaced by

(4-78)ζ = 1− β
M
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M
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⎝⎜
⎞
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2

When bending moments are close to cracking moment the interpolation factor is 
similar to (1 - b) while for high levels of loading, the interpolation factor approaches the 
value z = 1, which means that tension stiffening hardly contributes to the stiffness.

Introduction of compression axial load, Fig. 4-53, reduces the difference between 
uncracked and fully cracked behaviour, and therefore the tension stiffening effect reduces 4-56. 
Furthermore axial force affects the cracking load, which increases for the case of 
compression force (and reduces for tensile). Additionally the interpolation coefficient in 
Eq. (4-78) is slightly lower than for the case of pure bending, tending to be similar with 
increasing flexural moments.

Fig. 4-53 Moment versus curvatures in a section with bending plus axial force

According to one study4-51 when the bending moment is combined with axial force, 
the interpolation coefficient z may be expressed in terms of concrete stresses:
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where σ1max is the value of the tensile stress at the extreme fibre which would occur due to 
the applied N and M, assuming no cracking. The value fct is the tensile concrete strength.

The simplification of the interpolation method lies in the fact that the element 
deflection is obtained using the properties of one single critical section instead of 
integrating curvatures along the whole element. The reason for that simplification is that 
sections governing deflections are sections that present maximum curvatures having a big 
contribution in the integration process. This argument is adequate for simply supported 
beams where the stiffness of the central section has a large influence in the deflections. 
However, in continuous members both the stiffness and the length of the positive and the 
negative bending moment zones have influence on the value of the deflection.

The interpolation method is included in the final fib MC2010 version4-1 and also in 
EC24-9, 4-29. In those Codes no rules are given to obtain the deflection when designing 
continuous elements with different reinforcement ratios along its axis.

4.3.1.4.2.2	  Effective stiffness method

An alternative approach for estimation of instantaneous deflections of a cracked 
reinforced concrete member is based on the calculation of an “Effective moment 
of inertia”, Jeff, to be assumed constant over the full length of the member. Branson’s 
equation is perhaps the best known4-54.

Another possibility is to use an equivalent moment of inertia derived by imposing that 
the deflection obtained is equal to that calculated by the interpolation method, as described 
next. After reaching the cracking load, the instantaneous deflection of any element can 
be obtained using the standard formula for elastic deflection, considering an effective (or 
equivalent) stiffness, Ieff, representative of the mean behaviour of the cracked element:

(4-80)y
inst

= k
M ⋅ l 2

E
c
⋅ I

eff

where k takes into account the support condition and the loading type.

The effective stiffness of a cracked element is directly obtained from the mean curvature 
formulation:

(4-81)

(4-82)I
eff

=
I
I
⋅ I

II

ζ ⋅ I
I
+ 1−ζ( )III

where II and III are the second moment of inertia of the un-cracked and fully cracked 
sections, respectively. The interpolation factor z is the interpolation coefficient defined in 
section 4.3.1.4.2.1.

Reinforced concrete elements are generally designed by adjusting the reinforcement 
ratios according to the bending moment diagram. As a consequence, the homogeneous and 
the cracked neutral axis depth varies along the element. In order to take into account the 
different distribution of reinforcement in to the equivalent stiffness of the whole beam, a mean 
reinforcement ratio (rm, r’m) may be used, as that proposed4-5 which can be expressed by:

ψ =ψ
II
⋅ζ + 1−ζ( )ψ I

,    ψ = M
E ⋅ I
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(4-83)

(4-84)
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l
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l
+ ρ'
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l
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l
+ ρ'

C

l
C

l

where:

rA, r’A,	 Amounts of tensile and compressive reinforcement at the end support A.

ℓA		  Length of the beam subjected to negative bending moment near support A.

rB, r’B	 Amounts of tensile and compressive reinforcement at the end support B.

ℓB		  Length of the beam subjected to negative bending moment near support B.

rC, r’C 	 Amounts of tensile and compressive reinforcement at mid-span.

ℓC		  Length of the beam subjected to positive bending moment.

Fig. 4-54 Bending moment diagram for defining ρA, ρB, ρC, lA, lB and lc

It should be verified that ℓ= ℓA + ℓB + ℓC
In general, to obtain the average reinforcement amounts rm and r’m approximate values 

of ℓA , ℓB and ℓC provide satisfactory results. The following default values can be adopted:

-- For members supported at one end and fixed at the other, and for end spans of 
continuous beams, ℓA /ℓ =0.25 and ℓB /ℓ =0.75

-- For members with both ends fixed, ℓA /ℓ = ℓB /ℓ =0.20, and ℓC/ℓ =0.60

-- For interior spans of continuous beams, ℓA /ℓ = ℓB /ℓ =0.15, and ℓC/ℓ =0.70

Once the mean reinforcement ratio (rm, r’m ) is obtained, the cracked and un-cracked 
inertias are calculated. For the uncracked state inertia of the transformed section is 
preferable when high reinforcement ratios are considered, in other cases the gross inertia 
provides good agreement. 

The cracked inertia of a rectangular section can be calculated as follows:

(4-85)I
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= n ⋅b ⋅d ρ

m
d − x( ) d − x

3
⎛
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⎞
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Where x is the neutral axis depth obtained by assuming zero tensile strength of concrete 
and linear concrete stress in compression. Its value, is given by:

(4-86)

In the case of sections with only tensile reinforcement, x is expressed by:

(4-87)

Furthermore, for practical applications, the next simplified expression represents a 
good approach to obtain the neutral axis depth for rectangular sections:

(4-88)

Similarly, the following simplified expression of the fully cracked stiffness can be used 
for rectangular sections, as a simpler alternative to Eq. (4-85):

(4-89)

For the case of statically indeterminate elements, again an aspect open to consideration is 
the value of the bending moment to use when determining the interpolation coefficient.  After 
several numerical simulations, it is proposed to calculate the equivalent stiffness with the 
interpolation parameter z corresponding to the section with the maximum bending moment 
in the element instead of a mean bending moment value. As an example, in a double fixed 
end beam, the bending moment considered is the negative one, at the supports.

Finally the equivalent inertia, Ieff, is obtained using Eq. (4-82).

4.3.1.4.3	 Long-term deflections 

Long-term deflections in RC elements take place basically due to creep and shrinkage. 
While creep of concrete is proportional to the instantaneous stress caused by sustained loads, 
shrinkage does not depend on the stress state, but on hygrometric, thermal and geometric 
conditions. The presence of reinforcement affects the delayed sectional behaviour, since 
reinforcement constrains the free concrete strain. 

Before reaching the cracking load, creep is the most important parameter affecting the 
delayed curvature. For normal amounts of reinforcement ratios, un-cracked sections increase 
their instantaneous curvature by a rotation over the neutral axis. Constraint generated by the 
reinforcement due to deformation of the concrete and the shrinkage effects are not considered 
because of their small influence in the uncracked state. Thus the following equation can be 
applied for the calculation of time-dependent deflections in the un-cracked state:

(4-90)y
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After cracking, time-dependent behaviour of sections changes drastically because of 
the neutral axis shift. When cracking occurs, time-dependent strains and stresses in the 
cracked section change significantly from the un-cracked state. Due to creep and shrinkage 
of concrete, the section curvature will increase with time and reinforcement strains will be 
equal to those of the surrounding concrete. However, since neither creep nor shrinkage 
takes place in the steel, the reinforcement partially constrains free deformation of concrete. 
Any increment of strain in the steel will produce an increment of stress and redistributions 
of stresses between concrete and steel, necessary to maintain equilibrium of normal forces 
at any time. In addition, a shift of the neutral axis depth will take place over time, in order 
to equilibrate the constant applied bending moment. Therefore, the final state of stresses, 
strains and curvature will be a result of the equilibrium and compatibility, accounting for 
the instantaneous and time-dependent behaviour of the materials. 

Shrinkage of the uncracked zone of the section cannot be neglected in the cracked state.

Fig. 4-55 Instantaneous and time-dependent strains and stresses of a cracked section

In Fig. 4-55 the instantaneous and time-dependent behaviour of a section is described, 
where ec0, e’s0, es0, ec, e’s,  es correspond to the instantaneous and long term  deformations 
of concrete top fibre, compression reinforcement and tension reinforcement. It can be 
observed how due to creep and shrinkage initial stresses (σc0, σ’s0, σs0) changes with time. 
As a result of internal stresses redistribution, new stresses values are obtained (σc, σ’s, σs) 
and a shift of the instantaneous neutral axis (x0) can be observed.

Many authors have worked on trying to find a simplified formulation to overcome the 
time-dependent analysis. Some codes provide empirical formulations like ACI-318-144-57, 
MC904-8 or EHE-084-58, while others propose analytical models as Eurocode 24-9, 4-29 and 
fib Model Code 20104-1.

4.3.1.4.3.1	Interpolation method

Total deflection including creep can be determined using the method by considering 
an effective modulus of concrete, Ec,eff, to take into account creep effects:

(4-91)

(4-92)

E
c,eff

=
E
c
t
0( )

1+ϕ t,t
0( )

y
inst+ϕ = y

II
⋅ζ 1−ζ( )yI
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Using the effective modulus, new mechanical properties of the critical sections must 
be determined both for the uncracked section, where the modular ratio Es/Ec,eff changes, 
and for the cracked sections, in which a reduction of the concrete stress and a deeper 
neutral axis position takes place. 

Under permanent loads the beta factor (b) of the interpolation coefficient must be 
taken equal to 0.5.

Shrinkage deflection is not included in Eq. (4-92) and must be obtained separately. 
The fib MC2010 provides the following expression for the shrinkage curvature in both 
un-cracked and fully cracked states:

(4-93)ψ
sh
= ε

sh
⋅n S

I
= ε

sh
⋅n

eff

As x − d( )− A's x − d '( )
I

in which ysh is the shrinkage curvature; εsh is the shrinkage strain; neff = Es/Ec,eff is the 
effective modular ratio; and S and I are the first moment of area of the reinforcement and 
the moment of inertia about the centroid of the section, respectively, calculated using 
values of the effective transformed section. 

Deflections due to shrinkage, both in the un-cracked and in the fully cracked states, 
are obtained by double integration of the shrinkage curvature. Mean shrinkage deflection 
is obtained by interpolation between the deflections calculated in both states Eq. (4-92). 

4.3.1.4.3.2 Approximate method based on sectional kinematics

The time-dependent behaviour of a cracked section has been studied by several 
authors4-47, 4-50, 4-51, 4-59. Fig. 4-55 describes the actual time-dependent stresses and 
strains in a cracked RC section.

A parametric study was carried out4-55 using the general method over a huge number of 
virtual fully cracked RC sections, considering different values of reinforcement ratios and 
different environmental conditions. According to the results of the previous parametric study, 
the increment of the strain at the longitudinal tensile reinforcement is very small in cracked 
sections. Such increment is smaller as the reinforcement ratio increases. Therefore it seems 
reasonable to assume that the strain and stress at the tensile reinforcement are constant over 
time and equal to the instantaneous ones produced by the sustained load (∆εs = 0). 

Based on this assumption, and considering equilibrium of forces with the stress resultants, 
the compatibility of deformations at any time, and the time-dependent concrete constitutive 
equation using the ageing coefficient, c, the following general analytical expression was 
derived for the delayed increment of curvature:

(4-94)
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where:

ec0 is the instantaneous concrete strain due to sustained loading, at t = t0.

j is the creep coefficient at time t ≥ t0.

esh is the shrinkage strain at time t ≥ t0.

c is the ageing coefficient at time t ≥ t0 taken as c = 0.8 in this work.

x0 is the neutral axis depth at t = t0 

x is the neutral axis depth at t > t0 

r’=As’/bd is the geometric ratio of compressive reinforcement.

n = Es/Ec0 is the ratio between the modulus of elasticity of concrete and steel.

Eq. (4-94) can be simplified adopting a value for the ratio between the final and the 
initial depths of the concrete stress block x/x0 = 1.25, according to the results of the 
previous parametric study. In addition, conservative values for other parameters affecting 
the second term of the denominator, which slightly influence the value of the increment 
of curvature, Dy, are adopted for the sake of simplicity. These values are:  

-- initial relative neutral axis depth, x0/d = 0.3.

-- ageing coefficient c = 0.8.

-- ratio between covers of compressive and  tensile reinforcements d’/d = 0.1.

-- creep coefficient j = 2.0, which is considered an average value for normal and   
high strength concrete.

Thus, substituting the above values in Eq. (4-94), and after further operations, the following 
approximate expression is obtained for the increment of curvature in fully cracked sections:

(4-95)

where:

χ0 is the instantaneous curvature

x0 is the neutral axis at t = t0

d is the effective depth

r’ is the compressive reinforcement ratio

Integrating the curvatures along the element length and taking into account the boundary 
conditions, the following expression is obtained for the delayed deflection:

(4-96)

where

yinst is the instantaneous deflection 

x0 is the neutral axis at t = t0 considering rm and r’m
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rm’ is the mean compressive reinforcement ratio 

ksh is a constant that considers support conditions. For cantilever ksh = 0.4, for pinned 
elements ksh = 1, for pinned-fixed elements ksh = 0.7 and for fixed beams ksh = 0.5.

As it can be observed, the method assumes that time-dependent deflection is controlled 
by fully cracked sections. The accuracy of the sectional kinematic method depends on the 
ratio between the cracking moment and the maximum bending moment that ever acts on 
the element, Mcr/M (that can be the characteristic moment and not the maximum moment 
due to sustained loading).

Optimized designs of RC elements subjected to bending moments provides Mcr/M ratios 
greater than 2.5 due to the presence of live load. For those cases, the effective moment 
of inertia (Ieff) is similar to the fully cracked moment of inertia and the assumption made 
provides quite good results4-55.

4.3.1.5	 Deflections of composite structures

In members composed of parts made of different concretes the following aspects 
should be taken into account when calculating the deflections:

1.	The different moduli of elasticity of each concrete

2.	The curvatures resulting from the differential shrinkage of precast and cast-in-situ 
components.

3.	The construction sequence, including the existence or not of propping, to take 
into account which part of the section contributes to the strength and the stiffness 
along the construction process.

4.	When a cast in place concrete is poured over a precast-pretensioned member, 
the camber of the second one must be calculated previously.

4.3.2	Deflection due to shear

Deflections in concrete structures are induced by bending as well as by shear. If appropriate 
numerical methods are used, the general stiffness matrix covers both phenomena; even the 
effect of axial forces should be automatically included. If simplified methods are used 
then the effect of shear forces on deflections is usually neglected. fib MC20104-1 does not 
specifically describe the shear effects on deformations. Additional information is provided in 
the section 6.2.

In typical reinforced concrete structures the effects of shear strain on the overall deflection 
are rather small, in the order of unit percentages. There is a small inaccuracy if this effect is 
neglected, since the inaccuracy of the simplified analysis of the cracked concrete section may 
be of a similar order to the effect of shear strains.

In deep beams, the effect of shear strains on deflection is more important and it should 
be taken into account. If shear cracks are not indicated (in SLS) the assumption of elasticity 
may be used and the deflection due to shear force can be relatively easily calculated using 
the general rules of structural mechanics. 

The shear strains become more important in prestressed structures. The deflection of 
the prestressed structure is the difference between the deflection induced by load and the 
reverse deflection induced by prestressing. Although the individual deflection components 
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may be relatively large the final deflection should be small (in order to satisfy the deflection 
criteria). If a small error exists in the calculated deflection due to load or due to prestressing 
the consequence may be rather significant. 

In a girder subjected to bending, the load almost always induces bending moments and 
shear forces. The girder deflects due to both loadings (bending and shear). The prestressing 
may be designed in different ways. If curved tendons are used, they also produce bending 
moment and shear force. Both deflections may be partly balanced. If pretensioning is 
used, then the prestressing is normally made by straight elements which develop only 
bending moments but no shear force. The bending is balanced by prestressing and the 
shear is not balanced at all. This is one of example where the deflection due to shear 
forces can influence the final deflection more significantly. The effect of shear is very 
important in structures which are wide and the span is not too long, where the shear lag 
effects also contribute to the shear deformations.

It is recommended to check the possible effect of shear forces on deflections under 
short-term as well as long-term load and finally to use an appropriate computational 
tool for correct analysis taking into consideration all the phenomena important for the 
structure. In the SLS most prestressed structures can be analysed under the assumption 
of elasticity, which need not require any exceptional effort to also take into account the 
shear effects on deflections.
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5.	 Examples*

5.1	 Stress and deflection analysis of a prestressed concrete beam

5.1.1 Stress analysis

A simply supported post-tensioned beam has a span 25 m. The dimensions of the 
cross-section are constant along the entire beam and they are indicated in Fig. 5-1 and 
in Tables 5-1 to 5-3.

Table 5-1 Dimensions and reinforcement of the beam
Comment

Span [m] 25
Depth [m] 1.2

Width of the top flange [m] 1.0
Depth of the top flange [m] 0.25
Thickness of the web [m] 0.3

Prestressed tendon 19 x 15.7 mm [m2] 2.85 E-3
Area of the duct profile 104 mm  [m2] 8.5 E-3
Mild reinforcement 4 x 16 mm [m2] 0.804 E-3

Table 5-2 Material parameters
Comment

Concrete C35/45 fck [MPa] 35
fctm [MPa] 3.2
Ec [MPa] 33'300

Creep coefficient j 2.0
Shrinkage strain esh [mm/m] -0.2 
Reinforcing steel fyk [MPa] 450

Es [MPa] 200'000 
Prestressing steel fpk [MPa] 1'860

Ep  [MPa] 190'000
Jacking stress [MPa] 1'150

Prestress loss due to stress relaxation [MPa] 97.65 Infinite time

Table 5-3 Loading of the beam
Comment

Self weight [kN/m] 13.38
Additional dead load [kN/m] 12.75

Applied load [kN/m] 11.25
Total permanent load [kN/m] 26.13

Total load [kN/m] 37.38 Characteristic comb.
Coefficient y2 0.3

Long-term load [kN/m] 29.51 Quasi-permanent comb.
Long term excl. self weight [kN/m] 16.13 Quasi-perm. c. excl. self weight 

This chapter was mainly authored by Burns, Caldentey, 
Duarte, Fehling, Mari Bernat, Torres, Vítek and Vrablik. doi.org/10.35789/fib.BULL.0092.Ch05

This document is the intellectual property of the fib – International Federation for Structural Concrete. All rights reserved. 
This PDF of fib Bulletin 92 is intended for use and/or distribution solely within fib National Member Groups.

fib



Examples94

Fig. 5-1 Cross-section of the beam – dimensions and position of the reinforcement

The prestressing force is applied at one end of the beam. Due to the initial prestress 
losses (friction of the tendon in the duct) and anchor slip at the left end of the beam the 
stress in the prestressing tendon after anchorage varies along the length of the beam. The 
prestressing at the midspan is 1'074.4 MPa.

An approximate analysis will be applied. The analysis assumes elastic performance of the 
beam. The effects of the long term load resulting in prestress loss due to creep and shrinkage 
of concrete and due to stress relaxation in steel are taken into account in a simplified manner 
using an age-adjusted effective modulus method. Therefore the stresses from the analysis 
may slightly differ from those calculated by a more precise method based on incremental 
numerical analysis. It should be noted that the approximate method is intended for simplified 
preliminary analyses. The detailed analysis will be carried out using numerical methods 
which are incorporated in computer codes. The individual loading stages may be calculated 
separately and the results are taken as a sum of the partial loading stages. The stress is 
calculated at the midspan section.

The stress in concrete and steel due to individual loadings is calculated using the 
following steps.

1.	The prestressing applied at time t1 activates the self-weight and the duct is not 
grouted yet. The loading acts on the section, which consists of concrete and mild 
steel. The stress at the midspan is calculated using the parameters of the cross section 
(Aeff, Ieff) without prestressing steel and the area of the cross section is reduced by the 
area of the duct. At the midspan the results are in the Table 5-4.

Table 5-4 Values at the midspan – tendons not grouted.

Comment
Area of the cross-section Aeff [m

2] 0.5313
Distance of the centroid from the top fibres yeff [m] 0.4412

Second moment of inertia Ieff [m
4] 0.06986

Prestressing force [MN] 3.062
Bending moment self weight [MNm] 1.045

Stress in the top fibres [MPa] -0.398
Stress in bottom fibres [MPa] -14.990

Stress in mild steel [MPa] -86.380
Stress in prestressed steel [MPa] 1'074.4
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2.	The duct is grouted and additional dead load is applied. The loads now work on 
the complete effective cross-section composed of concrete, mild steel and prestressing 
steel. The duct is now filled, it is considered as a part of the cross-section. The parameters 
of the cross-section and the stresses induced by additional dead load are summarised 
in the Table 5-5.

Table 5-5 Values at the midspan – tendons are grouted.

Stress increment Total stress
Area of the cross-section Aeff [m

2] 0.5532
Distance of the centroid from the top fibres yeff [m] 0.466

Second moment of inertia Ieff [m
4] 0.07792

Bending moment (add.dead load) [MNm] 0.9961
Stress in the top fibres [MPa] -5.954 -6.351
Stress in bottom fibres [MPa] 9.387 -5.603

Stress in mild steel [MPa] 52.541 -33.838
Stress in prestressed steel [MPa] 43.349 1'117.75

3.	Until the final time t2 (end of the service life) the prestressing changes due to the 
long term prestress losses (effect of creep, shrinkage and stress relaxation in steel). 
The long-term prestress losses may be calculated using Eq. 5-1.

(5-1)

where sc(t1) is  the stress in concrete in the level of prestressing steel. Prestress loss due 
to the stress relaxation in steel is assumed as follows. The final stress relaxation loss is 
assumed to be 3 times the value measured at 1000 h Table 5.3-2 in MC20105-1, 2.5% 
from 0.7 times ultimate tensile strength of the strands. The stress relaxation is estimated 
here as 0.7 ⋅ 1860 ⋅ 0.025 = 32.55 MPa at the time of 1000h. The ultimate prestress 
loss is taken as 3 times 32.55 MPa, which is 97.65 MPa. The prestress loss develops for 
a long time, therefore 80% of the final value is assumed to be used in Eq. 5-1, which is  
Dsrel = 78 MPa. The prestress loss calculated from Eq. 5-1 is also approximate, since the 
effect of the mild reinforcement is not included.

The prestress loss induced during the permanent load (self-weight + additional dead 
load, scp(t1) = -5.69 MPa) is 126.70 MPa. If the quasi permanent load (self-weight + add. 
dead load + y2 ⋅ applied load, scp(t1) = -3.68 MPa) was active, the prestress loss would 
be 95.93 MPa. 

Up to the end of the service life the prestressing force will be reduced and the stresses 
at time t2 are calculated as a sum of the stresses at time t1 and stress increments induced 
by the drop of the prestressing force due to the long term prestress loss DNp.

(5-2)
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steel. The principle of superposition is applied in order to obtain the final stresses at the 
time t2. The individual stresses are summarised in the Table 5-6.

Table 5-6 Stresses in individual stages of construction [MPa].

sc, top sc,bot ss sp scp

Self weight + prestressing (t1) -0.40 -14.99 -86.38 1074.40 -13.29
Add. dead load -5.95 9.39 52.54 43.35 7.60

Self w. + prestr. + add.dead l. (t1) -6.35 -5.60 -33.84 1'117.75 -5.69
Self w. + prestr. + add.d.l + y2 ap.l. (t1) -7.93 -3.12 -19.93 1'129.22 -3.68
Self w.+prestr.+add.d.l.+ applied l. (t1) -11.60 2.68 12.52 1'156.00 1.01

Drop of prestressing due to long term prestress 
losses from t1 to t2*

-0.55 2.35 13.40 -95.93 2.01

Self w. + prestr. + add.d.l + y2 ap.l. (t2) -8.48 -0.77 -6.53 1'033.29 -1.67
Self w.+prestr.+add.d.l.+ applied l. (t1) -12.15 5.03 25.92 1'060.07 3.02

* Assuming the quasi-permanent load when calculating the prestress losses in Eq. 5-1, i.e. Dsp, c+s+r = 95.93 MPa.

The stresses are also plotted in Fig. 5-2. The stresses show that the midspan section of 
the beam will be completely in compression when the quasi permanent load combination 
is assumed at time t1. The stress at bottom fibres is -3.12 MPa. If the applied load becomes 
active, the tension 2.68 MPa appears at the bottom fibres. Since the concrete strength in 
tension is fctm = 3.2 MPa, cracks should not originate due to the assumed loading. However, 
during time the prestressing drops by about 100 MPa (95.93 MPa), the stress reserve at 
the bottom fibres reduces, but the bottom part of the section will be under compression 
in the quasi permanent load combination (sc,bot = -0.77 MPa). If the entire applied load 
becomes active, the tensile stress at the bottom fibres will be 5.03 MPa, which is more 
than the tensile strength of concrete and cracks may be observed. However, the stress 
in mild steel is only about 26 MPa, therefore a very small crack width may be expected. 
Although the beam is not fully prestressed, the effect of prestressing is favourable for 
limitation of cracks and deflections.

Fig. 5-2 Stress at the midspan in individual loading stages, b) permanent load, c) and e) characteristic load and 
d) quasi-permanent load

5.1.2	Deflection analysis

The deflection of the beam will be analysed again in a simplified way. The curvature 
of individual sections may be calculated from the strains in top and bottom fibres. The 
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strains depend on the stress directly using Hook’s law if a short term load is assumed. If a 
long term deflection is analysed the creep and shrinkage is taken into account using age 
adjusted modulus method. The strain at time t2 may be calculated using Eq. 5-3,

(5-3)

where c is an ageing coefficient, approximately c = 0.8. The stresses sc at the times t1 and t2 
are taken from the previous stress analysis. The curvature of the section at the midspan (the 
most loaded section) is governing for the deflection of the beam. The curvature 1/r (t2) may be 
calculated using Eq.5-4 from the top and bottom strains at the section obtained from Eq. 5-3.

(5-4)1
r
t
2( ) = ε

c,bot
t
2( )− εc,top

t
2( )

h

The curvature may also be calculated in other sections, in order to obtain more precise 
deflection of the beam. The procedure is exactly the same as shown for the midspan section. 
The parameters of the individual sections are given in the Table 5-7 and in Fig. 5-3.

Table 5-7 Section parameters of the beam

Section x- coordinate [m] dp [m]* sp,0 [MPa]** Comment
1 0 0.550 1'027.5 Support
2 6.25 0.905 1'050.9
3 12.5 1.060 1'074.4 Midspan
4 18.75 0.905 1'079.6
5 25 0.550 1'056.1 Support

* Distance of the prestressing tendon from the top surface of the section
** Stress in prestressed steel after the prestress losses due to friction and anchor slip

Fig. 5-3 Longitudinal section and diagram of the prestressing force

The calculated stresses and strains in the individual sections under the quasi permanent 
load at time t2 are summarised in the Table 5-8.

ε
c
t
2( ) = ε
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t
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,t
1( ) +σ c

t
1( )1+ϕ t

2
,t
1( )

E
c

+
σ

c
t
2( )−σ c

t
1( )

E
c

1+ χ ⋅ϕ t
2
,t
1( )⎡⎣ ⎤⎦

This document is the intellectual property of the fib – International Federation for Structural Concrete. All rights reserved. 
This PDF of fib Bulletin 92 is intended for use and/or distribution solely within fib National Member Groups.

fib



Examples98

Table 5-8 Stresses and strains along the beam at the time t2

Section 1 2 3 4 5
sc,top [MPa] -4.96 -7.95 -8.48 -7.88 -5.11
sc,bot [MPa] -4.92 -0.88 -0.77 -1.41 -5.07

ec,top -6.54.10-4 -9.13.10-4 -9.57.10-4 -9.06.10-4 -6.68.10-4

ec,bot -6.50.10-4 -3.03.10-4 -2.97.10-4 -3.50.10-4 -6.64.10-4

1/r (t2) 3.135.10-6 5.089.10-4 5.502.10-4 4.635.10-4 3.229.10-6

The deflection of the beam at midspan may be calculated by the method of virtual 
works. The vertical unit force applied at the midspan results in bending moments M1. The 
deflection is then given by Eq. 5-5.

(5-5)

The integral in Eq. 5-5 may be solved by different methods, e.g. using a Simpson rule.

f t
2( ) = 12.5

6
4
l
8
5.089 ⋅10−4 + l

4
5.502⋅10−4⎛

⎝⎜
⎞
⎠⎟
+

12.5
6

l
4
5.502⋅10−4 + 4

l
8
4.635 ⋅10−4⎛

⎝⎜
⎞
⎠⎟
= 39.6mm

In reinforced concrete structures even simpler analysis may be used, when the stiffness of 
the beam is calculated from the curvature at the midspan section, provided it is the section 
with the extreme bending moment. The stiffness is then assumed to be constant along the 
beam. Such an assumption is conservative, since the midspan section is cracked, while the 
other sections are not. The assumed constant stiffness is lower than the real stiffness of the 
beam which is variable and increasing towards the supports. If such approach was used 
here, the constant bending stiffness B would be calculated from Eq. 5-6.

(5-6)B =
M

qp

1
r
t
2( )

where, Mqp is a bending moment induced by the quasi-permanent load combination 
(incl. self-weight). Then the deflection will be determined from the well known formula 
of structural mechanics.

f t
2( ) = 5

48

M
qp
l 2

B
,   B = 2.305

5.502⋅10−4
= 4'189.8Mnm2

f t
2( ) = 5

48
2.305 ⋅252

4'189.8
= 35.8mm

The value obtained is smaller than that obtained by a numerical integration. In the 
investigated structure the section at midspan may not be the most loaded section, since 
the effects of loading and prestressing interact. Additionally the effect of shrinkage is not 
constant along the beam because of the different position of the prestressing steel along 
the beam. This example shows that the practice which is usual for RC beams may not be 
suitable for prestressed beams. The deflection therefore should be calculated as shown 
before, i.e. by the analysis of the entire beam.

f t
2( ) = M

1

1
r0

l

∫ t
2( ), dx

MNm2
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5.2	 Partially prestressed beam – cracking

A two span (8+8 m) partially prestressed beam tested at the structures laboratory of the 
Civil Engineering School of the Polytechnic University of Madrid is considered (Fig. 5-4). 
The beam is post- tensioned with a prestressing layout formed by tangent parabolas. The 
cross section is 400 mm wide by 300 mm high and is made of C35/45 grade concrete. 
The prestressing is formed by 3 strands of 13 mm of Y1860 prestressing steel, having 
a section of 300 mm2 and is located 63 mm from the top of the section at the central 
support. The modulus of elasticity of concrete is taken as 34 077 N/mm2 and that of steel 
as 200'000 N/mm2.

Fig. 5-4 Geometry and reinforcement of the prestressed beam

The section at the central support of the beam is reinforced at the upper face by 2Ø8+3Ø20 
mm rebars (clear cover is 35 mm) with a yield stress of 500 N/mm2 and is subjected to 
an SLS bending moment of -108.6 kNm due to its self-weight (3.0 kN/m), a dead load of 
7.2 kN/m, and a live point load of 18 kN, situated 3.0 m from the outer supports. The long-
term component of prestressing is considered by a pre-strain of 5.6‰, providing an axial 
force of 5.6 / 1000 ⋅ 2 ⋅ 108 ⋅ 3 ⋅ 10-4= 336 kN. The undetermined prestressing moment is 
about 9.0 kNm. 

From these values the stress in the reinforcement can be obtained by sectional analysis 
of the cross section for a bending moment of -108.6+9=-99.6 kNm applied on a prestressed 
cross section having a pre-strain in the prestressing reinforcement of 5.6‰. This analysis is 
given in Fig. 15. The stress in the reinforcement (considering no tensile strength of concrete) 
for this load level and the depth of the neutral axis are:

ss = 68 N/mm2, 	 x = 157.4 mm.
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Fig. 5-5 Sectional analysis of prestressed section

The equivalent diameter for reinforcement is given by:

(5-7)

The effective area of concrete is determined as follows:

(5-8)

The bond stress of prestressing is taken as 0.4 times the bond stress of passive reinforcement 
according to Table 7.6-3 of MC 2010 considering a post-tensioned strand, and the equivalent 
perimeter of the bundle is taken as up=1.6×p×3000.5 = 87 mm. Therefore the effective 
reinforcement ratio can be determined as:

(5-9)
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= 0.062

(5-10)

(5-11)

With these values, the maximum transfer length may be estimated for long-term, 
stabilized cracking as:

(5-12)

Assuming a free shrinkage strain of 0.35 mm/m, the mean relative strain between 
concrete and steel can be determined from:
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(5-13)

Finally, the resulting maximum crack width would be:

(5-14)

5.3	 Cracking due to shear

5.3.1	Experiment - Description of the structure

5.3.1.1	 Geometry

The beam is 7.7 m long, 0.6 m high and the width of the flange is 0.4 m. It has an "I" 
shaped cross section. The thickness of the flanges is 80 mm, and thickness of the web 
is only 25 mm. The ends of the beam are stiffened by the 0.2 m thick cross beams. The 
positions where forces are applied are stiffened by the cross thin walls. Their thickness is 
40 mm. The weight of one beam is 1.6 tons.

Fig. 5-6 Geometry of the element
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     O.K.

This document is the intellectual property of the fib – International Federation for Structural Concrete. All rights reserved. 
This PDF of fib Bulletin 92 is intended for use and/or distribution solely within fib National Member Groups.

fib



Examples102

5.3.1.2	 Prestressing

The beam is prestressed with four tendons, of diameter 15.7 mm. Two tendons are in the 
lower flange, the tensile stress is 1'083 MPa (force in lower flange is 325 kN). Two tendons 
are in the upper flange, the tensile stress is 500 MPa (force in the upper flange is 150 kN).

Fig. 5-7 Reinforcement and shape of cross section

5.3.1.3	 Concrete

Concrete was made in the laboratory of CTU. There were several requirements for it:

-- Strength class C 25/30 (or close to it);

-- Good compaction of concrete or self-compacting concrete;

-- Fast increase of strength over time.

All of these requirements were satisfied.

5.3.2	Numerical analysis of the formation of the first shear crack

It was necessary to determine the load level of the first shear crack appearing in the first 
stage of the calculation and whether the shear crack forms before the bending one. The results 
are compared according to EC, MC and the numerical calculation in ATENA 3D. Principal 
stresses have to be calculated in the web of the beam for the EC and MC assessment. These 
are a combination of the normal and shear stress. Analytical calculation of the principal 
stresses is based on the same formula for EC and MC:

(5-15)σ
1,2
=
σ

x

2
±

σ
x
2

4
+ τ

xz
2

Computation of the principal stresses was done in the program EXCEL. The web is divided 
to elements 75 ⋅ 75 mm. Principal stresses are calculated in tension and compression in 
each node of the net.

5.3.2.1	 Numerical analysis in the ATENA 3D FEM programme

The computation was carried out for the class of concrete C 25/30 according to the EC. 
The structure includes all of the real reinforcement. The beam was loaded with deformation 
increments of 1.5 mm until the formation of bending cracks. The computation was based 
on the mean values of the material strength and characteristic values of load.
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Fig. 5-8 Model of the structure in ATENA 3D

5.3.3	Comparison of numerical and experimental results

Table 5-9

Assessment Force - first crack Figure

EUROCODE 2 (2011) s1 > fctb 33,0 kN a)

MODEL CODE 2010
s1 > fctm 49,0 kN b)

s1 > fctm2 42,0 kN c)

ATENA - NUMERICAL 
SIMULATION (2017)

s1 > ft
'ef 41,0 kN d)

Sbeta material 40,6 kN e)

EXPERIMENT 40,5 kN f)

Table 5-10 Limit stress in tension

EUROCODE 2 (2011)

MODEL CODE 2010

fctm

ATENA (2017)

(a) Eurocode – 33 kN
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(b) Model Code - 49 kN
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(c) Simplified computation - model by Ottosen - 42 kN

d) Simplified computation - model by Kupfer - 41 kN

(e1) Atena - numerical simulation – 39,6 kN

(e2) Atena – 40,1 kN

(e3) Atena – 40,6 kN

(f) Experiment – 40,5 kN

Fig. 5-9 First crack appearance

5.3.4	Conclusions

The example of a simple I – cross section beam with very thin section was studied. The 
task was to define minimal loading force, which would produce the first crack in the webs. 

Real experimental results were compared with the numerical simulation. Numerical 
simulations were based on different material models of concrete, especially on the conditions 
defining a formation of the first shear crack. 
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The results show that it is important to use a lower tension stress limit for appearance of 
the first crack due to shear. The lower limit tension stress based on strength fctm and principal 
compression stress is very clear and the results compared well with the experiment. For 
detailed numerical simulation it is recommended to use material models based on failure 
condition as defined by one study5-2. 

5.4	 Example for Combination of Restraint and Load Action

A simple rule to account for the combined action of restraint and load actions is to 
check whether load or restraint induced cracking alone requires more reinforcement for 
crack width limitation. Unless the stress in the reinforcement does not reach the yield 
strength, this simplified rule is stipulated in several codes (e.g. EN 1992-15-3, MC 20105-1).

A frequent case for the combined action of restraint and load action is shrinkage of 
slabs or beams with restraint of longitudinal deformation at the ends. In order to compute 
the required reinforcement for crack width limitation for such a case, the fact that cracking 
may not occur everywhere across the whole length and cross section of the beam should 
be accounted for since this affects the deformation capacity. On the other hand, cracking 
in bending leads to positive strains at the centreline of a RC cross section which may 
help to compensate shortening of a beam or slab as induced by shrinkage or temperature 
change (see Fig. 5-10 and 5-11).

Fig. 5-10 Elongation at level of centreline due to bending induced cracking

Depending on the strain distribution the elongation at the centreline level can be taken 
from Fig.5-11 as compiled from on study5-4, depending on the non-dimensional loading 
parameters nct and μct:

(5-16)υ
ct
* = N

b ⋅h ⋅ f
ct ,eff

          µ
ct
* = M

b ⋅h2 ⋅ f
ct.eff
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Fig. 5-11 Elongation at level of centerline

On this basis, different zones without cracks, with single cracks, and with stabilized 
cracking along the beam or slab can be distinguished (see Fig. 5-12).

Fig. 5-12 Different cracking stages along a beam and calculation of average longitudinal strain εl

This document is the intellectual property of the fib – International Federation for Structural Concrete. All rights reserved. 
This PDF of fib Bulletin 92 is intended for use and/or distribution solely within fib National Member Groups.

fib



fib Bulletin 92: Serviceability limit states 107

In one study5-4, diagrams have been developed allowing determination of the normal 
force depending on the bending moments due to loading, the expected shortening εl  
(e.g. due to shrinkage and/or temperature) and the target value for crack width limitation. 
An example is shown in Fig. 5-13. The moment at midspan has to be taken as the decisive 
parameter for bending.

Fig. 5-12 Interaction of restraint and load induced bending

In order to show the application, a slab of a storage house (see Fig. 5-13) is taken 
as example.

Fig. 5-13 Slab of storage house
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The exposure class is XC. Hence, according to MC 20105-1 a crack width limit of 
wlim = 0.3 mm applies. The shortening due to shrinkage and release of hydration heat 
shall be assumed to be 0.7 ‰. For this example, the effective concrete tensile strength is 
taken as fct = 3,0 MN/m². In order to account for the influence of self-equilibrating stresses 
from hydration heat, a reduction factor of k = 0.8 may be assumed for a structural member 
with 30 cm depth.

Since the restraint strain is below 0.8 ‰ and restraint and load act in combination, the 
steel stress should be limited to 0.8 fyk according to the provision given in section 7.6.3.4 of 
MC2010 for the characteristic combination of loads. In order to assess the effect of combined 
action, the diagram in Fig. 5.4-4 is applied. The bar diameter shall be 12 mm. Hence, the 
input parameters are:

(5-17)

µ
ct
* = 0.047

1.0 ⋅0.32 ⋅3.0
= 0.174

∈
1
=∈

l
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s
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s

w
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⋅ f
ct ,eff

= 0.007
200'000 ⋅12
0.3⋅3.0

= 1.14

Fig. 5-14 Load and restraint induced forces for the slab of the example

From the diagram, a non-dimensional normal force of nct ≤ 0.6 can be obtained. This 
leads to a normal force of

(5-18)

For pure restraint without bending, the normal force would be higher:

(5-19)

From this comparison it can be seen that the elongation at the level of the centreline as 
induced by bending decreases the normal force due to imposed deformation. However, 

N = ν
ct
⋅b ⋅h ⋅ f

ct ,eff
≤ 0.6 ⋅1.0 m ⋅0.3 m ⋅3.0 

MN
m2

= 0.54 MN

N = ν
ct
⋅b ⋅h ⋅ f

ct ,eff
≤ 0.8 ⋅1.0 m ⋅0.3 m ⋅3.0 

MN
m2

= 0.72 MN
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bending plus normal force both determine the force in the tensile reinforcement. Thus, 
where both bending and normal force lead to tensile force, more reinforcement will be 
required than by either load bending alone or by pure normal force due to restraint.

In one study5-4, the same example has been used. It could be demonstrated that at the 
supports about 25 to 30 % more reinforcement is needed in comparison to the reinforcement 
required for pure restraint (in this case: normal force only). At the bottom, the increase in 
reinforcement amounts to about 10 % in the midspan region. However, at the upper side, 
much less reinforcement is required so that staggering is possible and rebar steel can be saved. 

Fig. 5.4-7 shows the required reinforcement according to one study5-4 which has been 
calculated according to DIN 1045-15-5 for wlim = 0,4 mm. For MC 2010, the required absolute 
values are about 20 % higher altogether, since the crack width limitation is more stringent 
with wlim = 0,3 mm.

The example is solved using the diagrams (Fig.5-15) calculated on the basis of 
the German code DIN 1045-15-5. A similar diagram may be calculated using Model 
Code 20105-1. It is intended to publish this in the next document focused especially on 
the effects of restrained deformations.

Fig. 5-15 Required reinforcement according to example with wlim = 0,4 mm (compiled from this study5-4

5.5	 Design of watertight wall

This example deals with the complex technology of watertight structures. There are many 
reasons for crack appearance in such structures, such as restrained deformations caused 
by temperature changes originating from heat of hydration, as well as by early shrinkage, 
autogenous and drying shrinkage, all of which are rather non-uniformly distributed along 
the thickness of the wall. The deformation of the wall is partially restrained. The degree of 
restraint is dependent on the boundary conditions given by the structural arrangement of the 
wall and location of the construction joints. Initially cracks originate and the structure is in 
the crack formation phase. During this phase the magnitude of the restrained deformation 
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is in fact not decisive and the concrete tensile strength is the most important criterion for 
the crack width. The magnitude of the restrained deformation (thermal contraction and 
shrinkage) becomes important once the crack formation phase is concluded. The following 
example is focused on the first case – the crack formation phase.

The 90 m long example wall shown in Fig. 5-16 is an external basement wall in an 
office building. The wall is located approximately 10 m below the groundwater level and 
has no external waterproofing (“weisse Wanne”). For ULS the vertical reinforcement of 
the wall is 20 mm bars spaced at 150 mm on the outer side (20/150) and 22 mm bars 
spaced at 150 mm on the inner side (22/150) (see Fig. 5.5-3a), as well as 10 and 12 mm 
stirrups spaced at 150 mm. The steel is B500B, the concrete is C30/37 and cnom = 40 mm. 

For the horizontal reinforcement the SLS is governing. The reinforcement options: 
14/150, 16/150 and 18/150 are discussed in this example. All equations are calculated 
for all three options.

Fig. 5-16 Example wall, dimensions in mm

5.5.1	Assumptions

5.5.1.1	 Cooling after hydration

Based on Table 4.5 in Lohmeyer and Ebeling (2009)5-6, an average structure cooling 
ΔT = ‑15 K is assumed. This leads to cooling strains eΔT = -15K 10-5 K-1 = -0.15‰.

5.5.1.2	 Shrinkage

Shrinkage strains equal to esh = -0.35‰ are assumed.

5.5.1.3	 Maximum crack width 

According to 7.6.4.3 of MC2010 wlim for waterproof concrete is 0.2 mm.

5.5.1.4	 Structural Model

The degree of restraint in uncracked base restrained walls varies over the height and 
width of the wall. 
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The regions around the top wall corners (see Fig. 5-17b) are hardly influenced by the 
base restraint and they do not crack unless the horizontal reinforcement ratio is large 
enough to cause closely spaced, fine cracks due to internal restraint.

The sections at the bottom of the wall are restrained by the ground slab. The fine base 
cracks, because closely spaced, only provide a local stress relief, so that they have no 
actual crack formation phase (theoretically for a constant concrete tensile strength they 
occur at the same time). The base cracks are not discussed within this example. 

Not all of the base cracks extend up to the top of the wall; the ones that do are denominated 
as primary cracks. They occur in the wall regions outside the edge and base regions, which 
are restrained by the neighbouring wall sections. According to one study5-7, their cracking 
behaviour can be modelled with end-restrained tension chords (see Fig. 5-17). Thus, the 
equations in 7.6.4.4 of Model Code 20105-1 apply to the primary cracks that occur in these 
wall regions. Their application is discussed in this example.

Fig. 5-17 Schematic illustration of tension chord lengths in base restrained walls: (a) Long wall (l → ∞); (b) Short 
wall (or wall element between joints)5-8

5.5.2	SLS Design according to Model Code 2010 7.6.4.45-1

Fig. 5-18 Example wall (dimensions in mm): (a) Vertical Section B-B; (b) Elevation; (c) Cross-Section A-A
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5.5.2.1	 Effective reinforcement ratio 

In thick walls (t/2 > 2.5(c+ø/2)), the surface cracks at the wall faces (see Fig. 5-18c) are 
distributed by the reinforcement and are finer than the joining cracks in the middle of the 
wall. If the surface cracks are small enough, they allow for self-healing, which prevents water 
from leaking through the joining cracks. The surface cracks tend to appear soon after casting, 
while the wall is cooling down after the heat release during hydration. Joining cracks are 
usually a result of restrained long term shrinkage strains. According to Fig. 7.6-4 (c) in Model 
Code 20105-1, the cracking behaviour of the surface cracks can be modelled assuming a 
tension chord with an effective area Ac,ef with an effective width of:

(5-20)

t
ef
= 2.5 c + ø

2
⎛
⎝⎜

⎞
⎠⎟
< t

2

= 2.5 40 + 14
2

⎛
⎝⎜

⎞
⎠⎟
= 118 mm < 300 mm

=2.5 40 + 16
2

⎛
⎝⎜

⎞
⎠⎟
= 120 mm < 300 mm

=2.5 40 + 18
2

⎛
⎝⎜

⎞
⎠⎟
= 123 mm < 300 mm

With s = 150 mm this leads to an effective reinforcement ratio equal to:

(5-21)

ρ
s,ef

=
A

s

t
ef
⋅ s

= 154
118 ⋅150

= 0.009

= 201
120 ⋅150

= 0.011

= 254
123⋅150

= 0.014

5.5.2.2	 Max steel stress in surface crack during crack formation phase

During the crack formation phase, the maximum steel stress (in a crack) is defined by 
the cracking tensile force Nr = Ac,ef fctm (1-rs,ef+ae⋅rs,ef) in the effective tension chord, as 
expressed (neglecting the term rs,ef) by Eq. 7.6-6 of Model Code 20105-1:

(5-22)

All three horizontal reinforcement options (14/150, 16/150 and 18/150) meet the 
minimum reinforcement requirements, as the reinforcement does not yield upon cracking.

σ
sr
=

f
ctm

ρ
s,ef

1+α
e
⋅ ρ

s,ef( )
= 2.9

0.009
1+ 205

30
0.009

⎛
⎝⎜

⎞
⎠⎟
= 342 N/mm2

= 2.9
0.011

1+ 205
30

0.011
⎛
⎝⎜

⎞
⎠⎟
= 283 N/mm2

= 2.9
0.014

1+ 205
30

0.014
⎛
⎝⎜

⎞
⎠⎟
= 227 N/mm2
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5.5.2.3	 Transmission length of surface cracks

The transmission length (or transfer length) is the length on either side of a crack over 
which the perfect bond between the steel bars and the concrete is disturbed and slip 
occurs. It is the length necessary to build up the cracking tensile force in the net concrete 
section Nr,c = Ac,ef ⋅ fctm (1-rs,ef) with the bond stresses tbms acting at the interface between 
the steel bars and the concrete Nr,c = ls,max ⋅ tbms ΣU, where the circumference of the bars 
is ΣU=4As/ø. In addition the Model Code 20105-1 Eq. 7.6-4 (again neglecting the term rs,ef) 
adds the empirical term k⋅c.

(5-23)

l
s,max

= k ⋅c + 1
4

f
ctm

⋅φ
s

τ
bms

⋅ ρ
s,ef

= 40 + 1
4

2.9
1.8 ⋅2.9

14
0.009

= 256 mm

= 40+
1
4

2.9
1.8 ⋅2.9

16
0.011

= 242 mm

= 40+
1
4

2.9
1.8 ⋅2.9

18
0.014

= 219 mm

to account for the influence of cover (as a simplification k = 1 can be assumed). Note that 
at the end of the crack formation phase the theoretical crack spacing varies between once 
and twice the transmission length.

5.5.2.4	 Crack width of surface cracks during crack formation phase 

Model Code 20105-1 Eq. 7.6-3 and Eq. 7.6-5 give the design crack width

(5-24)

w
d
= 2l

s,max
ε
sm
− ε

cm
− ε

cs( ) = 2l
s,max

σ
s
− β ⋅σ

sr

E
s

−η
r
⋅ ε

cs

⎛

⎝⎜
⎞

⎠⎟

= 2⋅256
342 1− 0.6( )

205'000

⎛

⎝
⎜

⎞

⎠
⎟ = 0.4 mm

= 2⋅242
283 1− 0.6( )

205'000

⎛

⎝
⎜

⎞

⎠
⎟ = 0.3 mm

= 2⋅219
227 1− 0.6( )

205'000

⎛

⎝
⎜

⎞

⎠
⎟ = 0.2 mm

During the crack formation phase ss = ssr. Parameters b and hr are defined in Model 
Code 20105-1 Table 7.6.2.

5.5.2.5	 End of crack formation phase

At the end of the crack formation phase there are L/2ls,max cracks (assuming the maximum 
crack spacing) with widths according to Eq. (5-24), which (neglecting the concrete stresses) 
add up to the product of the imposed concrete strains and the wall length |e|×L. This 
leads to the imposed concrete strains necessary to conclude the crack formation phase, as 
expressed by Model Code 20105-1 Eq. 7.6-2
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(5-25)

ε = ΔL
L

=
σ

sr
1− β( )
E
s

=
342 1− 0.6( )
205'000

= 0.67‰ > 0.15‰ + 0.35‰

=
283 1− 0.6( )
205'000

= 0.55‰ > 0.15‰ + 0.35‰

=
227 1− 0.6( )
205'000

= 0.44‰ > 0.15‰ + 0.35‰

For the options 14/150 and 16/150 the end of the crack formation phase is not reached, 
while for option 18/150 the assumed strains of -0.15 ‰ (cooling after hydration) plus -0.35‰ 
(shrinkage) complete the crack formation phase. This means evenly distributed cracks along 
the entire length of the wall.

5.5.3	Discussion

According to Eq. (5-24), which is based on the assumption of completely restrained 
shrinkage and hydration-induced strains in the effective tension chords, the basement 
wall requires a horizontal reinforcement of 18/150 (for the 1st and 4th layer) to ensure 
water tightness (wd < 0.2 mm). This will result in approximately between 2 and 4 primary 
cracks max. 0.2 mm wide per meter at the top of the wall (see Fig. 5-19). At the bottom 
of the wall the base cracks will be significantly smaller than 0.2 mm because the base 
restraint contributes towards the distribution of the cracks.

Fig. 5-19 Example wall showing crack spacing

5.5.4	Evenly spaced construction joints

A commonly used method for reducing the amount of horizontal reinforcement in long 
waterproof walls is the placement of construction joints with internal water stoppers at a 
prescribed spacing (e.g. approximately 2h). This method has three main advantages:

-- Reduction of the degree of restraint for early-age cracking (due to early shrinkage 
and hydration-induced concrete strains) by gaining low restraint wall corners and 
thereby reducing the amount of (or in the best of cases eliminating) primary cracks 
with their widths defined by the reinforcement and not by the base restraint.
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-- Reduction of the residual concrete strains after joining at the construction joints, 
because early-age strains have already taken place.

-- Facilitation of large (induced) cracks at the joints through smooth joints, blunt 
splices and section reducing joint bands to absorb the residual concrete strains after 
joining at the construction joints.

Fig. 5-20 Example wall with construction joints spaced at approximately 2h

In this case, one could consider choosing one of the solutions for reinforcement of 
14/150 or 16/150, bearing in mind, that despite the above measures for reducing the 
number of primary cracks, there will be occasional cracks > 0.2 mm (up to 0.4 mm) 
which will need to be injected up to approximately 2 years after the wall is cast. This 
means that they must be accessible. With this strategy it is advisable to ensure that the 
concrete (tensile) strength does not excessively exceed the requested value, as in this case 
cracks larger than 0.4 mm may occur.

5.5.5	On-site experience

The example wall was built with a horizontal reinforcement of 14/150 with construction 
joints spaced at approximately 8 m. There were occasional leaking cracks that occurred 
up to one year after casting and had to be sealed.

5.6	 Deflection analysis

5.6.1	Example of application of the general method

Consider a continuous one-way floor slab of 3 equal spans of 12 m, composed of precast 
pre-tensioned hollow core slabs of 250 mm total depth and 1200 mm width, and a 100 mm 
thick top cast-in-place reinforced concrete slab, as indicated by Fig. 5-21. The hollow core 
slab is pre-stressed at 7 days after casting, by means of 5 strands of Api = 140 mm2 area each, 
providing a total pre-stressing force of 933 kN , after anchorage slip losses (sp0 = 1'332 MPa). 
The eccentricity of the strands with respect to the centre of gravity of the slab is 75 mm.
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Fig. 5-21 Continuous floor slab layout and cross section

The precast elements are placed on site, working as simply supported beams with a span 
of 11.80 m. A top layer of mild reinforcement is placed on top at 50 mm of the upper face, 
consisting on a welded wire rod of 6 mm diameter bars spaced 100⋅100 mm along the whole 
structure length, plus additional 12 mm diameter bars at 100 mm spacing and extended 
longitudinally for 3 m on both sides of the two internal supports. At an age of 28 days the top 
concrete slab is poured, filling also the space between the hollow core slabs, creating a rigid 
joint of 1'200 × 350 mm rectangular section.

Fig. 5-22 Construction stages

As the top concrete slab hardens, continuity between the three simply supported 
members takes place, so that the negative moments over the supports, due to the live loads, 
will be resisted by the top mild reinforcement and by the bottom compression stresses in 
the concrete. 

At the age of 56 days, the characteristic load is applied over the whole structure length, to 
pre-crack this top slab under negative moments. Afterwards, the quasi-permanent portion of 
the live load (0.2 Q) is applied over the lateral spans and maintained until 10000 days. Then 
the rest of the live load is applied again on the lateral spans, to obtain the characteristic load 
combination at long term. The load combination factors for service limit states are: y1 = 0.5 
and y2 = 0.2 (for frequent and quasi-permanent loads, respectively)

The material characteristics are:

-- Hollow core slabs: Concrete C40/45 fc28 = 40 MPa, fct,28 = 3.5 MPa, Ec,28 = 32'826 MPa

-- Top slab concrete: C30/35 fc28 =30 MPa, fct,28 = 2.9 MPa, Ec,28 = 35'520 MPa
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-- Prestressing strands: fpu = 1'860 MPa, fpyk = 1'670 MPa, Ep = 195'000 MPa, Final 
relaxation = 6%

-- Mild reinforcement: fy = 500 MPa, Es = 200'000 MPa

The prestressing is designed so that at the construction stage, under the weight of 
the hollow core and the top slab, working as simply supported, no cracking takes 
place. In addition, at service, under the frequent load combination, the crack width is 
limited to 0.2 mm. On the other hand, the maximum deflection at long term under the 
characteristic load combination is limited to ℓ/250.

A step by step non-linear and time-dependent analysis model has been used to analyse the 
structure, considering the construction phases, in order to check the stresses and deflections 
under service load conditions, implemented in the computer program CONS 5-9.

In Fig. 5.6-3 a number of representative results obtained with the model are presented 
and analysed. The origin of time considered is the casting of the precast member (t0 = 0).

Fig. 5-23 Midspan and lateral span deflection in time a) until 10000 days b) 200 days

Fig. 5-23a shows the evolution over time of deflections at the centre of the lateral and 
central spans. Fig. 5-23b is a “zoom” of Fig. 5-23a, showing more clearly the deflections 
during the construction phase and short term at service. It can be seen that, according to 
the load distribution assumed, the deflection of the lateral spans is much higher than that 
of the central span. The total deflection in the long term, including the instantaneous and 
the time-dependent deflections due to the quasi-permanent loads, plus the instantaneous 
deflection due to the rest of live load applied at 10'000 days is around 45 mm. This value 
represents ℓ/275, which is near the considered limit (ℓ/250), usually established to avoid 
damage to non-structural elements.
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Fig. 5-24 Stresses at prestressing steel a) stresses until 10000 days b) 200 days

Fig. 5-24a shows the evolution along the time of the stresses at the pre-stressing tendons 
at the centre of the central and lateral spans. Fig. 5-24b is a “zoom” of Figure 5-24a, 
showing the stresses during the construction process. It is observed that instantaneous 
losses due to elastic shortening are Dsp,el =1'332-1'240= 92 MPa (6,9% of sp,0), while the 
long-term losses Dsp,def, are: Dsp,def, = 1'240-1'120 = 120 MPa (9,0 % of sp,0), being the 
total losses (without including anchorage slip) Dsp = 212 MPa (15.9%) at the centre of 
the lateral span. 

Figs. 5-25a and b show the evolution with time of the bending moments at the centre 
of the lateral span and over the supports. During the construction process, no bending 
moments occur at the support, since the hollow core slabs work as simply supported. 
Negative moments appear under live load. Under the quasi-permanent load combination, 
a reduction of the negative moment and an increment of positive moments load takes 
place over time, to make the delayed deformations of the elements compatible with the 
constraints introduced by the construction process.

Fig. 5-25 Evolution of mid lateral span and central span moment a) until 10'000 days b) 200 days
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Fig. 5-26 Evolution of the bending moments law in different construction stages

Fig. 5-27 shows the crack patterns along the member at long-term under the characteristic 
load combination. It is observed that cracks appear both in the top slab, over the supports, 
and at the bottom of the hollow core slab at the centre of the lateral span.

Fig. 5-27 Crack patterns at three instants of time and load levels

Fig. 5-28 shows the stresses in the top reinforcement, placed at mid-depth of the cast-in-
place slab, over the support. It is observed that such reinforcement is under compression, 
even though is placed in the negative bending moment zone. The reason for that is twofold: 
on the one hand, shrinkage of concrete compresses the reinforcement; on the other, even 
though the live load produces tensile stresses in the steel (see Fig. 5-28b at long-term), the 
reduction of the negative bending moment with time increases the compression in the top 
slab and, thus, on the reinforcement.
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Fig. 5-28 Stresses in the additional top mild reinforcement: a) at 10000 days b) 200 days

Finally, Fig. 5-29 shows the stresses at the section of the lateral span with maximum 
bending moment (x ≅ 6.5 m). It can be observed that the hollow core slab is fully compressed 
initially. After pouring the cast in place concrete slab, the bottom of the hollow core slab is 
subject to tensile stresses, slightly lower than the tensile concrete strength, as required in the 
design. The redistribution of moments relaxes such tensile stresses over time.

Fig. 5-29 Evolution of concrete stresses at the precast and cast in place concrete slabs

The above results show the capabilities of non-linear and time-dependent analysis 
models to capture the complex behaviour in service of segmentally constructed structures. 
The interaction between the effects of cracking, creep, shrinkage, prestressing and changes 
on the geometry and structural scheme would have been almost impossible to capture by 
simplified analysis models. 

5.6.2	Example of application of simplified methods. Deflection control of a 
reinforced concrete slab

Consider a simply supported one-way slab of 6 m span, 300 mm total depth and effective 
depth d = 250 mm Fig. 5-30. The slab is subjected to a dead load g = 12 kN/m2 and a live 
load q = 8 kN/m2, both applied at 28 days after casting. A factor ψ2 = 0.2 is used for the quasi-
permanent load combination.
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Fig. 5-30 Simply supported slab and cross section

The characteristic strength of concrete at 28 days is fck = 30 N/mm2. The tensile 
reinforcement consists of bars of 20 mm diameter with 200 mm spacing (Asℓ = 1'570 mm2/m, 
r = 0.00628). Characteristic yield strength of reinforcement is fyk = 500 N/mm2. No 
compressive reinforcement is considered. 

The instantaneous modulus of elasticity of concrete at 28 days is Ec = 32'836 N/mm2, 
and the modulus of elasticity of steel is Es = 200'000 N/mm2, so the modular ratio is  
αs = Es /Ec = 6.09. The mean tensile strength of concrete is fctm = 2.89 N/mm2. The value 
of creep coefficient considered is j (t, t0) = 2 and the shrinkage strain value esh = 0.0003.

The actual slenderness ratio of the slab is ℓ/d = 6/0.25=24. According to EC2 
slenderness limits, the slenderness ratio should be less than ℓ/d = 20, approximately, for 
a lightly stressed concrete element (ρ ≅ 0.5%). Therefore, in this case deflections should 
be checked by calculations.

The bending moment due to dead and live loads are Mg = 54 kNm and Mq = 36 kNm, 
respectively. The bending moment under the characteristic load combination is MEd = 90 kNm. 
The bending moment under the quasi-permanent load combination is Mquasi = 61.2 kNm.

5.6.2.1	 Instantaneous deflection under the characteristic load combination

The instantaneous deflections in the uncracked and fully cracked states are calculated 
using the moments of inertia II =2.343·10-3 m4 (moment of inertia of uncracked section) 
and III = 4.17·10-4 m4 (moment of inertia of cracked section), respectively, according to 
the following expression:

(5-26)a
inst

=
5 g + q( ) l 4
384E

c
⋅ I

in uncracked elastic state (State I): 

aI
g,inst = 2.63 mm, aI

q,inst = 1.75 mm 	 and 	 aI
inst,tot = 4.38 mm, 

in cracked elastic state (State II):	

alI
g,inst = 14.78 mm, alI

q,inst = 9.85 mm  and  alI
inst,tot = 24.63 mm

The curvature (and deflections) interpolation factor z is given by the following expression, 
with b factor equal to 0.5 (considering the load is applied repeatedly many times):

(5-27)ζ = 1− β
M

cr

M
a

⎛

⎝⎜
⎞

⎠⎟

2

= 1− 0.5 46
90

⎛
⎝⎜

⎞
⎠⎟

2

= 0.87
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Where Mcr = 46 kN·m is the cracking moment and Ma is the design value of bending 
moment acting at the critical cross section under the characteristic load combination. Then, 
the instantaneous deflection is calculated by:

(5-28)a
inst

= ζa
inst
II + 1−ζ( )ainstI = 0.87 ⋅24.63+ 1− 0.87( )4.38 = 21.99 mm

Alternatively, the instantaneous deflection of a member can be calculated using an 
effective moment of inertia for the element Ieff obtained as follows:

(5-29)I
eff

=
I
I
⋅ I

II

ζ I
I
+ 1−ζ( )III

= 2.343⋅10−3 ⋅4.17 ⋅10−4

0.87 ⋅2.343⋅10−3 + 1− 0.87( )4.17 ⋅10−4
= 4.667 ⋅10−4  m4

The instantaneous deflection ainst in a simply supported beam due to the characteristic 
load is:

(5-30)a
inst

=
5 g + q( ) l 4

384E
c
⋅ I

eff

=
5 12+ 8( )64

384 ⋅32'836'000 ⋅4.667 ⋅10−4
= 22.00 mm

As it can be seen both ways of determining the instantaneous deflections are equivalent.

Similarly, the instantaneous deflection due to the quasi-permanent load combination, 
taking into account the un-cracked and cracked inertia are 2.98 mm and 16.75 mm, 
respectively. The instantaneous deflection due to quasi-permanent load is 14.97 mm.

5.6.2.2	 Long-term deflections

5.6.2.2.1	 Long-term deflection due to creep 

Sustained load produces creep of concrete, thus increasing the slab deflection with 
time. The long-term deflection is obtained for the quasi-permanent load combination, 
according to MC20105-1, sect. 7.6.5.1.2:

The instantaneous plus the creep deflection can be approximately calculated using an 
effective modulus of elasticity for concrete:

(5-31)E
ceff

=
E
cm

1+ϕ t,t
0( ) =

32'836
1+ 2

= 10'945 N/mm2

The modular ratio for long-term loads is neff = Es/Ec,ef = 18.27 which can be used both for 
the calculation of the inertia in the uncracked and cracked elastic states. The new uncracked 
moment of inertia is II,ef = 2.512·10-3 m4, and the instantaneous plus creep deflection, due to 
the quasi-permanent load, in State I can be obtained as follows:

(5-32)a
inst+ϕ
I =

5 g + 0.2q( ) l 4

384E
ceff

⋅ I
I ,ef

= 8.35 mm

So the creep deflection in the uncracked state for the quasi-permanent combination 
will be:

(5-33)aϕ
I = 8.35− 2.98 = 5.37 mm

The cracked moment of inertia calculated with neff = 18.27 results to be III = 9.75·10-4m4. 
Then, the instantaneous plus the creep deflection in the cracked elastic state (State II) will be:
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(5-34)a
inst+ϕ
II =

5 g + 0.2q( ) l 4

384E
eff
⋅ I

II ,ef

=
5 12+ 0.2⋅8( )64

384 ⋅10'945'000 ⋅975 ⋅10−4
= 0.0215 = 21.50 mm

Then, the creep deflection in the cracked state for the quasi-permanent combination 
will be:

(5-35)aϕ
II = 21.50 −16.75 = 4.75 mm

Where 16.75mm is the instantaneous deflection under the quasi-permanent loads, 
previously obtained. Therefore, the instantaneous plus creep deflection due to the quasi-
permanent load will be (using interpolation factor z = 0.87):

(5-36)a
inst+ϕ = ζa

inst+ϕ
II + 1−ζ( )ainst+ϕI = 0.87 ⋅21.50 + 1− 0.87( )8.35 = 19.79 mm

Thus the deflection caused by the creep in the simple supported beam is:

(5-37)aϕ = 19.79−14.97 = 4.82 mm

5.6.2.2.2	 Long-term deflection due to shrinkage

Shrinkage curvatures may be assessed by:

(5-38)
1
r
sh

=ψ
sh
= ε

sh
⋅n

eff

S
I

where:

ysh	 is the curvature due to shrinkage

esh	 is the free shrinkage strain

S	 is the first moment of area of the reinforcement about the centroid of the section

I	 is the second moment of area of the section

neff	 is the effective modular ratio = Es /Eeff

S and I are calculated for the uncracked and the fully cracked condition, using an effective 
modulus of elasticity for concrete. 

Their values are:

-- in uncracked elastic state (State I)		 SI = 0.000144 m3,	 II = 0.002512 m4

-- in cracked elastic state (State II)		  SII = 0.0002442 m3,	 III = 0.0009746 m4

The curvatures in the uncracked and cracked states are:

(5-39)
1
r
sh

=ψ
sh
= ε

sh
⋅n

eff

S
I

1
r

⎛
⎝⎜

⎞
⎠⎟
sh

I

= 0.0003142   ;   
1
r

⎛
⎝⎜

⎞
⎠⎟
sh

II

= 0.001373   ;  (5-40)

The deflections are calculated from the shrinkage curvatures, for a simply supported 
beam as:

(5-41)a
sh
I = 1

r
⎛
⎝⎜

⎞
⎠⎟
sh

I
l 2

8
= 1.41 mm;   a

sh
II = 1

r
⎛
⎝⎜

⎞
⎠⎟
sh

II
l 2

8
= 6.18 mm
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And using the interpolation equation with z = 0.87:

(5-42)a
sh
= ζa

sh
II + 1−ζ( )ashI = 0.87 ⋅6.18+ 1− 0.87( )1.41= 5.56 mm

The long-term deflection due to creep and shrinkage will be:

(5-43)aϕ+sh = 4.82+ 5.56 = 10.38 mm

and the total long-term deflection due to sustained loads is:

(5-44)a
total

= 14.97+10.38 = 25.33 mm

which represents ℓ/237.

5.6.2.3	 Long-term deflections calculated by the simplified kinematics model

The long-term deflections under the quasi-permanent load will be calculated now using 
the simplified method described in section 2.2.3.2, which assumes constant stress and strain 
at the longitudinal tensile reinforcement along the time. To calculate the long-term deflection, 
the instantaneous deflection due to the quasi-permanent load, previously calculated by the 
interpolation method, will be used (14.97 mm.).

The long term deflection will be calculated by the following expression

(5-45)

where

yinst = 14.97 mm (instantaneous deflection due to quasi-permanent load)

(5-46)
x
0

d
= n ⋅ ρ −1+ 1+ 2

n ⋅ ρ

⎛

⎝
⎜

⎞

⎠
⎟ = 0.241

ksh = 1, for a simply supported beam

5.6.3	Solution of the problem by the General Sectional Method

The same problem is solved using the methodology presented in 4.3.1.3.

Deformations in the midspan section are to be calculated. The reference point is fixed 
at the top of the section.

The applied forces are:
ΔN = 0

ΔM =
g + q( ) l 2

8
= 20 ⋅62

8
= 90kN ⋅m

1.	Instantaneous deformations in the uncracked state

(5-47)

Δy = Δyϕ + Δy
sh
= y

inst

x
0

d
0.84ϕ − 0.20
1+12n ⋅ ρ

m
'

+
ε
sh

d
1

1+12n ⋅ ρ
m
'
k
sh

l 2

8
=

14.97 ⋅0.241 0.84 ⋅2− 0.20( ) + 0.0003⋅6'0002

250 ⋅8
= 5.34+ 5.40 = 10.74 mm

Δε
0
= IΔN −BΔM
E
c
A ⋅ I −B2( )
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Δψ = BΔN + AΔM
E
c
A ⋅ I −B2( ) (5-48)

The properties of the transformed section at time t0:

(5-49)

A = 1'000 ⋅300 + 6.09−1( )1'570 = 308 ⋅103 mm2

B = 1'000 ⋅300 ⋅300 / 2+ 6.09−1( )1'570 ⋅250 = 47 ⋅106  mm3

I = 1/ 3⋅1'000 ⋅3003 + 6.09−1( )1'570 ⋅2502 = 9'500 ⋅106  mm4

Therefore the instantaneous curvature and the deformation at the reference point are:

(5-50)ε
0 inst
I = −179.7 ⋅10−6; ψ

0 inst
I = 1.177 ⋅10−6  mm−1

Assuming parabolic distribution of curvatures5-10

(5-51)a
0 inst
I = L2

96
10 ⋅ψ

centre

the instantaneous deflection due to total load (g+q) is 4.414 mm

2.	Instantaneous deformations in the fully cracked state

Neutral axis depth is 60.20 mm. 

Properties of the transformed section at time t0 are:

(5-52)

A = 1'000 ⋅60.2+ 6.09( )1'570 = 69.76 ⋅103 mm2

B = 1'000 ⋅60.2⋅60.2 / 2+ 6.09( )1'570 ⋅250 = 4.202⋅106  mm3

I = 1/ 3⋅1'000 ⋅60.23 + 6.09( )1'570 ⋅2502 = 670.3⋅106  mm4

(5-53)ΔN = 0;   ΔM = 90kN ⋅m

therefore

(5-54)ε
0 inst
II = −395.7 ⋅10−6; ψ

0 inst
II = 6.576 ⋅10−6  mm−1

The instantaneous total deflection in the fully cracked state is 24.63 mm

3.	Time-dependent deformations in the uncracked state

Considering j (t,t0) = 2, esh= -300·10-6, χ = 0.8

(5-55)

E
c
=

E
c

1+ χ ⋅ϕ
= 32'836
1+ 0.8 ⋅2

= 12'629N/mm2

α =
E
s

E
c

= 15.84

(5-56)

Properties of the age-adjusted transformed section:

A = 1'000 ⋅300 + 15.84−1( )1'570 = 323.3⋅103 mm2

B = 1'000 ⋅60.2⋅60.2 / 2+ 15.84−1( )1'570 ⋅250 = 50.82⋅106  mm3

I = 1/ 3⋅1'000 ⋅3003 + 15.84−1( )1'570 ⋅2502 = 10'456 ⋅106  mm4
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(5-58)

ε
0qp
I = −179.7 ⋅10−6 13.60

20
⎛
⎝⎜

⎞
⎠⎟
= −122.2⋅10−6

ψ
qp
I = 1.177 ⋅10−6 13.60

20
⎛
⎝⎜

⎞
⎠⎟
= 0.800 ⋅10−6  mm−1

Taking into account the instantaneous deformations due to quasi permanent load  
(g + 0.2q) =13.6 kN/ml

(5-57)

ΔN
creep
0 = E

c
⋅ϕ A

c
⋅ ε

0
+B

c
⋅ψ( )

ΔN
sh
0 = E

c
⋅ ε

sh
⋅A

c

ΔM
creep
0 = E

c
⋅ϕ B

c
⋅ ε

0
+ I

c
⋅ψ( )

ΔM
sh
0 = E

c
⋅ ε

sh
⋅B

c

(5-59)

A
c
= 1'000 ⋅300 = 300 ⋅103 mm2

B
c
= 1'000 ⋅3002 / 2= 45 ⋅106  mm3

I
c
= 1/ 3⋅1'000 ⋅3003 = 9'000 ⋅106  mm4

therefore

ΔN
creep
0 = −16.67 ⋅103N; ΔN

sh
0 = 1137 ⋅103N

ΔM
creep
0 = 42.96 ⋅106N ⋅mm ; ΔM

sh
0 = −170.5 ⋅106N ⋅mm

(5-60)
Δε

creep
I = −234 ⋅10−6; Δε

sh
I = −320 ⋅10−6

Δψ
creep
I = 1.463⋅10−6 → a

creep
I = 5.49 mm

Assuming constant distribution of shrinkage curvatures

(5-61)
a =ψ

sh

L2

8
Δψ

sh
I = 0.264 ⋅10−6 → a

sh
I = 1.19 mm

4.	Time-dependent deformations in the fully cracked state:

(5-62)
A = 1'000 ⋅60.2+15.84 ⋅1'570 = 85.07 ⋅103 mm2

B = 1'000 ⋅60.2⋅60.2 / 2+15.84 ⋅1'570 ⋅250 = 8.029 ⋅106  mm3

I = 1/ 3⋅1'000 ⋅60.23 +15.84 ⋅1'570 ⋅2502 = 1627 ⋅106  mm4

(5-63)

A
c
= 1'000 ⋅62.2= 60.2⋅103 mm2

B
c
= 1'000 ⋅62.22 / 2= 1.812⋅106  mm3

I
c
= 1/ 3⋅1'000 ⋅60.23 = 72.72⋅106  mm4

(5-64)ε
0qp
II = −269.1⋅10−6; ψ

0qp
II = 4.468 ⋅10−6  mm−1

ΔN
creep
0 = −204.7 ⋅103N ; ΔN

sh
0 = −4.109 ⋅103N

ΔM
creep
0 = 228.1⋅106N ⋅mm ; ΔM

sh
0 = −6.864 ⋅106N ⋅mm
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(5-65)
Δε

creep
II = −321.3⋅10−6  ; Δε

sh
II = −338.4 ⋅10−6

Δψ
creep
II = 1.386 ⋅10−6 → a

creep
II = 5.20 mm

a =ψ
sh

L2

8

(5-66)Δψ
sh
II = 1.336 ⋅10−6 → a

sh
II = 6.01 mm

5.	Mean deflections

Using the interpolation method the mean curvatures can be calculated. Numerical 
integration of curvatures along the element allows obtaining deflections. 

For the sake of simplicity in this case only the deformations at the midspan section have 
been calculated. For comparison purposes with the previous example the different parts 
of deflections have already been calculated with the simplifications of parabolic (external 
loads and creep effects) and constant distribution of curvatures (shrinkage). Therefore the 
mean deflection can be obtained by interpolation between values of deflection in the 
uncracked and fully cracked states.

Final deflection values are ainst = 22 mm, ainst(qp) = 14.96 mm and aϕ+sh = 10.62 mm. The 
total long term deflection is 25.58 mm.

5.6.4	General Method and Comparison of results 

Deflections obtained by the Simplified Method and the General Sectional Method are 
compared with those obtained by the General method, (Section 6.4 of [54]). The characteristic 
load is applied at 28 days, the live load is removed and the quasi-permanent load is applied 
until 10'000 days. The results provided by the General method are shown in Fig. 5-31.

The instantaneous deflections due to the dead, live, quasi-permanent and total loads are 
12.30 mm, 7.80 mm, 13.81 mm and 20.10 mm, respectively. The delayed deflection due 
to creep plus shrinkage is 10.26 mm and the long-term deflection due to the sustained load 
is 24.07 mm. Creep and shrinkage deflections are not obtained separately in the General 
Method, because they interact. 

The differences obtained are mainly due to the fact that the General Method integrates 
the curvatures along the whole span length, so it adequately considers the stiffness and 
the delayed behaviour of the parts of the beam which are uncracked (M < Mcr), while the 
simplified methods refer to the calculation of deflections only in the midspan section, 
which is cracked.

a
m
= ζ ⋅a'+ 1−ζ( )aII

ζ = 1− β
M

cr

M
a

⎛

⎝⎜
⎞

⎠⎟

2

= 1− 0.5 46
90

⎛
⎝⎜

⎞
⎠⎟

2

= 0.87
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Fig. 5-31 Deflection vs. Time calculated using the General Method

Table 5-11 Summary of deflections in the example of reinforced concrete slab calculated 
according to MC2010.

Instantaneous Time-dependent

Method
Dead 
load

Live 
load

Quasi-Perm. 
load

Dead + Live 
load

Creep* Shrink.* Total* Long-term*

Interpolation 13.20 8.80 14.97 22.00 4.82 5.56 10.38 25.35

Simplified ** ---- ----- 14.97 ----- 5.34 5.40 10.74 25.71

General 
section 
method

----- ----- 14.96 22.00 5.24 5.38 10.62 25.58

General 12.30 7.80 13.81 20.10 -------- -------- 10.26 24.07

*Values obtained for the quasi-permanent load combination
** Simplified method for long-term deflections based on constant reinforcement stress Dss(t) = 0

In addition, the General Method provides relevant information about the evolution of 
strains and stresses in steel and concrete as shown in Fig. 5-31 and in Fig. 5-32.

It can be observed that the steel strain practically remains constant with time, while the 
compressive concrete strain increases and its stress relaxes due to creep and shrinkage.
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Fig. 5-32 Evolution of strains in concrete and steel with time

Fig. 5-33 Evolution of stresses in concrete with time
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6.	 Outlook on serviceability limit states*

Model code 20106-1 is a concise document which is not able to provide more detailed 
information due to its limited extent. Some closely related extensions were mentioned 
in previous chapters. This chapter provides results of studies and experiments and some 
additional knowledge associated closely with serviceability limit states. The reader 
can find some extended knowledge on partially prestressed structures, shear effects on 
deflections, slenderness limits and effect of concrete cover on crack width. The results 
mentioned illustrate different problems and show the variability of individual situations 
which cannot be completely included in the MC20106-1, but the designers and researchers 
should be aware of them.

6.1	 Deflections of prestressed concrete beams

In the case of prestressed concrete beams the calculation of deflections is complex and 
uncertain not only because of the high scattering of the variables of influence (e.g. the 
variation of the loads over time and the stages of construction), as well as the complexity 
of the physical phenomena involved (creep, shrinkage and relaxation), but also for the 
effect of other variables such as the prestressing grade, the presence of ordinary steel 
and the different amounts of self-weight, superimposed dead load and live load that 
can act. On the other hand, according to international standards (Model Code 20106-1, 
Eurocode 26-2) control of deflection has to be considered under the quasi-permanent load 
combination, for which all the sections of a PC beam have to remain uncracked. As seen 
in paragraph 4.1, this allows refined calculation of stresses due to long term loading to 
be performed in a closed form, which simplifies the problem.

The deflection can therefore be calculated integrating the curvatures along the beam 
under the quasi-permanent load combination. The curvature at time t is defined as:

where εc,bottom(t) and εc,top(t) are the strains at time t in the bottom and top fibres of the cross 
section and h is the height of the section.

To calculate the strains at time t, the effect of self-weight, the initial prestress, other 
quasi-permanent actions and the stress variation due to creep, shrinkage and relaxation 
can be taken into account according to the following equation:

where sc(t0) is the concrete stress at the initial time t0 due to prestress and load effects, 
sc(t) is the concrete stress at time t that can be obtained applying the refined procedure, 
already discussed in paragraph 4.1, proposed by one study6-3.

This chapter was mainly authored by Borosnyoi , Caldentey, 
Debernardi, Guiglia, Taliano and Windisch.

(6-1)1
r
t( ) = ε

c,bottom
t( )− εc,top

t( )
h

(6-2)ε
c
t( ) = ε

cs
t,t

0( ) +σ c
t
0( )1+ϕ t,t

0( )
E
cm

+
σ

c
t( )−σ c

t
0( )

E
cm

1+ χ ⋅ϕ t,t
0( )⎡⎣ ⎤⎦

doi.org/10.35789/fib.BULL.0092.Ch06
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6.1.1	Slenderness limits

In order to avoid the difficulties associated with direct calculation of deflections and, 
at the same time, to supply indications which are simple, though conservative, especially 
when a quick pre-design is needed, a simpler and useful tool that limits the slenderness 
of PC beams should be provided as in the case of RC structures. In this regard, neither 
Eurocode 26-2 nor Model Code 20106-1 introduces any limiting value. Moreover, the values 
of the span-to-depth ratio given for RC structures are too conservative for the design of 
prestressed structures. The designer can therefore assess a fundamental parameter, such 
as the height, for the dimensioning of PC beams.

In this context, a parametric analysis on PC structures was carried out6-4 to discuss 
the influence of the variables that affect the phenomena and to analyse the span-to-
height ratios that comply with the requirements both for total and active deflections 
(span / 250 and span / 500, respectively, under the quasi-permanent load combination). 
In the analysis the vibrations that may affect the serviceability of the structure are taken 
into account.

The analysis took into consideration fully and partially prestressed beams or slabs with 
a constant section along the axis which were designed to satisfy ULS verifications and 
stress limitations in service, according to Eurocode 2.

6.1.2	Basic assumptions for the parametric analysis

The structural systems considered in the parametric analysis are listed in Table 6-1.

Table 6-1 Characteristics of the considered members

Type of structure Type of prestress Type of restraints

T or I-section beam Full Simple supports

T or I-section beam Partial Simple supports

One-way solid slab Full
Simple supports

Fixed ends

The following uniformly distributed loads were taken into account:

-- the self-weight of the structure Gk0 which represents the minimum load that 
permanently acts on the structure from the time the prestress is introduced. The 
corresponding moment at the mid-span is indicated as M0;

-- the permanent load Gk that includes the self-weight of the structure;

-- the variable load Qk. 

The load history considered three times:

-- t1 when the structure is prestressed and the self-weight is automatically applied 
to the structure;

-- t2 when the quasi-permanent load is applied to the structure;

-- t3 which is the final time for the evaluation of the time dependent effects.

The construction stages, until the application of the whole quasi-permanent load, are 
in fact often more complex. An exact analysis of the long term effects would be time 
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consuming and require iterative procedures that take into account the evolution of the 
state of stress over time for each element into which the section is divided. However, this 
analysis could be meaningless because of the high variability of the possible situations 
that can occur. For this reason, considering simplified conditions is more suitable and on 
the safe side. 

The grouting process of the duct occurred at time t1, which was 28 days from the 
casting of the element, and after the prestressing of the structure. This process allowed the 
tendon to be bonded to the concrete. As far as the variation of the strains is concerned, 
the hypothesis of plane sections becomes valid from this point. The remaining part of 
the load that was necessary to obtain the total quasi-permanent load was applied to the 
structure at time t2, immediately after t1.

Time t3, which was considered in the calculations of the total and active deflections, 
was assumed for the analysis of the long term effects when the creep and shrinkage of the 
concrete and relaxation of the reinforcement were complete. 

6.1.2.1	 Dimensioning of structural members

The structures were designed according to Eurocode 26-2, assuming the following 
characteristic strengths: fck = 30, 40 and 50 N/mm2 for concrete, fyk = 500 N/mm2 for ordinary 
steel, fpk = 1860 N/mm2 for prestressing steel. The design was performed respecting:

-- at the serviceability limit state (SLS), the stress limitations on concrete to 0.45fck 

under the quasi-permanent load combination and 0.60fck under the characteristic 
load combination; 

-- the stress limitations on prestressing steel to 0.80fpk at tensioning and 0.75fpk in 
service conditions under the characteristic load combination; 

-- the ULS verifications for bending MEd at mid-span and for shear VEd in the zones 
close to the supports.

In order to obtain the appropriate values of the amounts of ordinary and prestressing steel 
and the concrete dimensions that were strictly necessary for the ULS and SLS verifications, 
an iterative procedure was carried out with successive corrections of the geometrical data.

The dimensioning was made for various values of the L/h ratio, considering the most 
critical section. The geometry was assumed constant along the beam. The soundness of the 
beam cross section was verified with varying degrees of prestress both at the early stage 
and for long-term loading , imposing the condition of uncracked section under the quasi-
permanent load combination. Cracking occurs under the frequent load combination. The 
profile of the prestressing tendon was formed by parabolic segments with eccentricities 
in such a way that tensile stresses in the concrete were avoided at tensioning, when the 
dead load acted.

The tendon was tensioned at one end. The immediate losses of prestress that occurred 
during tensioning were determined, considering a coefficient of friction m = 0.19, an 
unintentional angular displacement k = 0.01 rad/m and a wedge draw-in of the anchorage 
devices Da = 5 mm.

The calculation of the strains and stresses was carried out at the SLS on the basis 
of Bernoulli’s hypothesis and the linear elastic behaviour of materials. After tensioning, 
the tendon was bonded to the concrete by means of duct grouting, then the remaining 
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part of the quasi-permanent load was applied to the structure. The time dependent losses 
due to creep and shrinkage of concrete and relaxation of strands were then taken into 
account. A visco-linear elastic behaviour of the concrete was considered, assuming a creep 
coefficient j = 2.5 and a shrinkage strain ecs = – 0.35 mm/m. The long term (final) values 
of the relaxation losses were estimated as three times the relaxation losses at 1'000 hours, 
that means 3ρ1'000.

The strain of the concrete in time was assessed according to the Age Adjusted Effective 
Modulus Method6-5, 6-6, 6-7 using Eq.6-2.

The traditional linearity of creep and superposition of effects assumptions were applied.

The structure was divided into 20 blocks and the curvatures in the different stages of the 
structural life were determined for these blocks. For this purpose the procedure described 
by this study6-3 was applied. 

The total deflection and the active deflection that occurs after construction were 
determined under the quasi-permanent load by integrating the long term curvatures 
along the axis of the structure.

6.1.3	Parametric analysis

The purpose of this analysis was to define appropriate limits of the span-to-height 
ratio, L/h, for prestressed members that comply with the control of deflection required by 
international standards (Model Code 20106-1, Eurocode 26-2).

Many parameters affect the structural behaviour at serviceability, but taking into account 
all the possible variabilities could be very burdensome and also unnecessary. Therefore, the 
influence of the following parameters was considered:

-- the variable-to-permanent load ratio Qk /Gk;

-- the permanent load Gk;

-- the span L;

-- the concrete strength fck.

6.1.3.1	 Fully Prestressed Simply Supported T-Section Beams 

The reference values for which the study was performed were:

-- span-to-height ratios between 18 and 45 with steps equal to 1;

-- spans of the beams: 20 m, 30 m and 40 m;

-- permanent loads: 30 kN/m, 40 kN/m and 50 kN/m;

-- variable-to-permanent load ratios of 0.25, 0.50 and 0.75. 

Referring to ratios of Qk /Gk equal to 0.25, 0.50 or 0.75 means referring to quasi-
permanent-to-design load ratios equal to 0.46, 0.52 or 0.61, respectively, that is

(6-3)
q
qp

q
d

=
1+ψ

2

Q
k

G
k

1.35+1.5
Q

k

G
k
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where y2 is the factor for the quasi-permanent value of variable actions (here, y2 = 0.2 was 
assumed). It is worth noting that the parametric analysis, on which the basic span‑to‑depth 
ratios for RC members proposed by Eurocode 26-2 and Model Code 20106-1, are based, 
assumes a quasi-permanent load at 50% of the corresponding design load.

Each beam of this typology was dimensioned with a I-section, if a bottom flange was 
needed (Fig. 6-1), otherwise a T-section was chosen. In fact, a bottom flange with a height 
of 0.25h and a width bi was introduced in order to avoid a greater concrete compressive 
stress than 0.6fck at the bottom of the section during tensioning. The height of the top 
flange was assumed to be 0.20h, while the width b was obtained from the calculation at 
the ULS for bending. The width of the web bw was determined from the ULS verification 
for shear, assuming q = 45° and imposing that the maximum shear resistance VRd,max was 
equal to the shear VEd acting at the support. However, a lower value of the width of the 
web was assumed equal to 150 mm.

A parabolic profile of the tendon was considered with zero eccentricity, with respect 
to the centre-line of the structure, at the ends. The maximum eccentricity at mid-span 
was obtained, considering a distance from the bottom point of the central core equal to 
M0/Pm, where Pm was the value of the prestressing force immediately after tensioning. The 
sectional area of the duct was assumed as twice the area of the tendon. 

In order to be on the safe side, ordinary steel was not considered in this analysis.

Fig. 6-1 Fully prestressed beams: transversal section

1.	Influence of the Permanent Load

The three values of the permanent load Gk, associated to the three values of the ratio 
Qk /Gk and the three values of the span L led to very different geometries of the transverse 
section and amounts of the prestressing steel. The results of the deflection-to-span ratios 
were quite similar on the same length L and the same variable-to-permanent load ratio 
Qk /Gk. This means that the permanent load is not a significant parameter, as shown in 
Fig. 6-2, Fig. 6-3 and Fig. 6-4, which contain the diagrams of the total deflection-to-span 
ratio and the active deflection-to-span ratio as a function of the span-to-height ratio L/h of 
the beam. Fig. 6-2 and Fig. 6-3 refer to beams with the same variable-to-permanent load 
ratio, Qk /Gk = 0.75, but different lengths (20 m and 40 m, respectively), while Fig. 6-3 
and Fig. 6-4 refer to beams with the same length (40 m), but different Qk /Gk ratios (0.75 
and 0.25, respectively). The study was stopped at a span-to-height ratio of 45. 
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From Fig. 6-2 it appears that the maximum deflection-to-span ratio, (L/h)max, consistent 
with the allowable total deflection (1/250L), is 42, while with reference to the limit on the 
active deflection (1/500L), it is 33. It was possible to obtain the maximum L/h ratios for 
the other situations in a similar way.

Fig. 6-2 Fully prestressed beams: total deflection-to-span (continuous lines) and active deflection-to-span 
(dotted lines) ratios as a function of the span-to-height ratio L/h (Data: L = 20 m, Qk /Gk = 0.75; Gk = 30 kN/m, 
40 kN/m and 50 kN/m)

Fig. 6-3 Fully prestressed beams: total deflection-to-span (continuous lines) and active deflection-to-
span (dotted lines) ratios as a function of the span-to-height ratio L/h (Data: L = 40 m, Qk /Gk = 0.75;  
Gk = 30 kN/m, 40 kN/m and 50 kN/m)
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Fig. 6-4 Fully prestressed beams: total deflection-to-span (continuous lines) and active deflection-to-span 
(dotted lines) ratios as a function of the span-to-height ratio L/h (Data: L = 40 m, Qk/Gk = 0.25; Gk = 30 kN/m, 
40 kN/m and 50 kN/m)

The beams with length L = 40m and ratio Qk/Gk = 0.75 (Fig. 6-3) presented lower total 
deflections in the considered range of L/h (from 18 to 45), but which still conformed 
with the limit on the total deflection. This is due to the high area of prestressing steel (Ap) 
that was calculated under the design load, in compliance with the ULS verification for 
bending. In other words, this is a case in which the ULS verification is stricter than the 
SLS verification. This situation changes completely when the variable load is reduced, as 
confirmed in Fig. 6-4 which refers to beams with the same length but lower variable load.

2.	Influence of the Span 

In order to study this effect, the values of the span-to-height ratio L/h, which corresponded 
to the limits on the active and total deflections of 1/250L and 1/500L, respectively, were 
searched for. The results are shown in Fig. 6-5 as a function of the length of the beams, for 
various values of the ratio Qk/Gk. A permanent load Gk = 30 kN/m was assumed. Because 
of the sub-horizontal trend of the curves, it appears that the span has little influence on the 
span-to-height ratio L/h, for either the total or the active deflection.

As already mentioned above when discussing Fig. 6-3, the adopted design procedure 
of the beams subjected to relatively high variable load, that is with ratio Qk/Gk = 0.75, 
led to small total deflections. For beams with lengths of 30 and 40 m, the limit on the 
total deflection could be achieved for span-to-height ratios greater than 45 which here, 
prudently, were not taken into account. In Fig. 6-5, this is reflected in the values that 
correspond to the ratio Qk/Gk = 0.75 which are reduced to one point.

3.	Influence of the Variable-to-Permanent Load Ratio Qk/Gk

The same L/h values used in Fig. 6-5 are shown in Fig. 6-6 as a function of the ratio 
Qk/Gk, for various beam spans. The ratio Qk/Gk between variable and permanent loads 
has a great influence on the deflections in prestressed structures. In fact, on the same 
permanent load Gk, increasing the ratio Qk/Gk, and therefore the design load, increases 
the dimensions of the beams and the area of the prestressing steel. On the other hand, 
the increase of the variable load does not affect to any great extent the quasi-permanent 
load, which is the reference load for the calculation of deflection.
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Fig. 6-5 Fully prestressed beams: allowable span-to-height ratios (L/h)max referred to the total (continuous 
lines) and active (dashed lines) deflections as a function of the span L (Data: Gk = 30 kN/m)

Fig. 6-6 Fully prestressed beams: allowable span-to-height ratios (L/h)max referred to the total (continuous lines) and 
active (dashed lines) deflections as a function of the variable-to-permanent load ratio Qk/Gk (Data: Gk = 30 kN/m)

4.	Influence of the Concrete Strength

Three strength classes of concrete were considered, C30/37, C40/50, C50/60. Fig. 6-7 
shows the values of the total deflection-to-span and active deflection-to-span ratios as 
a function of the beam span-to-height ratio L/h, for 30 m length beams. The L/h values 
which corresponded to the attainment of the limits on the active and total deflections, 
decrease as the concrete strength increases. This unexpected result is a consequence of 
the hypotheses assumed to optimize the design. In fact, the design of the width of the 
sections was defined at the ULS in such a way that the compressive resultant on concrete 
balanced the tension resultant. Because of the constant values of the tension resultant, 
smaller widths of the section and, therefore, smaller stiffnesses, corresponded to higher 
strengths of concrete.
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Fig. 6-7 Fully prestressed beams: total deflection-to-span (continuous lines) and active deflection-to-span (dotted 
lines) ratios as a function of the concrete strength (Data: L = 30 m, Qk/Gk = 0.50; Gk = 30 kN/m)

6.1.3.2	 Partially Prestressed Simply Supported T-Section Beams 

The reference values for which the study was performed are:

-- span-to-height L/h ratios between 18 and 28 with steps equal to 1;

-- spans of the beams: 15 m, 20 m and 25 m;

-- permanent loads: 30 kN/m, 40 kN/m and 50 kN/m;

-- variable-to-permanent load ratios of 0.25, 0.50 and 0.75. 

The geometrical properties of the flanges and web (Fig. 6-8) fulfilled the proportions 
used for fully prestressed beams. The bottom flange was often unnecessary because of 
the lower prestressing force. The tendon, which again had a parabolic profile, presented 
relatively large eccentricity at the mid-span in comparison to the fully prestressed beams 
since the ratio M0/Pm was greater on the same permanent load, as the prestressing force 
Pm was lower.

In the design of the beams, it was assumed that the sections remained entirely compressed 
under the quasi-permanent load combination, and in particular the concrete stress at the 
bottom was null when the time-related phenomena were exhausted. This condition allowed 
the area and position of the prestressing steel to be determined. The ordinary reinforcement 
was situated on the bottom side of the beams, at a distance equal to 0.1h from the edge of the 
section. Its area was calculated in order to satisfy the ULS verification for bending. An iterative 
procedure was able to fulfill all these conditions.
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Fig. 6-8 Partially prestressed beams: transversal section

The values of the deflection-to-span ratio are shown in Fig. 6-9 and Fig. 6-10 as functions 
of the L/h ratio, for beams with 15 m and 25 m lengths, respectively, a ratio Qk/Gk = 0.50 
and three values of the permanent load. The influence of the permanent load Gk on the 
deflections is once again considered negligible.

A slight influence on the deflections is also given by the variable-to-permanent load 
ratio Qk /Gk, for a fixed value of Gk. The allowable span-to-height ratios (L/h)max are in 
Fig. 6-11 which are basically the same for the same Qk /Gk ratio, and remain constant 
as the span changes, on average equal to 27.5 for the case of total deflection and 23 
for the active deflection. This result is different from fully prestressed beams because of 
the hypotheses assumed for the optimization of the design. In this context, some points 
need to be discussed. First, partially prestressed beams and fully prestressed beams with 
the same L/h ratio present similar values of the top width of the section, therefore this 
parameter is not responsible for the different behaviour. Moreover, both typologies show 
similar values of the resulting force in the tensile zone at the ULS for bending moment. 
For fully prestressed beams, this resultant is directly connected to the area Ap of the 
prestressing steel.

For partially prestressed beams, the design of the area of prestressing steel is not performed 
at ULS, but at SLS under the quasi-permanent load. The quasi-permanent load does not 
depend to any great extent on the variable load because of the combination factor y2 in the 
term y2 ⋅ Qk. As a consequence, for the same Gk, when the Qk /Gk ratio varies, the area of 
prestressing steel and therefore the deflections do not vary to any great extent.
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Fig. 6-9 Partially prestressed beams: total deflection-to-span (continuous lines) and active deflection-to-span (dotted 
lines) ratios as a function of the span-to-height ratio L/h (Data: L = 15 m, Qk/Gk = 0.50; Gk = 30-40-50 kN/m)

Fig. 6-10 Partially prestressed beams: total deflection-to-span (continuous lines) and active deflection-
to-span (dotted lines) ratios as a function of the span-to-height ratio L/h (Data: L = 25 m, Qk/Gk = 0.50; 
Gk = 30-40-50 kN/m)
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Fig. 6-11 Partially prestressed beams: influence of the length of the beam on the L/h ratios to which the 
attainment of the limits on the active and total deflections corresponds (Data: Qk/Gk = 0.25-0.50-0.75; 
Gk = 40 kN/m)

6.1.3.3	 One-Way Slabs

One-way slabs are bi-dimensional members with small thickness, supported on beams 
or walls, subjected to load-effects that mainly act on a plane perpendicular to their mid 
plane. For the sake of simplicity and to be on the safe side, they can be considered as 
spanning one-way. Here, the study concerned fully prestressed 1.0 m wide one-way solid 
slabs without any additional ordinary reinforcement. Two restraining conditions, that is, 
simply supported slab and fixed end slab, were considered.

1.	Simply Supported Solid Slabs

The reference values for which the analysis was performed are:

-- span-to-height ratio L/h between 18 and 40 with steps equal to 1;

-- spans of the slabs: 10 m, 15 m and 20 m;

-- permanent loads: dead load + 2.5 kN/m;

-- variable-to-permanent load ratios of 0.25, 0.50 and 0.75.

The tendon, which again had a parabolic trend had, with respect to the centre-line of 
the structure, zero eccentricity at the ends and maximum eccentricity at the mid-span 
equal to M0 /Pm.

Fig. 6-12 shows the total deflection-to-span and active deflection-to-span ratios as 
functions of the span-to-height ratio, for beams with a Qk/Gk ratio equal to 0.75, which 
is the most critical of the situations examined. From these diagrams the limit of 1/250L 
for the total deflection corresponds to a ratio L/h of 33.5, while the limit of 1/500L for the 
active deflection corresponds to a ratio L/h of 27.5. 

The Qk/Gk ratio did not affect these allowable limits appreciably. In fact, the highly 
non-linear trend of the curves, which was not observed for the T- or I-sections, is due to 
the fact that the dimensions, and in particular the width of the top flange, were assumed 
to be strictly necessary for the beams, while for slabs the width was assumed constant.
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2.	Fixed End Solid Slabs

The profile of the tendon was formed by three parabolic segments with eccentricities 
e1 at mid-span and e2 at the two ends. The statically indeterminate moments due to the 
prestressing and the effects of the loads were calculated elastically and considered constant 
over time. The prestressing steel area and the eccentricities e1 and e2 were determined 
through an iterative procedure respecting two conditions: the complete utilization of the 
strength of the prestressing steel and the stress limitation of the concrete at the SLS.

The reference values for which the study was performed were the same as those 
considered before:

-- span-to-height ratio L/h between 18 and 54 with steps equal to 1;

-- spans of the slabs: 10 m, 15 m and 20 m;

-- permanent loads: dead load + 2.5 kN/m;

-- variable-to-permanent load ratios of 0.25, 0.50 and 0.75. 

The total deflection-to-span and active deflection-to-span ratios are shown in Fig. 6-13 
as functions of the span-to-height ratio L/h. From these curves the allowable span-to-
height ratio (L/h)max, corresponding to a total deflection of 1/250L, is equal to 46, but the 
limitation on the active deflection is once again determining with an allowable span-to-
height ratio of 41.

Fig. 6-12 Simply supported solid slabs: total deflection-to-span (continuous lines) and active deflection-
to-span (dotted lines) ratios as a function of the span-to-height ratio L/h (Data: Qk/Gk = 0.75; Gk = dead 
load + 2.5 kN/m)
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Fig. 6-13 Fixed ends solid slabs: total deflection-to-span (continuous lines) and active deflection-to-span 
(dotted lines) ratios as a function of the span-to-height ratio L/h (Data: Qk/Gk = 0.75; Gk = dead load + 
2.5 kN/m)

6.1.4	Conclusions

A parametric analysis has been performed in order to calculate the total and active 
deflections of prestressed concrete beams and slabs and to determine the span-to-height 
ratios to which the attainment of the limits on the deflections corresponds to: span / 250 
under the quasi-permanent load combination (total deflection), span / 500 for the deflection 
after construction that could damage adjacent parts of the structure such as partitions 
and finishes (active deflection). Two typologies of simply supported beams have been 
considered, fully prestressed and partially prestressed. Two typologies of fully prestressed 
solid slabs have also been taken into account, namely, simply supported or fixed end slabs. 

The design of the beams and slabs has been carried out to optimize the dimensions of 
the sections, with reference to ULS and SLS verifications.

The span-to-height ratios which correspond to the attainment of the limits for the active 
and total deflections are summarised in Table 6-2 for various variable-to-permanent load 
ratios and structural standard typologies. A simple, though conservative, tool is therefore 
provided which limits the slenderness of PC beams, particularly useful when a quick pre-
design is needed. Referring to ratios of Qk/Gk equal to 0.25, 0.50 and 0.75 means considering 
quasi-permanent load-to-design load ratios equal to 0.61, 0.52 and 0.46 (here, y2 = 0.2).

Table 6-2 Allowable span-to-height ratios (L/h)max that comply with the limitations for the 
total (1/250L) and the active (1/500L) deflections, for various variable-to-permanent load 
ratios and structural standard typologies

Simply Supported Beams One-Way Fully Prestressed Solid Slabs

Fully Prestressed Partially Prestressed Simply supported Fixed ends

Qk /Gk 1/250L 1/500L 1/250L 1/500L 1/250L 1/500L 1/250L 1/500L

0.25 32 23
28 23 34 28 46 410.50 38 29

0.75 41 33
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The limits on the active deflection give the most restrictive values of the span-to-height 
ratio. In comparison with the values proposed in international standards for RC simply 
supported or fixed end beams and slabs, these values are obviously higher because of 
the favourable effects of prestress. Due to the design procedures adopted, the ratio Qk/Gk 
influences the allowable span-to-height ratios to a great extent in the case of fully prestressed 
simply supported beams, where a linear interpolation for intermediate values may be used, 
while its influence is rather negligible in the remaining cases.

When the design is carried out without any optimization of the dimensions of the 
section, which means the stresses on the materials are less than the recommended limits, 
the maximum span-to-height ratios proposed can be considered conservative and higher 
values could be acceptable. On the other hand, high values of the slenderness may lead 
to unacceptable vibrations.

6.2	 Shear effects on deflections

6.2.1	Introduction

In general, deflection should be calculated taking into account the contribution from 
bending and shear. International Standards (EN 1992-1-16-2, Model Code 19906-8) allow 
the shear contribution to be ignored, when it is likely to be less than 10% of that due to 
bending. However, shear deformation in cracked sections, at service conditions, is often 
neglected because there are no suitable models for everyday applications, even though, 
as shown by experimental observations on RC beams with thin webs, the above limit could 
be already overcome for span-to-depth ratios lower than 126-9, 6-10 . The difficulty setting 
up a consistent model that is able to describe the behaviour of RC beams under shear and 
bending is due to the characteristics of the physical phenomenon, such as the complexity 
of the crack pattern and its evolution when the load increases6-11, 6-12, 6-13. Moreover, the 
cracked web of a reinforced concrete beam transmits shear in a relatively complex 
manner, through shear failure mechanisms, such as aggregate interlock and friction, 
dowel action of the longitudinal steel and shear carried across uncracked concrete6-11, 6-14. 
The dowel effect can be neglected for members with shear reinforcement, while the shear 
components transferred across the uncracked concrete and by friction play a significant 
role in reducing the amount of shear transferred by transverse reinforcement. According 
to the classification proposed by this study6-15, the principal models that describe the 
shear transferred by concrete and the rotation of web struts in a detailed way can be 
divided into two different approaches: “truss models with crack friction” and “smeared 
models”. Truss models with crack friction consider cracking in a “discrete” form, and 
model the geometry (spacing and inclination θcr) of the crack, the friction connected to 
the slip and the consequent rotation of the θ-angle of the struts. In smeared approaches, 
the stress fields are modelled independently from the crack pattern, assuming that both 
the crack angle θcr and the strut angle θ are equal. In this case, the shear transferred by 
the concrete is considered by means of the tension fields acting in the cracked concrete.
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6.2.2	Experimental background

6.2.2.1	 Determination of the mean curvature and the mean shear strain of 
a beam block

The analysis of a beam block subjected to a bending moment is traditionally carried 
out referring to the parameter of the deformation constituted by the mean curvature (1/r)m. 

In an analogous way it is necessary to define an experimental procedure able to determine 
the mean deformation parameters (mean shear strain and mean curvature) in the case of shear 
and bending acting simultaneously.

An experimental setup to evaluate the mean curvature (1/r)m, the mean shear strain gm 

and the mean inclination q of the compressive web struts6-16, 6-17 can be made by the 
measure of the deformations of the AB, BC, CD, DA and DB sides of the measuring lattice 
shown in Fig. 6-14.

With reference to the measuring lattice the mean curvature is obtained through the 
expression

6-41
r
=

Δ
BC

L
0

−
Δ

AD

L
0

L
0

where DAB, DBC, DCD, DDA, DDB are the deformations of the measuring bases and Lo their 
initial lengths.

Fig. 6-14 Measuring lattice and the network of points at the initial non-deformed state

In order to determine the mean shear strain, a reference system of (z-y) axes is assumed 
with origin in H (at mid-point between points C and D), the y-axis that coincides with 
the CD direction and the z-axis that is orthogonal to y. The z-axis is therefore situated at 
the mid-height between the tension and compression chords. The vertical displacement 
nk of point K (at mid-point between points A and B) in the y-direction can be divided into 
two parts, one, nK’, which represents the effect of the mean curvature, while the other 
one, nK’’, represents the effect of the mean shear strain (nK’ and nK’’ positive if on the same 
versus of y-axis in Fig. 6-14):

(6-5)ν
K
= ν

K
'+ν

K
''
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The contribution due to the mean curvature, nK’, is

(6-6)ν
K
'= 1

r

L
0
2

2

The contribution due to the mean shear strain, nK’’, is determined by subtracting the 
displacement due to curvature from the total displacement which is obtained analytically 
from the measured deformations of the lattice. The mean shear strain results to be:

γ
m
=
ν
K
''

L
0

(6-7)

The mean shear strain can be determined in another way, considering the following 
experimental strains “smeared” on the web:

-- the mean axial strain in the direction of the z-axis, which is obtained from the 
mean of the strains of the top and bottom chords:

(6-8)ε
z,G

=
Δ

AD
+ Δ

CB

2L
0

=
ε
sm
+ ε

cm

2

-- the mean axial strain in the y-direction:

(6-9)ε
y ,G

=
Δ

CD
+ Δ

AB

2L
0

-- the mean axial strain along the diagonal DB which is inclined by 45° with reference 
to the horizontal axis:

(6-10)εθ ,G =
Δ

DB

L
0,DB

If the mean strains along three directions passing through point G (fixed in the centre 
of the web, at the mid-height between the tension and compression chords) are known, 
the strain state around the point G is completely determined, which means, for the mean 
strain in the q-direction,

(6-11)εθ ,G = ε
z,G

⋅cos2θ + ε
y ,G

⋅sin2θ + γ
zy
⋅sinθ ⋅cosθ

From Eq. 6-11, with reference to the case in which q is equal to 45°, the expression for 
the determination of the mean shear strain gzy as a function of the experimental measures 
of the mean strains can be obtained:

(6-12)γ
zy
= 2ε

45,G
− ε

z,G
− ε

y ,G

The comparison between the theoretical values of the mean shear strain obtained with 
Eq. 6-7 and 6-12 shows a very good correspondence, with differences of less than 1% in 
the examined cases.

The above mentioned methodology was applied, for example, to the tests on 
several reinforced concrete I-section beams with thin web, a height of 0.6 m and 
spans of 6.3 and 7.0 m6-16, 6-18, longitudinally reinforced with a reinforcement ratio of 
                          and rl = 0.008 and transversally with a ratio of                             , subjected 
to two symmetrical or non-symmetrical load.
ρ
l
=

A
s

b ⋅d
= 0.0045 ρ

w
=

A
sw

b
w
⋅ s

= 0.0051
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Fig. 6-15 TR2 beam, zones C, A-E, B-D: mean strains of the tension and compression chords as a function 
of the moment

Fig. 6-15 and Fig. 6-16, referring to a test with two symmetrical loads, show the influence of 
the shear on the mean strains of the tension and compression chords and the mean curvature, 
respectively. The tensile deformations are greater for zones A and E than for zones B and D, 
where the acting shear is smaller on the same moment. An analogous consideration can be 
made for the C-zone where the shear is nil. The mean shear strain is shown in Fig. 6-17 as a 
function of the shear.

Fig. 6-16 TR2 beam, zones C, A-E, B-D: moment – mean curvature diagrams
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Fig. 6-17 TR2 beam, zones C, A-E, B-D:  shear – mean shear strain diagrams

6.2.2.2	 Determination of the contribution of shear on deflection

The experimental determination of the contribution of shear on deflection is not immediate; 
according to the previous analysis of the beam block, actually the shear firstly indirectly 
influences the deflection because of the variation of forces acting on the top and bottom chords 
with respect to the flexural behaviour (increase of the mean curvature), and secondly, directly 
because of the mean shear strain. The problem is how to separate the different contributions.

Two experimental procedures are suitable to this goal. A first method is to measure not 
only the total deflection (for example by means a potentiometric transducer at the mid 
span) but also the mean curvatures along the whole beam. It is thus possible to determine 
the ‘curvature deflection’, which is obtained through the integration of the experimental 
mean curvatures along the beam. This value takes into account the effects of the moment 
and the shear on the mean curvature. Therefore, the difference between the experimental 
values of the total deflection and the curvature deflection represents the experimental 
deflection attributable to the mean shear strain.

The second methodology require to perform a series of tests conducted on different 
beams which have the same values of height h, width b and longitudinal and transversal 
reinforcement, but different values of web thickness. The influence of mean shear strain 
on deflection can be evidenced by means of comparison between the experimental 
deflection values as a function of the b/bw (width of section)/(web thickness) ratio for each 
series of beams. Moreover, in an approximate way, the experimental curvature deflection 
of each beam can be assumed equal to the value obtained with a reference beam with 
a rectangular section, since the effect of the mean shear strain on deflection is almost 
negligible in this case.

Fig. 6-186-16 shows the diagram of the maximum deflection as a function of the applied load 
obtained by applying the first method to a three-point bending test that were conducted on 
a I-beam  characterised by a L/d ratio of 11 and a b/bw (width of the section)/(web thickness) 
ratio of 4 (longitudinal reinforcement ratio rl = 0.008). The contribution of shear deflection to 
the total deflection at service load (50% of ultimate load) in this case was greater than 25% 
while, in an analogous beam with a lower longitudinal reinforcement ratio, this contribution 
was greater than 30%.
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Fig. 6-18 Three-point bending test on an I-beam: diagram of the experimental maximum deflection as a function 
of the applied load

The second method is applicable to the well-known Leonhardt tests6-10. The tests involved 
ten RC T-section beams with thin web, 0.35 m high, a width of the flange of 0.3 m and spans 
of 3.0 m, an L/d value of 10, and longitudinally reinforced with a ratio of rl = As /bd = 0.014. 
Uniform load (GT series) and four-point bending (ET series) tests were considered. In the GT 
series, four beams (GT/1) had an asymmetric layout of stirrups, whereas two beams (GT/2) 
had a symmetric layout. Each series of tests was conducted on four beams which had the 
same values of height h, width b and longitudinal reinforcement, but different values of web 
thickness (b/bw = 1, 2, 3, 6). 

Fig. 6-19a and b show the experimental diagram of the (deflection due to shear 
strain)/(deflection due to curvature) ratio as a function of the b/bw. A clear increase in 
deflection can be observed when the thickness of the web decreases.

a)
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b)

Fig. 6-19 a) ET beams, b) GT beams: diagram of the (deflection due to shear)/(deflection due to bending) ratio as 
a function of the (width of section)/(web thickness) ratio

6.2.3	Review of theoretical models for the calculation of the deformation of 
a macro-element of the beam block due to bending and shear

6.2.3.1	 Leonhardt model

The model, proposed by Leonhardt6-10, considers the truss behaviour of the element as 
a lattice composed of a compression chord at the top of the beam, a tension chord at the 
bottom of the beam, a vertical (or inclined) tie representing stirrups and a compressed 
web strut rotated by the q-angle on the horizontal axis (Fig. 6-20)

Fig. 6-20 Truss considered by Leonhardt

The mean deformation of a beam block is evaluated on the basis of the deformation of  
each element of the truss, assuming the hypothesis that the deformation of the top and the 
bottom chords is not influenced by the shear and, mutually, the deformation of the web 
struts and ties is not influenced by the bending moment.

The concrete contribution is considered in a simplified manner by means of a 
predetermined shear stress value t0 that reduces the acting design shear force. At the 
same time the q-angle  is considered constant and equal to 45°.
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The problem is thus reduced to the calculation of the forces acting on the element of 
a statically determinate structure and of the corresponding mean strains.

The mean shear strain of the beam block can be evaluated on the basis of the vertical 
displacement ne (Fig. 6-20):

(6-13)

6.2.3.2	 Modified Compression Field Theory

This model, first proposed in a study6-19 and then further developed by other authors, can 
be ascribed to the “smeared models”: a reinforced concrete cracked element is actually 
considered as a new material whose strength and deformability properties are represented 
by the mean values. 

This theory was developed and calibrated by observing the response of a large number 
of reinforced concrete elements loaded in pure shear or in shear combined with axial 
stress. The problem addressed by the model is thus to predict up to failure the relationships 
between the axial and shear stresses applied to a membrane element and the resulting 
axial and shear strains in the same element.

The central assumption of the theory is that the average direction of principal compressive 
stress in the cracked concrete corresponds to the average direction of principal compressive 
strain and that the critical cracks are also inclined in this direction. In addition to considering 
average stresses and average strains in the cracked concrete and the relationships between 
them, the theory considers how the stresses are transmitted across the critical cracks.

The model considers a set of equations representing the average stress relationships, the 
geometric compatibility conditions and the stress-strain relationships. The analytical procedure 
requires an iterative process for the solution of 15 simultaneous nonlinear equations.

The equilibrium equations, geometric conditions and stress-strain relationships used 
in the MCFT are summarized in Fig 6-21.

Fig. 6-21 Equilibrium equations, geometric conditions and stress-strain relationships used in the MCFT

tanγ ≈ γ =
ν
E

z cot gα + cot gβ( )
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It should be noted that smeared approaches, such as the Modified Compression 
Field Theory, have been defined and calibrated with reference to an extensive amount 
of experimental work that was carried out on RC panels reinforced with bars in two 
directions and subjected to shear and axial forces. However, the application of these 
models to RC beams is not easy, because of the coinciding presence of shear and 
bending moment. In fact, it is necessary to subdivide the section into horizontal strips, 
each of which is considered as a finite element that has to respect the equilibrium 
of forces and congruency of the strain conditions6-19. In this way the computational 
difficulties are not reduced but it is possible to consider the simultaneous presence of 
shear and bending moment.

The results of the analysis enables complete description of the equilibrium and strain 
conditions of each strip (each fibre over the height of the section): the shear strain, that varies 
over the height of the section, has thus to be intended as a local deformation parameter; it is 
possible, however, to determine the mean deformation of the section, for example referring 
to the local shear strain of the fibre set at the mid-height of the section.

This is the basis of program Response-2000, implemented by Bentz, which is capable 
of predicting the shear stress distribution over the height of the beam and the shear force-
shear deformation relationship of the section.

6.2.3.3	 Mixed model and simplified model

A synthesis between the two previous approaches can be found in two different 
theoretical models, called the mixed model and the simplified model, proposed in two 
studies6-18, 6-20 for the calculation of shear strain in the service condition. These methods 
do not subdivide the cross section into different layers, but instead consider a unique 
element that coincides with a beam block, which is described by a mixed model that 
superimposes smeared behaviour of the web onto truss behaviour of the chords (adopting 
the same constitutive laws as MCFT for the concrete in tension and compression).

With the mixed model, which is more refined and which considers all the main 
parameters involved in a detailed way but requires an iterative calculation procedure, 
it has been possible to verify the correspondence of the theoretical formulation with 
experimental data and calibrate the simplified model. The latter is deduced from the 
refined procedure, introducing some simplifications related to the calculation of the 
shear component transferred across the uncracked and cracked concrete and the strut 
angle q.

The so called “mixed” model for the analysis of shear strain in service conditions considers 
both a truss model and a smeared model:

-- the lattice is composed of a compression chord at the top of the beam, a tension 
chord at the bottom of the beam, a vertical tie representing stirrups and a compressed 
web strut rotated by the q-angle on the horizontal axis;

-- the behaviour of the web is represented, in mean terms, by a field of stresses and 
strains referring to the mid-point of the lever arm: ecz the mean axial strain, ec2 the 
mean strain of the concrete struts in q direction, ec1 the mean strain of the concrete 
in tension in the (90-q) direction.

When the deformation of each element of the truss is known, the mean shear strain gzy 
can be obtained using:
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(6-14)γ =
2 ε

c,z
− ε

c2( )
tan θ( )

Therefore, the problem then is how to calculate the q angle of the compressed web struts 
and the strains eC,z and eC2. The refined method refers to MCFT constitutive laws in order to 
describe the mean behaviour of the beam web for both stresses and strains. This method 
takes into consideration the mean strains of the chords, imposes overall equilibrium, 
according to the lattice-like scheme with variable strut inclinations, and it also takes into 
account the contribution of the mean tensile stresses that act on the cracked concrete.

It is assumed that, in state II, the principal compressive stress axis, the crack direction 
and the principal compressive strain axis coincide: θc = θcr = θ. The constitutive laws of 
cracked concrete have been taken from the literature, in particular for concrete in tension 
and compression (relationships derived from those proposed in a study6-19, for strains in 
the tension chord and the vertical tension ties (relationships that take into account the 
tension stiffening effect, according to Model Code 19906-8.

The calculation procedure, which starts from two tentative values of the main variables θ 
and Vc (vertical component of the tension stresses in the web) and contains two iterations 
based on the respect of the congruency and equilibrium conditions, is performed to 
determine ecz, ecy, ec2 and θ. The main concepts of the mixed model are shown in the left 
side of Fig. 6.2-9. The complete procedure is described in a study6-18. 

Since the mixed model is a very time consuming procedure, a simplified model has 
been set up for use in practical applications6-21, on the basis of theoretical data compared 
with experimental results.

The unknowns of the problem, such as the concrete contribution Vc and the q-angle, 
are determined in an approximate way to avoid any iterative procedure and obtain the 
solution in closed form. Thus, the structural analysis can be carried out in the simple 
form of a “truss model with concrete contribution”, but taking into account the rotation 
of the struts with the increase in applied shear force and the interaction between bending 
moment and shear. Fig. 6-22 shows a comparison between the main aspects of the 
simplified and mixed models.

As far as the concrete contribution, Vc, is concerned, numerical results obtained by 
means of the mixed model show that it varies with the increase in applied shear; in the 
first loading phase (before the occurrence of diagonal cracks), and it completely balances 
the shear. Then, with the formation of inclined web cracks, the truss behaviour begins 
and both contributions, due to concrete Vc and to transverse reinforcements Vws, balance 
the shear. In the second phase, the concrete contribution does not actually change to any 
great extent, while the shear increases6-15, 6-16, 6-20. For the sake of simplicity, the concrete 
contribution can therefore be assumed as a constant in this phase and equal to the value 
Vcr of the shear that causes shear cracking.

The term Vcr = Vc has here been approximated, with a good accuracy, using the formula 
proposed in Model Code 19906-8; the shear length av is assumed equal to the moment-to-
shear ratio M/V (see Fig. 6-22). 

The value of the θ-angle depends on the geometrical parameters of the section, the 
longitudinal and transverse reinforcement ratios rl and rw, the material properties and the 
acting moment and shear.
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A parametric analysis based on the mixed model has shown that the variability of the 
θ-angle can be simplified by means of a function that refers to four principal parameters: 
                       . The deformation ecz takes into account the influence of the 
longitudinal reinforcement ratios rl and the bending moment on the θ-angle.

The assessment of the concrete contribution Vc and the θ-angle “a priori” allows the 
calculation to be carried out by means of the analysis of an isostatic truss and of the 
forces acting in the compressed chord, in the tension chord and in the web struts along 
the θ-direction. The non-iterative calculation procedure described in this study6-20 leads 
to the determination of the corresponding mean deformations, such as the horizontal 
mean strains at the level of the resultant of the compressed chord ecm and at the level of 
the tension chord esm and of the mean strain along the q-direction at the mid-height level 
between the tension and compression chords respectively.

ε
cz

τ
f
ctm

=
V −V

c

b
w
⋅d ⋅ f

ctm

; ρ
ws
=

A
sw

b
w
⋅ s

;f
ck

Fig. 6-22 Comparison of the mixed model and the simplified model
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The mean curvature 1/r can therefore be thus determined as:

(6-15)1
r
=
ε
sm
− ε

cm

0.9d

and the mean shear strain g can be obtained applying Eq. 6-14.

Equations 6-14 and 6-15 allow the mean deformation parameters (mean shear strain and 
mean curvature) to be calculated for all the blocks into which the beam has been divided.

6.2.4	Calculation of the deflection of the beam due to bending and shear

The above mentioned models allow the mean deformation parameters (mean shear strain 
and mean curvature) to be calculated for all the blocks into which the beam has been divided. 
When these parameters have been obtained, the deflection can be determined through their 
integration, for example by means of application of the principle of virtual works. 

From the conceptual point of view and according to the previous experimental analysis, 
the total deflection will be composed of three terms: the contribution due to the bending 
moment on the mean curvature, the contribution due to the increase of the mean curvature 
produced by the shear, and the direct contribution of the mean shear strain.

The shear, in fact, indirectly influences the deflection because of the variation of forces 
acting on the top and bottom chords with respect to the flexural behaviour, and also directly 
because of the mean shear strain. 

The adoption of the MCFT applied to the beams or both the mixed models (refined or 
simplified) allows the influence of the shear on the curvature to be taken into account. In this 
case the integration of the mean curvature lead to the calculation of both the contribution 
of the bending moment on the deflection and the indirect effect of the shear. Mutually, the 
integration of the mean shear strain allows evaluation of the direct contribution of the shear.

6.2.5	Practical evaluation of the influence of shear on deflection

For practical purposes the calculation of the deflection, taking into account the shear 
contribution, is not immediate as it requires the mean deformations to be integrated; thus 
can be a useful support for the design, both defining the cases in which this contribution 
is significant and directly quantifying its amount. In this context, an extensive parametric 
analysis has been carried out to highlight the influence of shear on deflection as a function 
of the main parameters involved.

Four static schemes were considered: a simply supported beam, a beam with fixed ends, 
a beam with a fixed and a supported end and a cantilever. The influence of shear on the 
deflection was pointed out for each scheme, taking into account the significant parameters 
that affect the phenomena, by means of the “deflection due to shear / the deflection due to 
bending” ratio. In this case the deflection due to bending was evaluated by only referring 
to the curvature due to the bending moment, without any shear interaction. This ratio 
represents the percentage increase in the deflection due to bending, and can be used to 
obtain the total deflection. 
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In this way, the total deflection can be determined on the basis of the value of the 
deflection calculated for bending fbending with the relationship:

(6-16)f
total

= f
bending

1+
f
shear

f
bending

⎛

⎝
⎜

⎞

⎠
⎟

The shear contribution is determined for each scheme through a parametric analysis, 
based on the simplified model and considering the main parameters involved. The 
calculation refers to the quasi-permanent condition, assuming a uniform load of 50% of 
the ultimate design load.

6.2.5.1	 Parametric analysis

The total deflection of a beam depends on several parameters, which can be listed in 
the following categories:

-- geometrical parameters: L, d, B, bw, hf

-- longitudinal and transversal reinforcement ratios: rl, rw

-- material properties: fck , EC and creep coefficient j.

These parameters do not affect the fshear/fbending ratio to the same extent. The results of the 
analysis show that the L/d ratio is considerably important while the value of span L and 
the creep coefficient j, although very significant when referring to the total deflection,  
have a negligible influence on fshear/fbending, as  has been demonstrated in the numerical 
analysis. Therefore, the study does not consider the variability of L and j and assumes 
two fixed values for these parameters: L = 6 m  and j = 2, while two strength classes are 
considered: fck = 30 N/mm2 and fck = 50 N/mm2.

All the other parameters are taken into account by means of the following procedure.

The fixed pattern of longitudinal and transverse reinforcement shown in Fig. 6-23 is 
considered for each static scheme. 

The longitudinal reinforcement amount is defined for the critical section (section 
subjected to the maximum bending moment) as the reinforcement that is strictly necessary 
for ULS verification. The amount of reinforcement in the other sections is a function of the 
reinforcement at the critical section, in accordance with the pattern shown in Fig. 6-23. 
Similarly, the transverse reinforcement amount is determined for the section subjected to 
maximum shear in order to optimize the ULS design, but is maintained constant along 
the element. 

The geometry of the beam is determined via the following procedure (assuming a 
value of L = 6 m and hf = 0,2d):

1.	assume specific values of L/d, AS and                ;

2.	determine the consequent values of d, b;

3.	calculate the resistant bending moment at ULS MRd in the critical section, assuming 
an inner lever arm z = 0.9 ⋅ d. 

4.	calculate the design load qd at ULS and the corresponding shear design value VEd 
at the critical section;

5.	assume a specific value of       and determine the consequent values of bw;

ρ
l
=

A
s

b ⋅d

b
b
w
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6.	calculate the transverse reinforcement Asw and sw; the calculation of the transverse 
reinforcement is based on the truss model proposed in EN1992-1-16-2, limiting the 
values for the θ angle of the inclined struts in the web to the 1 ≤ cotθ ≤ 2,5 range 
(ultimate conditions). When possible, the optimum value of angle θ is determined 
by imposing the simultaneous collapse of the shear reinforcement and the concrete 
struts in the web (VRd,s = VRd,max).

7.	calculate the service condition load corresponding at quasi permanent condition, 
qser = 0,5qd;

Fig. 6-23 Distribution of the longitudinal and transverse reinforcement along the beam for each schema of 
restraints – a) simply supported beam, b) beam with fixed ends, c) beam with fixed and support end, d) cantilever

The (deflection due to shear) - to - (deflection due to bending) ratio is calculated for 
each case and the shear contribution to deflection, as a function of variables L/d and b/bw 

(Fig. 6-24, Fig. 6-25, Fig. 6-26, Fig. 6-27, Fig. 6-28, Fig. 6-29, Fig. 6-30, Fig. 6-31), is 
highlighted. The analysis is conducted separately for the four types of restraints and 
the three values of the longitudinal reinforcement ratios rl = 1,5%, rl = 1,0%, rl = 0,5%. 
 The longitudinal reinforcement ratio is connected to the concrete compression stress in 
the compressive zone of the section and the adopted values can refer to highly stressed, 
medium stressed and lightly stressed concrete respectively (EN 1992-1-16-2). The deflection 
is carried out by referring to mean values of the mechanical properties of materials. 
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The diagrams can be used for a direct evaluation of the influence of shear on the basis 
of the concrete strength fck, and the L/d and b/bw ratio and, if necessary, using linear 
interpolation. The minimum value of the L/d ratio assumed in the diagrams refers to 
cases in which the effects of discontinuity regions become predominant and the model 
should no longer be considered valid. The end of each curve is related to the maximum 
web slenderness b/bw that is allowed by the resistance of concrete struts at ULS: after this 
point a curve actually exists (service condition), but it refers to cases that have not been 
verified at ULS and are therefore not shown.

The diagrams show that the influence of shear appears significant (greater than 10%) 
for many common cases, even for not very low L/d ratios. 

The influence of shear increases when the b/bw ratio increases and the slenderness 
L/d decreases. For the same value of b/bw, a higher longitudinal reinforcement ratio rl 

produces a greater influence of shear.

Fig. 6-24 Simply supported beam, fck = 30 N/mm2, rl = 0,5% (dot line), rl = 1,0% (continuous line) and 1,5% 
(grey line): diagram of the (deflection due to shear) / (deflection due to bending) ratio as a function of the 
(width of section) / (web thickness) ratio
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Fig. 6-25 Simply supported beam, fck = 50 N/mm2, rl = 0,5 % (dot line), rl = 1,0 % (continuous line) and 1,5% 
(grey line): diagram of the (deflection due to shear) / (deflection due to bending) ratio as a function of the 
(width of section) / (web thickness) ratio

Fig. 6-26 Beam with fixed ends, fck = 30 N/mm2, rl = 0,5% (dot line), rl = 1,0% (continuous line) and 1,5% 
(grey line): diagram of the (deflection due to shear) / (deflection due to bending) ratio as a function of the 
(width of section) / (web thickness) ratio
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Fig. 6-27 Beam with fixed ends, fck = 50 N/mm2, rl = 0,5% (dot line), rl  = 1,0% (continuous line) and 1,5% 
(grey line): diagram of the (deflection due to shear) / (deflection due to bending) ratio as a function of the 
(width of section) / (web thickness) ratio

Fig. 6-28 Cantilever, fck = 50 N/mm2, rl = 0,5% (dot line), rl = 1,0% (continuous line) and 1,5% (grey line): 
diagram of the (deflection due to shear) / (deflection due to bending) ratio as a function of the (width of 
section) / (web thickness) ratio
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Fig. 6-29 Fixed and support end, fck = 30 N/mm2, rl = 0,5% (dot line), rl = 1,0 % (continuous line) and 1,5% 
(grey line): diagram of the (deflection due to shear) / (deflection due to bending) ratio as a function of the 
(width of section) / (web thickness) ratio

Fig. 6-30 Fixed and support end, fck = 50 N/mm2, rl = 0,5% (dot line), rl = 1,0% (continuous line) and 1,5% 
(grey line): diagram of the (deflection due to shear) / (deflection due to bending) ratio as a function of the 
(width of section) / (web thickness) ratio
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The procedure allows one to highlight the contribution of shear to deflection as a function 
of the variables L/d and b/bw, considering different longitudinal reinforcement ratios and 
concrete strengths. Thus the results of this analysis allows one to identify the most common 
cases in which this influence becomes significant and they also constitute a tool for the direct 
evaluation of this contribution. In order to show the cases in which the contribution of shear 
is not negligible (fshear ≥ 0,10 fbending), the results can also be summarized, as in Fig. 6-31 
(fck = 30 N/mm2), where each quadrant refers to a particular static scheme. The same figure 
considers the three static schemes introduced above, but the case of a simply supported 
beam subjected to a concentrated load applied at mid-span has also been added. The curves, 
concerning two amounts of longitudinal reinforcement, are limited to cases in which the 
verification at ULS is satisfied (horizontal cutting of diagrams). A comparison between the 
different static schemes shows significant differences in the extent of the influence of shear, 
L/d and b/bw ratios being equal. Moreover the figure highlights that the contribution of 
shear on deflection can be greater than 10% even for not very low span-to-depth ratios.

Fig. 6-31 Percentage influence of shear on deflection as a function of the L/d and b/bw ratios for different static 
schemes (fck = 30 N/mm2)
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6.3	 Slenderness limits

Slenderness limits are defined as the span-to-effective depth ratio (l/d) below which 
it is not necessary to verify deflections in normal building structures. In MC 20106-1 they 
are an explicit function of:

-- The reinforcement ratio, r = (As /bd)

-- The support conditions (simply supported, continuous – end span or interior 
span –, cantilever)

-- The concrete strength

The current formulation, included in MC 20106-1 is given in Eq. (6-17)

(6-17)
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where :

l	 is the span of the beam

d	 is the effective depth of the beam

K	 is a parameter relating the slenderness limit of a simply supported beam to that of  
	 beam with different supports conditions

fck	 is the characteristic strength of concrete:

r	 is the tensile reinforcement ratio, referred to the reinforcement strictly needed for ULS

r‘	 is the compressive reinforcement ratio, referred to the reinforcement strictly  
	 needed for ULS

r0	 is a model parameter defined in Eq. 6-18

(6-18)ρ
0
=

f
ck

1'000

In the following paragraphs, the background to the MC 20106-1 formulation on slenderness 
limits is explained, with special emphasis on the limitations of this approach. Following 
this explanation a proposal for overcoming some of its shortcomings is presented.

6.3.1	How slenderness limits are determined

Fig. 6-32 shows a flowchart which summarizes the procedure which can be followed 
to obtain the slenderness limit for a given reinforcement ratio. First, a simply supported 
beam is considered. A value of the reinforcement ratio, for which the slenderness ratio 
is to be determined (r) and a span length (L) are assumed. The section is assumed to be 
rectangular of arbitrary width b. Assuming a trial value of the effective cross-section depth, 
d, the ultimate bending moment (MRd) which the section can resist can be determined. 
The ultimate factored load (qRd) can then be obtained by equilibrium conditions.
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Fig. 6-32 Flowchart for the determination of slenderness limits

In order to continue the process, some values must be assumed for the ratio between self-
weight and total load (qSW/qtot), and between superimposed dead load and total load (qSDL/qtot). 
The ratio between live load and total load (qLL/qtot) follows from qSW+ qSDL+ qLL= qtot. If the 
values of two of these ratios are fixed, it is possible to determine the values of each individual 
load. Once this is done, the calculation of the deflection can be carried out with any valid 
method which considers instantaneous plus time-dependent values. For the derivation of 
the current EN 1992-1-16-2 formulation, which was also adopted by MC 20106-1, this was 
done for the quasi-permanent load combination assuming a quasi-permanent combination 
factor y2 = 0.3, and assuming the following load ratios:

-- qSW/qtot = 0.36

-- qSDL/qtot = 0.24

-- qLL/qtot = 0.40

Furthermore, the deflection was determined assuming a certain load history, in which 
dead load was applied at 10 days, the superimposed dead load at 60 days and the quasi-
permanent live load at 365 days6-22. This procedure does not take into account early 
application of the characteristic load which can happen during building stages when the 
scaffolding is removed from the lower floors to build upper floors6-23. Early characteristic 
load application increases deflections especially for low reinforcement ratios due 
to reduction in tension-stiffening effects. The premises adopted for the drafting of  
EN 1992-1-16-2/MC 20106-1, (no consideration of early load application combined with 
the load ratios described above) was done, as a political decision, in order to avoid 
providing more strict slenderness ratios than those given by ENV 1992-1-16-2 or MC906-8. 

6.3.2	Refining the model

It is considered that the current formulation should be refined by introducing the 
following improvements:

-- Consideration of early application of characteristic loads

-- Different load compositions
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-- Consideration of over-reinforcement

-- Generalization of factor K which relates results computed for a simply supported 
beam to other support conditions. 

-- Influence of the deflection limit L/250, L/200, L/300

-- In the following paragraphs, proposals are given for each of these improvements. 
These proposals have been presented by the Spanish Delegation to CEN-TC250/
SC2/WG1 which is in charge of drafting a revision of EN 1992-1-16-2 to be approved 
by member countries by the year 2020. 

6.3.2.1	 Consideration of early application of characteristic loads

In order to correct the current EN 1992-1-16-2/MC 20106-1 formulation with regard to 
the influence of early application of characteristic load, the actual formulation can be 
multiplied by the following factor:

(6-19)k
EL
= 1.05 1− e

−kfck ,EL
ρ

0.001
⎛

⎝⎜
⎞

⎠⎟

where:

kfck,EL	 is a factor dependent on the concrete strength to be determined using to  
		  the following table:

Table 6-3

fck [MPa] kfck,EL

30 0.50

60 0.30

100 0.25

r		  is the tensile reinforcement ratio. 

6.3.2.2	 Consideration of load composition

In order correct the current EN 1992-1-16-2/MC 20106-1 formulation with regard to the 
influence of load composition, the following correction is proposed:

(6-20)k
DL

= 0.7
q
tot

q
DL

⎡

⎣
⎢

⎤

⎦
⎥

0.65

1− 7.2⋅10−4 ρ
0.001

⎛
⎝⎜

⎞
⎠⎟

2

− 5.4 ⋅10−2 ρ
0.001

⎛
⎝⎜

⎞
⎠⎟

2

+1.05 ρ
0.001

− 2.67
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
k
fck ,DL

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

where :

qtot		  is the total characteristic load, sum of the self-weight, superimposed dead  
		  load and live load (qtot = qSW + qSDL + qLL)

qDL		  is the permanent load (sum of the self-weight plus superimposed dead load:  
		  qDL = qSW + qSDL)

kfck,DL	 is a factor dependent on the concrete strength to be determined using to  
		  the following table:
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Table 6-4

fck [MPa] kfck,EL

30 0.010

60 0.0250

100 0.030

r is the tensile reinforcement ratio 

Furthermore, in order to obtain good numerical results, the coefficient 3.2 in Eq.(6-17) 
must be changed to a value of 2.0. The proposed formulation, including the effects of 
early application of characteristic load and load composition is given in Eq.(6-21)

(6-21)

l
d
= K ⋅k

EL
⋅k

DL
11+1.5 f

ck

ρ
0

ρ
+ 2 f

ck

ρ
0

ρ
−1

⎛

⎝⎜
⎞

⎠⎟

3
2⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
 if ρ ≤ ρ

0

l
d
= K ⋅k

EL
⋅k

DL
11+1.5 f

ck

ρ
0

ρ − ρ'
+ 1

12
f
ck

ρ'
ρ

0

⎡

⎣
⎢

⎤

⎦
⎥  if ρ > ρ

0

Fig. 6-33 to Fig.6-34 show a comparison between values determined using non-linear 
analysis on a simply supported beam according to flowchart of Fig.6-32 (symbols) and the 
values obtained by applying Eq. 6-21 for concrete classes C30/37, C60/75 and C100/85. 
These figures assume that the full characteristic load is applied early on. As can be seen, 
even though the expression of factor kDL is a bit lengthy, this complexity is compensated 
by the excellent correlation which is obtained.

Fig. 6-33 Comparison of slenderness limits obtained by using the proposed formulation (lines) and that obtained 
by non-linear calculation according to the flowchart of Fig. 6-32 (symbols) for concrete class C30/37 and 
different load compositions
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Fig. 6-34 Comparison of slenderness limits obtained by using the proposed formulation (lines) and that obtained 
by non-linear calculation according to the flowchart of Fig. 6-32 (symbols) for concrete class C60/75 and 
different load compositions

Fig. 6-35 Comparison of slenderness limits obtained by using the proposed formulation (lines) and that obtained 
by non-linear calculation according to the flowchart of Fig. 6-32 (symbols) for concrete class C30/37and different 
load compositions
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6.3.2.3	 Consideration of over-reinforcement

If a structure presents deflection problems only in limited parts (for instance areas with 
large cantilevers), it can be a good idea to provide a significant amount of over reinforcement 
is such areas in order to comply with deflection limits. For this, it is interesting to quantify how 
over-reinforcement affects slenderness limits.

In order to take into account this effect in the formulation of slenderness limits, the 
formulation of Eq. (6-22) is proposed. This formulation has been fitted to a concrete of 
class C30/37. It may have to be altered with a resistance-dependent coefficient to fit other 
concrete strengths. This study is pending.

(6-22)
l
d
= l

d
⎛
⎝⎜

⎞
⎠⎟

EN1992/MC2010

+ 0.03
A

real

A
strictly needed

⎛

⎝
⎜

⎞

⎠
⎟

2

ρ−0.7

where:

Areal			  is the tensile reinforcement actually provided

Astrictly needed		  is the reinforcement strictly required to fulfil ULS conditions

Fig. 6-36 Comparison of slenderness limits obtained by using the proposed formulation (lines) and that obtained 
by non-linear calculation according to the flowchart of Fig. 6-32 (symbols) taking into account the effect of over-
reinforcement (Concrete C30/37)

6.3.2.4	 Generalization of K factor

Factor K in Eq. (6-21) allows the correction of the value of the slenderness limit in 
order to fit other support conditions. This value is currently given only for a limited 
number of support conditions and cannot possibly cover all situations which can occur 
in engineering practice. It is possible, however to determine this value for any structure 
geometry using linear analysis. 

Given a certain span with certain support conditions different from those of a simply 
supported beam, the ratio between the linear deflection obtained in the structure with General 
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Support Conditions (fGSC) and that obtained for the same load in a Simply Supported beam (fSS) 
of the same span (l), can be easily determined. Let this value be called a Eq. (6-23).

(6-23)
f
SS

l⎡⎣ ⎤⎦
f
GSC

l⎡⎣ ⎤⎦
= a

The corresponding slenderness limit in the beam with GSC will be given by the condition 
that for a different span (l*), the ratio between deflection and span in the simply supported 
beam with span l and in the beam with GSC with span l*, will be the same (Eq. (6-24)).

(6-24)

f
SS

l⎡⎣ ⎤⎦
l

f
GSC

l *⎡⎣ ⎤⎦
l *

= 1.00

By combining Eq. (6-23) and Eq.(6-24), Eq. (6-25) is obtained.

(6-25)

af
GSC

l⎡⎣ ⎤⎦
l

f
GSC

l *⎡⎣ ⎤⎦
l *

= 1.00→ a
f
GSC

l⎡⎣ ⎤⎦
f
GSC

l *⎡⎣ ⎤⎦

l *
l
= 1.00

Finally, since deflections due to distributed loads are proportional to the fourth power 
of the span, it is concluded that the slenderness limit for a span with GSC is equal to that 
of a simply supported beam multiplied by the third root of a (see Eq. (6-26)).

(6-26)a
f
GSC

l⎡⎣ ⎤⎦
f
GSC

l *⎡⎣ ⎤⎦

l *
l
= a

l 4

l *4
l *
l
= a

l3

l *3
= 1.00→ l *

l
= a3 → K =

l *
d
l
d

= a3

6.3.2.5	 Effect of allowable deflection limit

With respect to the effect of the allowable deflection limit, it is clear that the decision 
regarding what the admissible deflection is should be a decision of the owner. All the 
expressions listed above assume a limit for the total deflection equal to the span divided 
by 250. It is a pertinent question to ask how these limits would be affected for structures 
which may be very sensitive to deflections for which a stricter limit may be needed, for 
example L/300, or how much more slender the structure could be if these limits were 
relaxed, for instance to L/200.

As it turns out the effect of this variable which will be referred to as a
d (e.g. ad = 200, 250 

or 300) is actually, and surprisingly, linear, so it is trivial to adjust the above slenderness 
limits. In order to understand this linearity, the following reasoning can be followed:

-- If the above limits are respected, then deflection obtained for the quasi-permanent 
load will be f = L/ad

-- In turn, this deflection will be proportional to the fourth power of the span and 
to the applied load q see Eq. (6-27):

(6-27)f = L
aδ

= α
1

q ⋅L4

EI
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-- According to Fig. 6-32, q will be proportional to the ultimate bending moment 
and inversely proportional to the square of the span. Also the ultimate bending 
moment is constant for a given reinforcement ratio and a given effective height, and 
so is the equivalent stiffness (EI):

(6-28)f = L
aδ

= α
1

q ⋅L4

EI
= α

1

α
2

M
Rd

L2
L4

EI
= constant ⋅L2

-- From Eq. (6-28) it can be seen that the resulting span (for a given r and a given d) is 
inversely proportional to ad and that, given a slenderness limit for a certain value of ad = ad1, 
the corresponding slenderness limit for a different value, ad2, of this parameter can be 
obtained simply by multiplying the previous limit by the ratio ad1/ad2 (see Eq. (6-29)).

(6-29)

f
1
=

L
1

aδ1
= constant ⋅L

1
2 → L

1
∞ 1
aδ1

f
2
=

L
2

aδ 2
= constant ⋅L

2
2 → L

2
∞ 1
aδ 2

⎫

⎬
⎪
⎪

⎭
⎪
⎪

L
1

L
2

=

L
1

d
L
2

d

=
aδ 2
aδ1

Therefore the limit to the deflection can be taken into account in the proposed formulation 
simply by introducing yet another coefficient ka, defined as:

(6-30)k
a
= 250

aδ

As proof of the above reasoning calculations have been made using non-linear 
analysis for different values of ad and these have been compared to the proposed 
formula adjusted by using parameter ka. The results are shown in the following figures. 
As can be seen the difference is quite important, and owners should start to think about 
this parameter more often.

Fig. 6-37 Slenderness limits if ad = 200 for different load compositions
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Fig. 6-38 Slenderness limits if ad = 300 for different load composition

6.4	 The crack width along the concrete cover of reinforced concrete

Structural behaviour of concrete structures is considerably influenced by cracking 
induced by flexure or direct tension. Cracking has an effect on serviceability, durability and 
load bearing capacity. In respect of serviceability, the increase of deformations due to the 
decreased stiffness and the increased permeability of cracked concrete can be mentioned as 
the most important concerns. The latter can promote the ingress of carbon-dioxide and water 
solutions towards the reinforcement. Water leakage can result in unacceptable functional or 
aesthetical conditions. Results of structural cracking can reduce the service life of structures 
and several literature studies are available in this field. No general conclusion, however, is 
available on the role of structural cracking and durability; the only observations are that the 
corrosion of reinforcement is independent from the surface crack widths and the corrosion of 
reinforcement is accelerated in the presence of chloride ions. 

The width of a crack within the concrete cover is different from that of measured at 
the surface of the structural element. Comprehensive analysis of this behaviour is a gap 
in the technical literature.

6.4.1	General considerations of crack width and bond in concrete

Structural design of reinforced concrete assumes that the bond is perfect between the 
steel reinforcement and the concrete, therefore no relative displacement (=slip) is formed 
between the two components of the composite during loading (i.e. ec = es). With this 
assumption, internal stresses of any cross section can be calculated by cross sectional analysis 
of inhomogeneous sections by Bernoulli-Navier hypothesis at any loading condition. The 
assumption of perfect bond is, however, an over-simplification. In reality, the bond between 
the concrete and the embedded reinforcement is a function of relative displacement (=slip).
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Bond between the two materials is provided by contact forces which are proportional to 
the loading. Relative displacement (=slip) forms during loading due to the different strain 
capacities and stiffness of concrete and reinforcing bars. By definition, slip is the difference 
in displacement of steel and concrete sections which coincide before loading and are 
separated from each other by loading. Slip can be indicated as the integral of the difference 
between strain of the reinforcement and that of concrete over a bond length lb as follows:

(6-31)s = u
s
x( )− uc

x( ) = ε
s
x( )

0

lb

∫  dx − ε
c
x( )dx

0

lb

∫
Bond stress (tb) is used to describe the contact forces that are the parallel component of 

the 3D contact stress vector with the axis of the reinforcement. The bond stress (b) is primarily 
influenced by slip (s). The bond-slip (tb-s) response can be determined by laboratory pull-out 
tests during which the slips of loaded and non-loaded sections of reinforcing bars are recorded 
as a function of load (F) over a short bond length. The bond stress is considered as the ratio of 
the load and the cylindrical contact surface of the reinforcement over the bond length6-24:

(6-32)τ
b
s( ) = F s( )

øπ l
b

The very basics of the bond-slip response can be summarised by considering a general 
scheme of the tb-s response indicated in Fig. 6-39 for a deformed steel bar. The bond-slip 
response can be considered as a combination of four mechanisms:

I.	 Adhesion. Contact resistance due to physical-chemical bond between concrete 
and reinforcement (corresponding to zero slip).

II.	Mechanical interlocking. Ribs of deformed reinforcements are pressed to the 
surrounding concrete resulting local micro-crushing and slip. The bond stress increases 
proportionally to loading in a non-linear fashion. Maximum bond stress is the bond 
strength (tb,max).

III.	Softening by micro-cracking and micro-crushing. The concrete lugs between the 
ribs of the reinforcement are gradually deteriorated by the slipping movement of the 
reinforcement that results a more pronounced micro-cracking in the vicinity of the 
reinforcement. The bond stress decreases proportionally to slips in a non-linear fashion.

IV.	Friction. When slip reaches the magnitude of clear rib spacing of the reinforcement 
no other bond resistance is available than the friction of the slipping reinforcement 
over the sheared concrete around it. A residual bond stress can be maintained (tbr). 
Slips can be increased without limit.

Failure of bond is a function of concrete strength in the case of steel reinforced concrete. 
The surface of steel reinforcement cannot be damaged during pull-out. Therefore, the 
bond stresses are considered to be results of concrete strength and rib geometry of the 
steel reinforcement. Technical literature indicates the bond strength (tb,max) and the residual 
bond stress (tbr) as a function of the square-root of concrete strength as follows:

(6-33)
τ
b,max

= k
1
f
cm

τ
br
= k

2
⋅τ

b,max

where k1 and k2 are empirical constants regarding the geometry of the reinforcement.
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Fig. 6-39 Bond stress vs. slip (tb-s) response for deformed reinforcement6-25

The bond-slip behaviour can be modelled by a second order differential equation the 
solution of which generates the distribution of slips over the bond length. Bond stresses 
can be formulated from slips considering an appropriate relationship between slips and 
bond stresses. Stresses in the reinforcement and the anchorage length (slip length) can be 
calculated by the equilibrium of inner forces over the bond length6-29.

The differential equation of bond-slip:

(6-34)
d 2s x( )
dx2

−K ⋅τ
b
s x( )⎡⎣ ⎤⎦ = 0

where:

(6-35)

Es		  Young’s modulus of reinforcement

ø		  diameter of reinforcement

s(x)		  distribution of slips

ae		  modulus ratio (=Es/Eci)

rs,ef		  effective reinforcement ratio (=As/Ac,ef)

where:	

Ac,ef = 2,5(h-d)b ≤ (h-x)/3		 effective concrete area in tension

The bond law can be that of the CEB-FIB Model Code 19906-8; Bertero, Popov, 
Eligehausen model:

(6-36)τ
b
= τ

bu

s
s
m

⎛

⎝⎜
⎞

⎠⎟

α

where	

tbu		  bond strength

sm		  slip at bond strength

a		  empirical constant (0 < a < 1), for deformed steel bar a = 0,40

K =
4 1−α

e
⋅ ρ

s,ef( )
E
s
⋅ø
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The solution of the differential equation:

(6-37)

The distribution of bond stress:

(6-38)

Reinforcement stress can be obtained by the force equilibrium over the length of the 
element dx: difference in bond stress is equal to the difference in stress of the reinforcement:

(6-39)øπτ
b
x( )dx = ø2π

4
dσ

s
x( )⇒σ

s
x( ) = 4

ø
τ
b
x( )∫ dx

(6-40)

The anchorage length (slip length) for any ss value:

(6-41)l
b
=

σ
s

D

⎛

⎝⎜
⎞

⎠⎟

1−α
1+α

[mm]

Crack width at the surface of the reinforcement can be obtained by the differential equation 
of bond-slip6-24. In the vicinity of cracks the equalisation of steel stress and concrete stress is 
no longer maintained. The differences in the strains result the opening of the cracks. The crack 
width at the surface of the reinforcement is the sum of the slips at the two crack surfaces. If sw 

denotes the crack spacing over a concrete element then the crack width at the surface of the 
reinforcement is as follows6-26:

(6-42)

If bond stresses are neglected then the average crack width can be considered as the 
integral of the average reinforcement strain over the even crack spacing:

(6-43)w = ε
sm
⋅dx = s

w
⋅
σ

sm

E
s0

sw

∫
Selecting an appropriate bond law, the crack width at the surface of the reinforcement 

can be calculated from the differential equation of bond-slip. It can be formulated if the 
steel stress ss(x) at the value of x = lb is introduced into the distribution of slip s(x):

(6-44)[mm]

s x( ) = 2τ
bu

1−α
e
⋅ ρ

s,ef( ) 1−α( )2
E
s
⋅ø ⋅ s

m
α 1−α( )

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

1
1−α

x
2

1−α

τ
b
x( ) = τ bu

s x( )
s
m

⎛

⎝
⎜

⎞

⎠
⎟

α

=
τ
bu

s
m
α

2τ
bu

1−α
e
⋅ ρ

s,ef( ) 1−α( )2
E
s
⋅ø ⋅ s

m
α 1+α( )

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

α
1−α

x
2α
1−α

σ
s
x( ) = 4τ

bu

ø ⋅ s
m
α

1−α
1+α

2τ
bu

1−α
e
⋅ ρ

s,ef( ) 1−α( )2
E
s
⋅ø ⋅ s

m
α 1+α( )

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

α
1−α

x
1+α
1−α =D ⋅ x

1+α
1−α

w = ε
s
x( )− εc

x( )⎡⎣ ⎤⎦
0

sw

∫  dx = s
1
+ s

2

w = 2
1+α( ) 1−αe

⋅ ρ
s,ef( )smα ⋅ø

8 1+α
e
⋅ ρ

s,ef( )2
σ

s
2

τ
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⋅E

s

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

1
1+α
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The formula indicates that the influencing parameters of the crack width at the surface 
of the reinforcement are:

-- the reinforcement diameter, 

-- the surface configuration of the reinforcement, 

-- the Young’s modulus of the reinforcement, 

-- the strength of concrete, 

-- the magnitude of the effective concrete area in tension

-- the stress in the reinforcement, as the most important parameter.

It should be noted that the formula above is valid only if bond stresses are smaller than 
the bond strength so the slip zones of structural cracks can be considered to be independent 
from each other (i.e. initial cracking phase).

Fig. 6-40 shows the crack width calculated from the differential equation of bond-
slip as a function of the concrete compressive strength and the reinforcement diameter, 
with the assumption of the initial crack pattern (the member has sections where the slip 
is equal to zero).

Fig. 6-41 shows the crack width calculated from the differential equation of bond-slip 
as the function of the concrete compressive strength and the reinforcement diameter, 
with the assumption of the stabilized crack pattern (the beam has no sections where the 
slip is equal to zero).

Fig. 6-40 Crack width calculated from the differential equation of bond-slip, with the assumption of the initial 
crack pattern6-26

Fig. 6-41 Crack width calculated from the differential equation of bond-slip, with the assumption of the stabilized 
crack pattern6-26
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Fig. 6-40 and Fig.6-41 are based on the following bond law formula:

(6-45)τ
b
= 2.5 f

c

s
1.0

⎛
⎝⎜

⎞
⎠⎟

0.4

Fig. 6-42 Deformations in the vicinity of the crack6-27

6.4.2	Crack width along the concrete cover

Deformations of concrete in the vicinity of the cracks develop as a result of a very 
complex phenomenon. That can be the reason why no model is available in the technical 
literature that would allow converting the crack widths at the surface of the reinforcement 
into the crack widths that appear on the outer surface of the concrete elements.

The schematic representation of the phenomenon is introduced (with distorted, unreal 
scaling for better visibility) in Fig. 6.4-46-27.

Only a limited number of publications are available in technical literature that analyse 
the crack width along the concrete cover and try to determine what type of relationship 
could be postulated between the crack widths at the surface of the reinforcement and that 
of on the outer surface of concrete structures.

During the preparation of present chapter the following studies have been analysed:

-- 1965: Broms, B. "Crack width and crack spacing in reinforced concrete members", 
ACI Journal October 1965, pp. 1237-12566-28.

-- 1968: Husain, S. I. and Ferguson, P. M. Flexural Crack Widths at the Bars in 
Reinforced Concrete Beams. Center for Highway Research, The University of Texas 
at Austin, Research Report No. 102,1F, 19686-29.

-- 1989: Yannopoulos, P. J. "Variation of concrete crack widths through the concrete 
cover to reinforcement". Magazine of Concrete Research, 1989, 41, No. 147, 63–686-30.

-- 2004: Beeby, A. W. "The influence of the parameter f/reff on crack widths". 
Structural Concrete, 2004, 5, No. 2, 71–836-31.

-- 2006: Tammo, K., Thelandersson, S. "Crack opening near reinforcement bars in 
concrete structures", Structural Concrete, 2006, 7, No. 4, 137–1436-32.

The open question is illustrated in Fig. 6-436-29.
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Fig. 6-43 Crack width along the concrete cover6-29

Theoretical approaches for modelling of the crack width with simplified calculations 
are shown in Fig. 6-446-33.

Fig. 6-44 Modelling of the crack width6-33

In design standards no direct relationship between the crack width and the extent 
of concrete cover is provided. Design standards suggest one of the principles that were 
introduced in Fig. 6-44 to calculate the crack width, but no reference can be found to 
predict the crack widths at the surface of the reinforcement based on the crack width on 
the outer surface of the concrete structure.

A summary of the most relevant findings from the references mentioned above is given 
in the following.
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Fig. 6-45 Crack width along the concrete cover6-28

Fig. 6-46 Additional analysis of the results presented in Fig. 6-456-28 (a denotes the distance from the reinforcement)

Fig. 6-47 Testing arrangement of the crack width measurement on the surface of the reinforcement and on the 
outer surface on the concrete member6-30
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Fig. 6-48 Ratio of the crack widths measured at the surface of the reinforcement and on the outer surface on the 
concrete member6-30

Fig. 6-49 Crack width in different depths along the concrete cover6-30  (a denotes the distance from the 
reinforcement, and c denotes the concrete cover)

Fig. 6-50 Combination of Fig. 6-46 and Fig.6-49

This document is the intellectual property of the fib – International Federation for Structural Concrete. All rights reserved. 
This PDF of fib Bulletin 92 is intended for use and/or distribution solely within fib National Member Groups.

fib



Outlook on Serviceability Limit States180

Fig. 6-51 Ratio of the crack widths measured at the surface of the reinforcement and on the outer surface 
on the concrete members based on the presented results

Based on Fig. 6-51 it can be concluded that according to the technical literature data 
some kind of proportionality can be found between the crack width at the surface of the 
reinforcement and on the outer surface on the concrete structure if the validity of the results 
are restricted to the testing conditions:

(6-46)w
reinforcement surface

/w
concrete surface

= 0.4 to 0.8

It should be emphasized that the ratio can be considered as a rough estimate, because 
in the reality it depends on:

-- the concrete cover,

-- the load level (steel stress),

-- the strength of concrete,

-- the Young’s modulus of concrete,

-- the surface configuration of the reinforcement.

If one would like to interpret the crack width as a function of the distance from the 
reinforcement (i.e. concrete cover, c); the following theoretical considerations can be 
taken into account.

If Δwc denotes the crack width increment that depends on the concrete cover, the 
crack width can be formulated as:

(6-47)w
concrete surface

=w
reinforcement surface

+ Δw
c
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According to the above, wreinforcement surface can be determined with the bond 
law related to the load level, the concrete strength and bond with the solution of the 
differential equation of bond-slip. 

Based on a review of technical literature, assumptions can be formulated only for the 
concrete cover dependent crack width increment (Δwc). Design standards and studies 
from technical literature do not usually give any suggestion of the change of crack width 
through the concrete cover. Such models can only be found which take into account the 
concrete cover in an empirical way when calculating the crack width on the concrete 
surface, but at the same time no crack width on the surface on the reinforcement can be 
obtained. Some of the models even assume that the size of the crack widths are the same 
at the surface of the reinforcement, over the concrete cover and on the concrete surface, 
fully neglecting the additional deformations of the concrete cover that in a real structure 
results the change of the crack width through the concrete cover.

A possible recommendation for the relationship between the crack width increment 
and concrete cover is a power function. The graphical representations of this approach 
can be studied in Fig. 6-52.

Fig. 6-52 Schematic representation of crack width increment (Δwc) as a function of the concrete cover

In 2011 the fib TG4.1 ”Serviceability Models” was working on the semi-analytical solution 
of proposal presented in Fig. 6-52.

The fib Model Code 2010 First Complete Draft6-34, 6-35 was published in March 2010. Its 
Chapter 7.6 is the only design aid today that gives a proposal for the relationship of crack 
width and concrete cover in the following form:

(6-48)w
d
* =w

d
+ Δw

d

where wd* is the crack width on the outer concrete surface, wd is the crack width at the 
surface of the reinforcement (this is the slip between the reinforcement and the concrete), 
Δwd is the crack width increment due to the additional deformation of the concrete cover. 
The fib Model Code 2010 First Complete Draft6-34, 6-35 recommends a power function for 
the change of the crack width along the concrete cover as follows:

(6-49)Δw
d
= A ⋅cβ

This document is the intellectual property of the fib – International Federation for Structural Concrete. All rights reserved. 
This PDF of fib Bulletin 92 is intended for use and/or distribution solely within fib National Member Groups.

fib



Outlook on Serviceability Limit States182

where:

A = depends on the concrete strength and the effective reinforcement ratio

β = empirical constant (0 < β < 1)

c = concrete cover 

The model of fib Model Code 2010 First Complete Draft6-34, 6-35 is supported by particular 
experimental results. One study6-25 refer to this model as well, therefore, results are 
introduced briefly in the following.

The test specimens were reinforced concrete ties with 900 mm length and 120×120 mm 
cross section. Reinforcement of one single deformed steel reinforcing bar with a diameter 
of 20 mm was placed either centrally or asymmetrically in the concrete cross section.

The concrete covers obtained were 20, 40, 60, 80 mm in the specimens with asymmetric 
layout, and 50 mm in the specimens with central positioning. Self-compacting concrete 
of fcm = 82.6 N/mm2 average standard cube compressive strength was used. Specimens 
were loaded monotonically, deformation controlled (at a loading rate of 0.5 mm/min) with 
a 600 kN capacity universal testing machine (Instron 1197) up to a stabilized cracking 
condition with maximum surface crack width of at least 0.30 mm. 

The typical test arrangement is given in Fig.6-53. Load-deformation responses were 
recorded digitally with an HBM Spider8 multi-channel electronic PC measurement unit 
and a portable computer with HBM Catman professional measurement software. Loading 
never exceeded the maximum load of 150 kN to avoid yielding of the steel reinforcement. 
The actual maximum applied load was maintained for 12 to 18 hours during which the 
structural cracks were injected and the resin was allowed to set. The main focus of the 
present studies was on the structural cracks that reach the concrete surface to be injected, 
therefore, the injection was carried out from the surface of the members through plastic 
injecting packers. As being a preliminary study for the upcoming PU injection tests, the 
detailed mapping of the internal crack width variation within the concrete cover was 
targeted during the tests. Therefore, high strength, brittle epoxy resin was selected for 
the injection. Cracks were sealed at the concrete surface before injection by a rapid set 
epoxy resin (MC-Quicksolid®) and the injection used a very low viscosity (95 mPa·s), 
high strength (85 N/mm2) injection epoxy resin (MC-DUR 1264 KF®). The cracks were 
maintained in their original, loaded position and the axial load was released only after the 
resin was allowed to set. Surface crack pattern and surface crack widths were recorded 
and then the specimens were cut open by a high speed diamond saw to make the crack 
widths visible throughout the concrete cover. In this way, eight cut surfaces were available 
for each crack. 

Crack widths were recorded by a hand microscope (magnification of 0.01 mm) at 
every 2 mm along each crack. Readings were recorded on every crack, along all the 8 cut 
surfaces. Typical detail is shown in Fig. 6-54. The injection material completely filled the 
cracks, throughout their entire lengths to the reinforcement. The cracks filled with resin 
can be easily distinguished from the surrounding adjacent concrete.

Concrete compressive strength and Young’s modulus tests were also carried out on the 
same day of the injection to complete the tests.
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Fig. 6-53 Typical test arrangement6-25

Fig. 6-54 Crack width reading with microscope6-25

Fig. 6-55 Change of crack width along the concrete cover (c = 50 mm)6-25

Fig. 6-56 Change of crack width along the concrete cover (c = 20, 40, 60, 80 mm)6-25

A typical test result can be studied in Fig. 6-55 (50 mm concrete cover, specimen with 
central positioning of reinforcement). Fig. 6-56 shows the crack pattern of the specimen 
with asymmetric positioning of reinforcement (concrete cover: 20, 40, 60, 80 mm).
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It can be observed that the change of the crack width is remarkable and is not linear 
along the concrete cover. Results also indicate that the different concrete covers result in 
different local stiffnesses of the tensile member. Higher stiffness parts apparently collect 
the deformations and higher crack widths have resulted. If one compares the observed 
crack widths at a distance of e.g. 20 mm from the steel reinforcement 0.11 mm, 0.15 mm, 
0.20 mm and 0.32 mm could be found corresponding to the concrete covers of 20 mm, 
40 mm, 60 mm and 80 mm, respectively. On the other hand, the crack width at the level 
of the steel reinforcement is found to be independent from the actual concrete cover that 
agrees with the results found in technical literature.

A further remarkable phenomenon can be also seen in Fig. 6-56: the tendency of the change 
of the crack width is considerably different in the close vicinity of the steel reinforcement (i.e. 
within a distance of 10 to 15 mm) than in the outer parts of the concrete cover. The apparent 
limits of these areas are indicated with arrows in the diagrams and seem not to depend on the 
actual concrete cover. These observations confirm the presence of secondary micro-cracks (i.e. 
Goto cracks) at the surface of the steel reinforcement (schematically shown in Fig. 6-42). The 
secondary micro-cracks represent a smeared deformation field in the close vicinity of the steel 
reinforcement and influence the crack width of the macroscopic structural cracks. Outside this 
region the deformation of the concrete cover governs the variations of the crack widths.

Results imply that micro-cracks have a strong influence on the deformations of concrete 
in the vicinity of the reinforcement, hence they also have influence on the crack width at 
the concrete surface in an indirect way. This influence is not taken into account by either 
of the theoretical models established for the calculation of the crack width of reinforced 
concrete structures. Fig. 6-57 shows internal micro-cracks observed and made visible by 
Goto6-27 (results belong to σs = 294 MPa tensile stress).

Fig. 6-57 Internal micro-cracks in the vicinity of the reinforcement6-27

Fig. 6-58 Crack width along the concrete cover; regression functions (c = 20, 40, 60, 80 mm)6-25
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In Fig. 6-58 an estimation can be studied that complete the data of Fig. 6-56 with the 
proposed function of fib Model Code 2010 First Complete Draft6-34, 6-35,6-25. 

According to the observations of the researchers the power of the functions is β = 0,4 – 0,7 
that confirms the boundary conditions given in the model.

Further considerations are required to determine which load history can be assumed 
in case of a specific crack or crack width.

Based on the observations of Fig. 6-59 (which shows tb-s diagrams obtained from 
reversed cyclic loading6-36) it can be seen that the slip (i.e. crack width at the surface of 
the reinforcement) does not drop to zero during unloading (i.e. ss = 0 and tb = 0). Crack 
width disappears only as a result of compressive stress.

Unloading, however, can result the change of crack width along the concrete cover 
compared to the condition when tensile stresses are formed in the concrete member (i.e. 
ss > 0 and tb > 0). In this respect, a schematic illustration is presented in Fig. 6-60.

The schematic illustration of Fig. 6-60 postulates that the proportionality between the crack 
width at the surface of the reinforcement and that on the outer surface of the concrete structure 
strongly depends on the actual loading, and hence on the deformations of the structure.

In extreme cases (e.g. in a temporary unloaded condition or during reversed loading) 
it can happen that no significant difference can be seen between the crack width at the 
surface of the reinforcement and that on the outer surface of the concrete member, i.e:

(6-50)w
reinforcement surface

/w
concrete surface

≈1.0

Fig. 6-59 tb-s diagrams obtained from/during reversed cyclic loading6-26
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Fig. 6-60 Crack width along the concrete cover (schematic illustration)

The crack width (or the ratio of the crack width at the surface of the reinforcement and 
that of on the outer surface of the concrete member) can be formulated by the following 
generalized form:

(6-51)w
reinforcement surface

/w
concrete surface

= f σ
s
t( ),fc t( ),Ec

t( ),c,ø
s
,α

sb
⎡⎣ ⎤⎦

where: 

ss(t)		 actual stress in the reinforcement

fc(t) 		 actual strength of concrete 

Ec(t)		 actual Young’s modulus of concrete

c		  concrete cover

øs		  diameter of reinforcement

αsb		  relative rib area of reinforcement.

The variability of the crack width can be considerable along the crack due to the 
above parameters. 

6.4.3	Conclusions and recommendations

Experimental evidence showed that the width of cracks within the concrete cover is 
different from that of measured at the surface of structural elements. Comprehensive analysis 
of this behaviour is a gap in the technical literature. Recent design codes do not cover the 
phenomenon either. Understanding of the behaviour would be essential since cracking can 
considerably influence the durability of concrete structures due to the change in permeability.

This chapter summarises the most important findings of literature. Based on the observations 
introduced the following conclusions can be drawn and recommendations can be suggested:

-- crack width at the level of the reinforcement depends primarily on the actual 
stress in the reinforcement and depends on the thickness of the concrete cover 
only to an extent that generally influences the actual stress in the reinforcement 
(i.e. stiffness of structural member),

-- secondary micro-cracks (Goto cracks) at the surface of the reinforcement represent 
a smeared deformation field in the close vicinity of the reinforcement and influence 
the crack width of the macroscopic structural crack,
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-- extension of the micro-cracked zone depends on the relative rib area of the 
reinforcement and the mechanical properties of concrete,

-- the deformation of the concrete cover governs the variations of the crack widths 
outside the region of the secondary micro-cracks,

-- the larger the concrete cover, the larger the crack width at the concrete surface,

-- increase of the crack width towards the concrete surface is non-linear,

-- the relationship between crack width and concrete cover can be postulated in 
the following form:

(6-52)

where

wd*		 is the crack width on the outer concrete surface

wd 		  is the crack width at the surface of the reinforcement (the slip between the  
		  reinforcement and the concrete)

Δwd		 is the crack width increment due to the additional deformation of the concrete  
		  cover given in the form of a power function, Δwd = A ⋅ cβ

where

A		  depends on concrete strength and effective reinforcement ratio

b		  is an empirical constant (0 < β < 1)

c		  is the concrete cover

w
d
* =w

d
+ Δw

d
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7.	 Verification of serviceability limit states by numerical 
simulation*

7.1	 Introduction

Numerical modelling based on the finite element method and nonlinear constitutive 
models offers a general method for capturing all features required for realistic description of 
structural behaviour of reinforced concrete. The material is treated as a composite consisting 
of concrete and reinforcement in which the stresses are obtained by continuum analysis 
whereas the requirements of conditions of stress equilibrium and strain compatibility must be 
fulfilled. Implementation is based on numerical methods, which fulfil the required conditions 
with certain approximations and thus the quality of the resulting analysis strongly depends on 
the resolution of the numerical model described by element type and mesh size. 

In general a 3D model offers a best representation of reality. It can provide a detail insight 
in complex situations, such as in so called D regions, where reinforcement detailing can 
be modelled without simplifying assumptions. However, when appropriate, a dimensional 
reduction to 2D plane stress, plane strain or rotational symmetry, can be used to reduce the 
model size while eliminating minor stress components. The limits of such models should 
be duly acknowledged in the interpretation of results.

Numerical modelling has virtually no limits in reflecting actual boundary conditions and 
loading scenarios. This is particularly helpful in cases of imposed restraints, or interactions 
between structures and foundations.

Today, numerical methods are highly developed and offer many advanced methods 
with various degrees of sophistication. However, in this report the scope is limited only 
to the displacement-based finite element method, which is most widely used in practice 
in many commercially available software tools.

Crack development is the most important feature in verification of serviceability states. 
Therefore, the constitutive model of cracks and its implementation in non-linear finite element 
analysis should be chosen carefully and validated. A smeared crack approach is typically used 
for damage by cracks. In this, the discrete cracks are approximated by strain localization within 
the displacement field of elements. This approach is well suited for reinforced concrete, where 
many cracks with small spacing occur. The main advantage of this approach is that the crack 
propagation does not require a mesh refinement.

Discrete crack approach can be applied to a single crack propagation in special cases, 
such as dams. 

In this study we shall describe the two cases of smeared crack models, firstly based on 
fracture mechanics and secondly based on tension stiffening. They represent two levels of 
scale applied to concrete fracture.  It is recognized that fracture mechanics can effectively 
handle the cracking only within a certain (small) size range. When extending the analysis to 
larger sizes, we can adopt an alternative approach based on a tension stiffening behaviour.

This chapter was mainly authored by Červenka. doi.org/10.35789/fib.BULL.0092.Ch07
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The present study is focused on the modelling of cracks. Of course, a complete model 
would consist of other actions, such as multi-axial due to confinement effects, reduction of 
strength due to cracking, shear resistance of cracked concrete due to aggregate interlock, 
and others. All these effects may interact and are integrated within a composite model, 
which is referred to as fracture-plastic constitutive model of concrete. For more details 
see this study7-1.

7.2	 Crack model based on fracture mechanics

Concrete fracture has been formulated in a study7-2 in a cohesive crack model. In this 
model a normal stress on the crack face diminishes gradually with a crack opening, which 
is called a stress softening. In the course of research development various methods for 
modelling the stress softening were proposed. Among them the exponential form proposed 
in this study7-3 as shown in Fig.7-1 seems to be well suited and sufficiently general. In 
addition to the stress softening function only two parameters are required for its definition: 
tensile strength and fracture energy density (area under the curve). The fracture energy  
Gf describes the energy needed to generate a unit surface of a crack.

Fig. 7-1 Crack band model. Exponential law7-3

The model of cohesive discrete cracking can be implemented within the finite element 
method with the help of a crack band method proposed in one study7-4, which ensures 
a unique dissipation of fracture energy within the finite element representing a discrete 
cohesive crack, see Fig. 7-1. The crack band Lb , referred as localization limiter, is related 
to the finite element size Lt and its orientation7-5. In a special case of rectangular element 
and crack parallel with its sides Lb = Lt). The appropriate choice of the crack band parameter 
has a strong effect on the brittleness reflected by the finite element model.

crack opening law

crack opening-strain transformation

w = ε Lb

crack band

fracture energy Gf

Lt

Lb

s

s

w

wc w
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Fig. 7-2 Example of a strain localization in the crack band of a shear wall

Example of a strain localization in a shear wall model is illustrated in Fig. 7-2. The crack 
band concept mentioned above is used in numerous commercial software tools and has 
proven to be quite robust for assessment of crack patterns and crack width. Such example 
is shown in Fig.7-3 where beams tested in this study7-6 were analysed in 2D plane stress 
representation. Two types of crack models are compared. A rotated crack model assumes 
that the crack direction is always aligned with the principal stresses and can rotate during 
the course of analysis. By definition it has no shear stress on the crack plane and is thus 
quite simple. To the contrary the fixed crack model defines the crack direction at the instant 
of crack initiation and keeps it fixed in the consequent analysis. Since the rotated crack model 
tends to deliver unrealistic crack patterns in some cases the fixed crack model is considered 
by some authors as a more rational model. 

It is interesting to observe quite a good estimate of the crack width by the analysis. It 
should be noted that the model is based only on crack analysis with no specific model of 
bond slip. The crack width is calculated in low order isoparametric rectangular elements 
in integration points and then averaged in elements. The crack width is here a results of 
strain localization, which develops naturally due to cracking of most stressed locations 
and a consequent stress redistribution. 

These results seem to contradict the state of the art crack model, which is based on 
a bond stress development along the bar, which in turn defines the crack spacing. It 
is remarkable that in this analysis no explicit bond slip was considered (perfect bond 
between bar and concrete). However, this problem can easily be explained if we look 
more closely at the stress transfer between bars and concrete. The finite element model 
simulates a bond action by cracking, which is of course a major source of bond slip 
action. More about bond in finite element modelling can be found in this study7-7.
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Fig. 7-3 Crack analysis of beam tested in this study7-6

The above example also illustrates the need for relatively fine mesh for a fracture mechanics 
based analysis which may limit the range of application. The crack patterns can be well 
reproduced by models with solid elements for concrete and embedded truss elements for bars. 
There should be several elements between cracks to enable sufficient strain localization and 
generation of separate discrete cracks.

Fig. 7-4 Crack pattern of the shear wall

experiment

numerical simulation

A verification of the model based on the crack band approach was made possible 
by the CONCRACK project7-8. A real-size shear wall structure was tested, dimensions 
4x1x0.15 m, with 1% of orthogonal reinforcement, ø10, spacing 100 mm near both 
surfaces, and analysed in the bench mark competition. The cracks formed in direction 
inclined to reinforcement as shown in Fig. 7-4. The mesh size was 50 mm while the crack 
spacing was about 100 – 150 mm. 

The power of numerical simulation can be utilized also in complex cases of exposure to 
effects of heat due to hydration, shrinkage and restraints provided by boundary conditions. 
Such a case was also investigated within the CONCRACK project on a reinforced column, 
cross section 0.8x0.8 m length 9 m. Crack development was simulated in time and the 
expected life time was estimated based on the projected corrosion rate and crack widths. 
An example from this project is shown in Fig. 7-5.
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Fig. 7-5 Crack analysis of the massive element subjected to restrained boundary conditions7-8

7.3	 Crack model based on tension stiffening

As was mentioned above, the fracture mechanics-based model requires a finite element 
mesh with sufficiently fine resolution in order to capture stress development between cracks 
and related strain localization. However, in large structures such a detailed model is not 
practically possible and we have to adopt an approach relying on engineering formulae 
developed for beams and slabs subjected to bending. In this approach we assume that the 
average stiffness of the cracked concrete is estimated as a sum of reinforcement and concrete 
contributions referred to as tension stiffening.

Fig. 7-6 Concrete element with embedded bar under uniaxial tension7-9

The effect of tension stiffening is often demonstrated by a tension test of a concrete 
prismatic element with an embedded bar, such as the one shown in Fig. 7-67-9. A numerical 
simulation of the test was investigated in a study7-7 about bond modelling. The effect of tension 
stiffening as shown in Fig. 7-6(c) can be simulated by a finite element modelling (based on 
fracture energy). However, with large elements only an average concrete contribution can be 
considered (marked by dashed line). This is implemented as a concrete stress component on 
the crack plane, see Fig. 7-7., where ecf is a fracture strain corresponding to the crack opening.

Fig. 7-7 Tension stiffening stress
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The tension stiffening model can be adopted in combination with the fracture mechanics. 
Whenever the stress component on the crack face due to the crack band method decreases 
below the tension stiffening level sts then the latter is maintained. The most simple tension 
stiffening model is constant, representing approximately a fully developed crack pattern. 
The factor cts is usually considered as 0.4, but can be lower in order to represent more 
damage. The approach based on the tension stiffening model is used to obtain strains in 
cracked zones. These strains are then used for determination of crack width for given crack 
spacing. The crack spacing for this purpose can be calculated according to the formula for 
bending wd = 2ls,max ⋅ eef, where ls,max is a stress development length.

Fig. 7-8 Example of a crack width analysis based on tension stiffening model

An example of a crack analysis of a multi-storey building based on a tension stiffening 
model is shown in Fig. 7-8. The floor slabs are modelled by layered shell elements. A 
similar approach is suitable when using beam fibre elements or large solid elements.
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8.	 Conclusions*

In previous chapters stress analysis, crack width analysis and also deformation analysis 
were described. All procedures are related to the methods of the limit state approach and to 
the statements of MC20108-1, although some extensions were also mentioned. It is important 
to note that all procedures are approximate, although the numerical analyses provide high 
degree of accuracy. However, the results are dependent on input parameters defining the 
properties of concrete, steel and other applied materials. Many of them are derived from 
the compressive strength which may be measured quite well. The other values like tensile 
strength, modulus of elasticity, creep and shrinkage of concrete may be given by direct 
measurements or derived from compressive strength (class of concrete) indirectly. Then the 
accuracy of very advanced numerical procedures may become limited. 

The other methods described herein are mostly approximate. In spite of it, they are 
well applicable for design of reliable and durable concrete structures. Serviceability limit 
states correspond to the actual behaviour of structures. Stresses calculated in concrete and 
steel inform about the actual level of exploitation of individual materials. The stresses have 
for a long time been part of main design criteria (theory of allowable stresses, which was 
used before the limit state design methods were accepted). For experienced designers the 
knowledge of stresses provides also additional indirect information on possible cracking or 
sensitivity to deformations, fatigue, etc. 

The crack widths calculated using the formulae in this Bulletin can be considered as the 
widths of nominal cracks. Some cracks wider than the calculated value of the crack width 
may also be observed in real concrete structures, if the described criteria are satisfied. 
Crack width is a rather uncertain parameter which should generally also guarantee long-
term durability of concrete structures, besides their favourable appearance. There is a 
never ending discussion, where the crack width should be measured and controlled. For 
durability, the crack width at the level of the surface of reinforcement is important, but 
this crack width cannot be measured directly. However, the crack width on the concrete 
surface is important for appearance and can be measured easily. Thus, the concrete cover 
layer becomes important for the specification of the crack width at the concrete surface 
(see section 6.4). For practical reasons, the surface crack width is taken as a criterion of 
the serviceability limit states. 

Cracks induced by mechanical loading (loading by forces) can be directly calculated 
using the formulae from MC20108-1 and from this Bulletin. If cracks induced by restrained 
deformation are calculated, it is necessary to specify the tensile force or stress, which is 
the real cause of cracking. The tensile force is dependent on the degree of restraint and on 
the phenomenon inducing the internal strain. In early ages, the cooling of concrete often 
represents the primary reason for cracking, particularly in watertight structures. Later, the 
strains induced by shrinkage develop in time and produce cracks after a longer time period. 
The calculation of tensile forces is not directly mentioned in this Bulletin, since it is rather a 
structural issue than the direct crack width analysis. The working party within fib TG2.1 will 
prepare more detailed information on cracking in structures with restrained deformations.

Deflection analysis is thoroughly described in sections 4.3, 6.1 and 6.2. The general 
method is applicable using the numerical methods. Many commercial computer programs 

This chapter was mainly authored by Vítek. doi.org/10.35789/fib.BULL.0092.Ch08
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use the method which is here denoted as an interpolation method, when the stiffness of 
the section or element is calculated by interpolation between the stiffness of the cracked 
section and the stiffness of the uncracked section. It is important to consider which load is 
applied. Usually the deflections (mainly long-term deflections) induced by long-term load 
(quasi-permanent load combination) are calculated, since those deflections are of primary 
importance for the long term function of the concrete structure. However, it may happen, 
that only very few cracks or even no cracks appear, if only long-term load is applied. 
Then the calculated deflections would be seriously underestimated. It is necessary to take 
into account that the structure could be loaded at higher levels (characteristic or frequent 
loading combination) which could produce cracks and reduce the stiffness of the structure. 
Often, the structure is loaded significantly during its construction, and the resulting cracks 
should be taken into account, when calculating the deflections induced by long-term load. 
Unfortunately, the pressure of clients aiming at a reduction of costs results in design of rather 
slender slabs and beams, which become sensitive to deflections. If all influencing factors 
are not taken into account, the calculated deflections will likely be underestimated. After 
several years, the users of the structure may suffer from excessive deflections and cracks in 
non-bearing structures of buildings. Usually, it is rather difficult to stop the slow but steady 
long-term deflection growth of a too slender element. As it was shown e.g. in chapter 6.3, 
the strong reinforcement of a slender element has a small impact on the reduced stiffness 
due to insufficient depth. A thicker slab with reasonable reinforcement is usually more 
appropriate for robust design than a heavily reinforced thin slab. As shown in section 5.4, 
the contemporary action of mechanical loading and effects of restrained deformation have 
to be taken into account. This is typical e.g. for slender slabs of car parks. An incorrect 
analysis and design may lead to large crack widths and leakage of water through the slabs. 
The function of such slabs would be impaired, potentially also reducing their durability. 

This Bulletin provides extensive information on the analysis of stresses, cracks and 
deformations. However, for a reasonable design of concrete structures, a wide-ranging 
approach is most important. It is necessary to take into account the real importance of 
different serviceability criteria in the entire design process. Information provided here is 
in support of the design and construction of concrete structures, which should become a 
unique masterpiece of the design engineer.
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SB - Suomen Betoniyhdistys, Finland
AFGC - Association Française de Génie Civil, France
DAfStb - Deutscher Ausschuss für Stahlbeton, Germany
Technical Chamber of Greece
University of Patras, Department of Civil Engineering, Greece
Hungarian Group of the fib
The Institution of Engineers, India
fib-Indonesia
Department of Technical Affairs, Iran
IACIE - Israeli Association of Construction and Infrastructure Engineers
AICAP - Associazione Italiana Calcestruzzo, Armato e Precompresso, Italy
CTE - Collegio dei tecnici della industrializzazione edilizia, Italy
ITC - CNR, Istituto per le Tecnologie della Costruzione, Italy
ReLUIS, Italy
JCI - Japan Concrete Institute
JPCI - Japan Prestressed Concrete Institute
Administration des Ponts et Chaussées, Luxemburg
fib Netherlands: Betonvereniging
NZCS - New Zealand Concrete Society
NB - Norsk Betongforening / Norwegian Concrete Association
Polish Academy of Sciences, Committee for Civil Engineering, Poland
GPBE - Grupo Portugês de Betão Estrutural, Portugal
Polytechnic University of Timisoara, Romania
Technical University of Civil Engineering, Romania
University of Transylvania Brasov, Faculty of Civil Engineering, Romania
Association for Structural Concrete, Russia
SNK fib, Slovakia
Slovenian Society of Structural Engineers, Slovenia
TCI - The Concrete Institute, South Africa
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KCI - Korean Concrete Institute, South Korea
ACHE - Asociación Cientifico-Técnica del Hormigon Estructural, Spain
SB - Svenska Betongföreningen, Sweden
Délégation nationale suisse de la fib, Switzerland
TCA - Thailand Concrete Association
ITU - Istanbul Technical University, Turkey
NIISK - Research Institute of Building Constructions, Ukraine
Society of Engineers, United Arab Emirates
fib UK: Institution of Structural Engineers, United Kingdom
ASBI - American Segmental Bridge Institute, United States of America
PCI - Precast/Prestressed Concrete Institute, United States of America
PTI - Post-Tensioning Institute, United States of America

Sponsoring members

Strong Force-MGC W.L.L., Bahrain
Liuzhou OVM Machinery Company, China
Shenzhen University, China
Peikko Group Corp., Finland
Consolis, France
ECS - European Engineered Construction Systems Association (formerly VBBF), Germany
FBF - Betondienst, Germany
ISB - Institut für Stahlbetonbewehrung, Germany
MKT - Metall-Kunststoff-Technik, Germany
Progress Group GmbH, Germany
Larsen & Toubro Ltd, ECC Division, India
Katerra India Pvt. Ltd., India
FUJI P. S. Corporation, Japan
IHI Construction Service Company, Japan
Oriental Shiraishi Corporation, Japan
P. S. Mitsubishi Construction Company, Japan
SE Corporation, Japan
Sumitomo Mitsui Construction Company, Civil Engineering Division, Japan
Hilti, Liechtenstein
BBR VT International, Switzerland
Sika Schweiz, Switzerland
VSL International, Switzerland
SSI Span Systems International Co., Ltd., Thailand
CCL Stressing Systems, United Kingdom
CEG – The Consulting Engineers Group, United States of America
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